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Luminosity Run of a typical storage ring:

LHC Storage Ring: Protons accelerated and stored for 12 hours

distance of particles travelling at about v = ¢
L=10"-10" km

«. several times Sun - Pluto and back

intensity (10")

T T T T T
17:00 20:00 23:00 02:00 05:00

> guide the particles on a well defined orbit (,,design orbit“)
> focus the particles to keep each single particle trajectory
within the vacuum chamber of the storage ring, i.e. close to the design orbit.



1.) Introduction and Basic Ideas

» < iR the end and after all it should be a kind of circular machine*
-2 need transverse deflecting force

Lorent force F=q *&+ VX B)

\ y=~c=~3*%10°/

typical velocity in high energy machines:

Example:

Vs

2

B=1T — F=g=3%10""x1

S m technical limit for el. field:
M
m E<]1——
- m

equivalent el. field ... E




old greek dictum of wisdom:
if you are clever, you use magnetic fields in an accelerator wherever
it is possible.

The ideal circular orbit

S
circular coordinate system

condition for circular orbit:

Lorents force F,=evB
2 P
centrifugal force F, = rm,v z =Bp
P }
y m v\ B p = "beam rigidity"
0



1.) The Magnetic Guide Field

Dipole Magnets:

define the ideal orbit
homogeneous field created
by two flat pole shoes

Normalise magnetic field to momentum:

P _ Bp — 1 _ eB
e P P
Example LHC:
B=83T )
-
GeV
p=7000—""—"

convenient units:

B=[T]=[%] p=

3V *x10S m
) / 83s3*10 A
P 7000*1o9eV/ 7000*10° m>
1 8.3

— =0333 -1

0 7000%11




The Magnetic Guide Field

10

05

Magn. Induktion B(T)

Ol 'A‘l A | A ' | - - —

field map of a storage ring dipole magnet

0=253km —— 2ap=17.6km B=1.8T
= 66%
rule of thumb: B [T ] ,normalised bending strength“

~ ~03
P - p[GeV/c]



2.) Quadrupole Magnets:

required: focusing forces to keep trajectories in vicinity of the ideal orbit
linear increasing Lorentz force

linear increasing magnetic field B =gx B. =gy

normalised quadrupole field:

gradient of a _2uynl
quadrupole magnet: 8=

— > k = 8
ple
(T / m) LHC main quadrupole magnet
simple rule: k = g
p(GeV/c) g=~25..220 T/m
what about the vertical plane: VxB :X" %‘% _0 _ 0 By _ 0 Bx
... Maxwell ™ oy



3.) The equation of motion:

Linear approximation:

* ideal particle = design orbit

* any other particle = coordinates x, y small quantities
Xy <<p

- magnetic guide field: only linear terms in x & y of B
have to be taken into account

Taylor Expansion of the B field:

2 rrsz .
B,(x) =B, + dB, 4+ 1d Bzy . +leg3 L norma/lzsit;momentum
dx 2! dx 3! dx ple=Bp

B(x) _ B, _ g*x 1 eg 1eg"

ple B,p ple 2! p/e 3! pl/e



The Equation of Motion:

only terms linear in x, y taken into account dipole fields
quadrupole fields

Separate Function Machines:

Split the magnets and optimise
them according to their job:

bending, focusing etc

Example:

heavy ion storage ring TSR %

man sieht nur

dipole und quads > linear




Equation of Motion:

Consider local segment of a particle trajectory
... and remember the old days:
(Goldstein page 27)

radial acceleration:

general trajectory: p > p +x

2 2

d my
F=m—(x+p)-
dtz( p) X+p

=eB

d
Ideal orbit: P = const, ap _ 0
dt
2
ao 5
Force: F =mp|— | =mpw
o) e
2
F=mv'/p



@ —(x+p)=—5x ... as p = const

@ remember: x =<mm ,p=m ... 2 develop for small x

1 ~ i R x Taylor Expansion
Pk £ = £ o)+ E) 1) e LEE iy
2 2
md X my (1—£)=eByv

at’  p o



guide field in linear approx.

2 2 aB
B =B +xaBy mdf—mv (1-2)=ev)By+x—2
oot 0x dt P Y 0x
2 2
d.;c_v (1_£)=evBO+evxg
dt Jo, Jo, m m
independent variable: t — s
dx _dx ds
dit ds dt
dzx_d dx ds\ d (dx ds\ds
de> dt\ ds dr ds\ ds dt ) dr
——
x v
d’x y o d
=X vV +— v
dt S
2
” % X ev B ev.x
x"v:——(A-) = ¢+ &
Ie Ie m m

A



*

x,,_i(l_x)=e B, L ex8
Je, e, my my
B
x"—1+ xz_ 0 xg
Lo P p/e ple

” 1 X
x"——F+—
Z)/p

=—%kx

x”+x(i2—k)=0
0

Equation for the vertical motion:

— =0

2

0

k <

no dipoles ... in general ...

-k quadrupole field changes sign

y'+ky=0

normalize to momentum of particle

B, __i
ple o
& _k
ple




Remarks:

o " 1 Y'x=0 . .
X+ ( 5 )X = ... there seems to be a focusing even without

0

180° spectrometer
magnet

a quadrupole gradient

wweak focusing of dipole magnets*

" 1 even without quadrupoles there is a retriving force
o, (i.e. focusing) in the bending plane of the dipole magnets

... in large machines it is weak. (!)

Mass spectrometer: particles are separated

b, according to their energy
®8, and focused due to the 1/p

lon source

- effect of the dipole



% Hard Edge Model:

x" + Lz ~klx
0
x"(s)+ !

=0

m —k(s)! x(s)=0

Magn. Induktion B(T)

1.0

o
Ul

6014-88 MPI H

Bl

o f

... this equation is not correct

bending and focusing fields ... are functions

444

of the independent variable ,, s

Inside a magnet we assume constant focusing

properties !

1
— = const

0

True field shope

k = const

Field or multipole component

Hard edge model

",

i

|
{
|
{
!

\

- ettt

' Central volue

—

Lens

Steel length

-



4.) Solution of Trajectory Equations

Define ... hor. plane: K = 1/p> -k

"
x +Kx=0
... vert. Plane: K =k }
Differential Equation of harmonic oscillator ... with spring constant K
Ansatz: x(s)=a, -cos(ws)+a, sin(ws)

general solution: linear combination of two independent solutions

x'(s) =—a,w sin(w s) + a,w cos(ws)

A

x"(s) = —a,w” cos(ws) - a,w’ sin(ws) = —w’x(s) —

general solution:

x(s) = a, cos(v K s) + a, sin(~Ks)



determine a, , a, by boundary conditions:

s=0

— 1

Hor. Focusing Quadrupole K > 0:

x(s) = x4 - cos(4 /|K|S) + X

ﬁ sin(\/ﬁs)

x(0)=x, ,

x(0)=x,

X'(8) = —xg J| K| - sin({/| K |s) + x{, - cos({J| K |s)

For convenience expressed in matrix formalism:

1

\/@ sin(\/@S
COS(\/@S)

COS(\/@S)
—JIK ] sin(\/|K]s)




hor. defocusing quadrupole: $T0

x”_Kx=O ............................... i ... ' ..................................

Remember from school:

f(s)=cosh(s) ,  f'(s)=sinh(s)

Ansatz: x(s) =a, -cosh(ws) + a, -sinh(w s)

1
cosh /|K |/ sinh /|K|/
VIl sinh (K]

Mdefoc= |K|

\/@ sinh \/EI cosh \/EZ

drift space: _ 1/
K=0 Mdrift_(o 1

! with the assumptions made, the motion in the horizontal and vertical planes are

independent ,, ... the particle motion in x & y is uncoupled*




Thin Lens Approximation:

( 1 i )
cos . /|kl|l sin . /|k|l
eI sinJH
\—«/‘k‘sinw/‘k‘l cos«/‘k‘l )

matrix of a quadrupole lens M =

in many practical cases we have the situation:

1

J = ] == Zq ... focal length of the lens is much bigger than the length of the magnet

q

limes: I, — O whilekeeping kIl =const

1 O 1 O

... useful for fast (and in large machines still quite accurate) ,,back on the envelope
calculations* ... and for the guided studies !



Transformation through a system of lattice elements

combine the single element solutions by multiplication of the matrices

focusing lens

M

total

B MQF * MD * MQD *M Bend *M D* ’ DY -

dipole magnet

(@=—— defocusing lens

= M(s,,s,)*

'
s2 A sl

X

court. K. Wille

in each accelerator element the particle trajectory corresponds to the movement of a
harmonic oscillator ,,

FCTLOT  basaedows L

(S) Teilchenbahnen umnd Ernveloppes

typical values

in a strong

foc. machine:
x~mm,x <mrad

v



= YASP DV LHCRING / INJ-TEST-NB / beam 1 =
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5 Orb lt & l un e [ FT - P450.12 GeV/c - Fill # 827 INJDUMP - 10/09/08 10-41-34
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i
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' 11]]1
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° °
Tune: number of oscillations per turn . ! _
ET.o B450.12 GeV/c o Fill# 827 INJDUMP - 10/09/08.10-415 34 e 5]
10 — ——
64.31 i 5_""~‘“"= -0.323 /Ry = 3.58L/Dp= -0.71
59.32 o | ! i l
> ]
-10 [resesy) . -

T T T T
0 100 200 300 400 500

Relevant for beam stability:

non integer part

LHC revolution frequency: 11.3 kHz 0.31*11.3=3.5kH?

0.26 027 028




Question: what will happen, if the particle performs a second turn ?

... OF a third one or ... 100 turns

Teilchenbahnen und Enveloppe




Astronomer Hill:

differential equation for motions with periodic focusing properties
»Hill ‘s equation “

Example: particle motion with
periodic coefficient

equation of motion: x"(s)=k(s)x(s)=0

restoring force # const, e expect a kind of quasi harmonic
k(s) = depending on the position s %‘ation: amplitude & phase will depend
k(s+L) = k(s), periodic function the position s in the ring.



6.) The Beta Function

General solution of Hill's equation:
M x(s)=eBs) cos(s)+9)

&, @ =integration constants determined by initial conditions

P(s) periodic function given by focusing properties of the lattice < quadrupoles

B(s+L)=p(s)

Inserting (i) into the equation of motion ...

. ds
w(s)={/3(s)

Y(s) =, phase advance* of the oscillation between point ,,0* and ,,s* in the lattice.
For one complete revolution: number of oscillations per turn ,, Tune*

1 ds
=53t 5 es)



The Beta Function

Magnet—qgr

Amplitude of a particle trajectory:
x(s) = e *[B(s) * cos@(s) + p)

Maximum size of a particle amplitude

2(s) =g/ B(s)

Anzahl Sigma 7

Teilchenbahnen und Enveloppe

f determines the beam size

(... the envelope of all particle
trajectories at a given position

“s” in the storage ring.

It reflects the periodicity of the
magnet structure.




7.) Beam Emittance and Phase Space Ellipse

Hill equation \/;

general solution of M x(s)=+e VB (s) cos((s) +¢)
& xe=-r fr(s) cos@ (5) + @) +sin@ (s) +9) }

from (1) we get |
X(S) O{(S) =7/3,(S)

COS(I/J(S)+¢)=\/;\/%

Insert into (2) and solve for ¢

1+ a(s)?

y(s)= Bs)

e =y(s) X (s) +2a(s)x(s)X'(s) + B(s) X" (5)

* & is a constant of the motion ... it is independent of ,,s“

* parametric representation of an ellipse in the x x* space
* shape and orientation of ellipse are given by a, f, y




Beam Emittance and Phase Space Ellipse
e =y(s) x7(s) +2a(s)x(s)X'(s) + B(5) X" (5)

Liouville: in reasonable storage rings
area in phase space is constant.

A = w*e=const

Jor
//

Fellshmwobakmen wnd Envelooos

& beam emittance = woozilycity of the particle ensemble, intrinsic beam parameter,

cannot be changed by the foc. properties.
Scientifiquely speaking: area covered in transverse x, x” phase space ... and it is constant !!!



Particle Tracking in a Storage Ring

Calculate x, x° for each linear accelerator
element according to matrix formalism

plot x, x“as a function of ,s"

10~ , , ' -
Yed n
-10 1 | | |
0 an N 60 0 1N
in L T . LI T
Vo) i .".. "'v '.". ‘l'. ',I. "I' _
-10—4 1 ' - -

0 20 “0 &0 &C 100




.. and now the ellipse:

note for each turn x, x“at a given position ,s," and plot in the

phase space diagram

10
5 _—
%t 0
> X X
_5 -
—llJ_llj

10



I1.) Particle Trajectories, Beams & Bunch
Emittance and Beta-Function

Phase Space Ellipse
particel trajectory: x(s) = \/;\/ B(s) cos {I/J (s)+ ¢}

max. Amplitude: x(s) = +/€B — X at that position ...?

...put X(s)into € =7y(s) x’ (s) +2a(s)x(s)x'(s) + B(s) X’z(S) and solve for x’
£=y-ef +2a-Jef X + px
—— X' =-a-\e/p

3. A high p-function means a large beam size and a small beam divergence. /
... etviceversa!lll

% In the middle of a quadrupole f§ = maximum, ,
a = zero } X

=0
... and the ellipse is flat



Phase Space Ellipse

£ =y(s) x*(s) +2a(s)x(s)x'(s) + B (s) X" (5)

2 2.2
X o X

— g="—4 +2a-xx'+ B-x"

—o-xxqef - X7

B

4 !
... solve forx”  x , =

dx’

—=0
dx

... and determine X' via:

shape and orientation of the phase space ellipse
depend on the Twiss parameters ff o y



Emittance of the Particle Ensemble:

xX(s) = Ve JB(s) -cos(W(s) +¢) 2(s) =&~/ B(s)

—\ - .
/ G ﬁ N 1 x?
g ) ; ; . . p au e 252
N < Particle Distribution: p(x) = 7 e
N2mo
12 particle at distance 1 o from centre
L «— 68.3 % of all beam particles

single particle trajectories, N = 10 ' per bunch

LHC: [=180m

e=5%10"mrad

o = Je*B =/5%10""m*180m = 0.3 mm

2 T T T T T T T

15—

05—

aperture requirements: r ,= 12 * ¢

0.15 02



9. ) Transf er Matrix M ... yes we had the topic already

x(s) =e [ B(s)cosfy(s) + ¢}

general solution

of Hill's equarion Y6 = [a(s)cos () + g sin i (5)+ 0]
\V B ()
remember the trigonometrical gymnastics: sin(a +b) = ... etc

x(s) = \/;\/FS (coszps COS¢ —sIny, sinq))

x'(s) = i[as COSY, COS¢ — o, SNy SIn @ + SINY  COSP + COsY  sin ¢]
\ B

starting at point s(0) = s,, where we put ¥(0) =0

X
cos ) = —= ,
VEBy > inserting above ...
1 anX
sing = : S



x(s) = g_:) {coszps +0a sinzps}xo + {/ﬁsﬁo singy }x(’)

x'(s) = {(ao -a )cosws -1+ aya,)siny, }xo /& {cosws - sinws}x{)
\ ﬁ ﬁO /D)s
X X
which can be expressed ... for convenience ... in matrix form ( ,) =M ( ,)

X X

s 0
(coszps + o SInyY ) \ BBy siny
M —

- )cosz/J -1+ oya, )siny

N g‘; (cosy, —a, siny, )
s170

* we can calculate the single particle trajectories between two locations in the ring,
if we know the a f y at these positions.

* and nothing but the a f y at these positions.
% /

° . .
¢ Agquivalenz der Matrizen



10.) Periodic Lattices B,

0

— (cosws + 0 SInY )

(a() — U ) COSI/}s - (1 + OO ) Sinws

\ /))s/))O Sinl/}s

Hadronenphysik-
Experimente Pol
¥

Crystal Barrel
(im Aufbau)

N \ Stretcherring X
y N 953 Qv \é Synchrotronlicht:
I Booster- BN Experimente
7 Synchrotron %

0,5 1,6 GeV j NSHE, S
Py 4 ‘1‘\ ‘,‘"
% Halbzelle des Stretcherring §
Skew: A’_M}KO}JB
[ ~ - /‘l,,\“ > © Labor des FzK
%' | ==

ELSA Electron Storage Ring

/))s Sln’(IJtum

Coswtum - aS Slnwtum

Cos /l/}tl”’n + as Sln’(/Jtum

- )/S Slnwtum

M(s) =

Tune: Phase advance per turn in units of 2n

By (
\/ﬁsﬁo ﬁS

CosYy, —a siny, )

» This rather formidable looking

matrix simplifies considerably if
we consider one complete revolution ...“

s+L dS

wm=[ﬁ®

W .m = Phase advance
per period

1 ds
2-223%50)



11.) Transformation of a, P, y

consider two positions in the storage ring: s, , s

2)f),
-

since & = const (Liouville):

... remember W= CS’-SC" =1

X\ _ ¥ )
x'/, x'

s -8

M =
-C'" C

J

c s

p/e+ . alzz, ht02_8, Stondord Lumi-Optik 920 GeV /27.5 GeV
T T T T T

15

" " " . " L "
0 100 200 300 400 500 800 700

Betafunction in a storage ring

12 ’ 2
E=F.x"+20.xx +y X

_ /2 2 ! 2
€ =Pox, +20,x,x, +7,X,

Sx - Sx’
—Cx +Cx'

... inserting into &

£ = B,(Cx' = Cx)* +2a,(Sx — Sx')(Cx' = Cx)+7,(Sx - Sx')’

sort via x, x ‘and compare the coefficients to get ....



B(s)=C*B, -2SCa, + S*y,
a(s)=-CC'B,+(SC'+ S'C)a, — SS'y,
y(s)=C"B,-28'C'ay +S"y,

in matrix notation:

i C? _28C S\ (B,
al| =|-CC' SC'+CS'" -SS' || a, ,’
y Cr2 _2S1Cr S12 yo

S

1.) this expression is important

2.) given the twiss parameters a, f, v at any point in the lattice we can transform them and
calculate their values at any other point in the ring.

3.) the transfer matrix is given by the focusing properties of the lattice elements,
the elements of M are just those that we used to calculate single particle trajectories.

4.) go back to point 1.)



12.) Lattice Design: ' e =
s oo hOW to build a storage ring“ 10 t - >
= :
(ag) ©
B [0 = p / q é B -
é 0.5~ e -
Circular Orbit: dipole magnets to define = | .
the geometry
A N T R
o - ds _ dl _ Bdi field map of a storage ring dipole magnet
p p Bp
The angle run out in one revolution
must be 2n, so
Bdl :
... for a full circle a = =27 — del o P .. defines the integrated
B p q dipole field around

the machine.

10~ is usually required !!

AB
Nota bene: ) — =
B



7000 GeV Proton storage ring
dipole magnets N = 1232 fB di=NIB=2nple
[=15m
q=+le

9
27 7000 107eV _33 Tesla

1232 15m 3108 ¢
S




The FoDo-Lattice

A magnet structure consisting of focusing and defocusing quadrupole lenses in

alternating order with nothing in between.
(Nothing = elements that can be neglected on first sight: drift, bending magnets,

RF structures ... and especially experiments...)

pre= , ql=, M02_3, Lumir—Upgrod= “e=raian I—% B2D Gav 27.5 Gov, Stordord Dptik

La T IL Y

k

CUINGIAEAZR 3N . 3 .\ - b Ly LIvisy }1 U IT, |r1”|
31 L 8% ol dpn A I L B » 5 n!l‘ﬂ (R
AN LT M nh\',l,‘ﬂ‘,':. E g ;llnl\’;‘]"',‘ﬂ”:‘;",‘z}l—'iu\': = TG : 5”'{?“;' L Y ,"‘gk,' 118

AT T

fn#hsuuujlh .,”,pu LB

>JD3a

Starting point for the calculation: in the middle of a focusing quadrupole

Phase advance per cell p = 45°,
-> calculate the twiss parameters for a periodic solution



Periodic solution of a FoDo Cellp

p/e+ , HERA Proton Ring, Specicl Edition for CAS
T T T T

920 GeV
T

QF QD QF
=f= - —_—
' - > - _ ‘ | | | . | .
0 10 15 s20_--> (M)25 30 35 40 45
M 11 (|
- == -
Output of the optics program:
Nr Type Length Strength B. a, 78 /) ) a, Y,
m 1/m2 m 1/2n m 1/2n
0 P 0,000 0,000 11,611 0,000 0,000 5,295 0,000 0,000
1 OFH 0,250 -0,541 11,228 1,514 0,004 5,488 -0,781 0,007
2 oD 3,251 0,541 5,488 -0,781 0,070 11,228 1,514 0,066
3 OFH 6,002 -0,541 11,611 0,000 0,125 5,295 0,000 0,125
4 P 6,002 0,000 11,611 0,000 0,125 5,295 0,000 0,125
0.~ 0,125 0~ 0,125 > —

> 0.125%2m=45°



Can we understand, what the optics code is doing?

1
cos(4/| K|l ) sin(4/| K|l )
matrices M ,, = \/W ! \/m \/W ’ M, = ((1) If)
- JIK|sin(/|K|7,)  cos(,|K]t,)
strength and length of the FoDo elements K =+/-0.54102 m*?
lg=0.5m
ld=2.5m

The matrix for the complete cell is obtained by multiplication of the element matrices

MFoDo =quh*Mld*qu*Mld*qu

Putting the numbers in and multiplying out ...

0.707 8.206
Fobo =\ _0.061 0.707



The transfer matrix for one period gives us all the information that we need !

Phase advance per cell

. . cos(y) = lece(M) =0.707
COS Y +a siny B siny 2

—y sInY

M(s) = |
Y =arc COS(E Trace(M)) = 45°

hor B-function hor a-function )

M, —cosy 0
SIny  singy

M12
B=—"12211.611m o =



13.) Liouville during Acceleration

e =y(s) x°(s) +2a(s)x(s)x'(s) + B (s) X" (5)

Beam Emittance corresponds to the area covered in the

X
VEY

x, x " Phase Space Ellipse

Liouville: Area in phase space is constant. C/

But so sorry ... € # const!

Classical Mechanics:

phase space = diagram of the two canonical variables
position & momentum

X Px

_ oL

= ; L=T-V =kin. Energy— pot. Energy
9,

P,



According to Hamiltonian mechanics:

phase space diagram relates the variables q and p

q = position = x 1 . X
p = momentum = ymy = mcyp, v

Liouvilles Theorem: f pdqg = const

for convenience (i.e. because we are lazy bones) we use in accelerator theory:

, dx dxdt B,
= = 2 ds = 5 where f,.=v. ./ c
S
[ pdq=mc[yB.dx
f pdqg=mcyf f x'dx , 1 the beam emittance
— = €= [xdxox— shrinks during

e Y acceleration &~ 1/y



B (m), B (m)

Nota bene:

1.) A proton machine ... or an electron linac ... needs the highest aperture at injection energy !!!
as soon as we start to accelerate the beam size shrinks as y - in both planes.

o =B

2.) At lowest energy the machine will have the major aperture problems,

- here we have to minimise f3
LHC Error Analysis __ MAD-X 3.00.03 03/12/08 10.32.07

5000.
4500. - B B 1
3.) we need different beam optics adopted to the energy: 2000 1
A Mini Beta concept will only be adequate at flat top. 3500. -
3000. -
2500. -
2000. -
600). -.4..‘, sorove sareieegue sy svesser s vevueve ersme v woews s ]500 _
sso.] B~ B v _
s500. 4 : : 1000. ~ ; ;
0.4 | : s00.
400. { , . | . L | l {
25(). ] » Momentum offset = 0.00 %
50. s (m) [*10%%( 3)]
200.
;50' LHC mini beta
00. .
50. optics at 7000 GeV
050 81 162 243 LHC injection

M 2, fser =  0.00 % o
omentum clfset som) 1410+ 3 optics at 450 GeV



Example: HERA proton ring

injection energy: 40 GeV y=43
flat top energy: 920 GeV y =980

emittance ¢ (40GeV) =12 *10-7
€ (920GeV) =5.1 %10

Magnet—qr

Anzahl Sigma 7

Magnet—qr

Anzahl Sigma 7

7 o beam envelope at E = 40 GeV

..and at E =920 GeV



The ,, not so ideal world “

14.) The , Ap / p # 0" Problem

ideal accelerator: all particles will see the same accelerating voltage.
>d4Ap/p=10

whearly ideal accelerator: Cockroft Walton or van de Graaf

Ap/p=10-

Vivitron, Strafibourg, inner
structure of the acc. section

= -<-r—-\ = E—— ‘
—— MP-BESCHLEUNIGER
'?’ﬁ‘ == :

MP Tandem van de Graaf Accelerator
- at MPI for Nucl. Phys. Heidelberg



RF Acceleration 1928, Wideroe
Quelle _ Dﬁfgfih.ten

— f f , - —F Stril'.l.l'
Energy Gain per ,Gap": I 1 e 1 Ak —

@ HF-Sender

W =qU,sinwg.t

drift tube structure at a proton linac
(GSI Unilac)

500 MHz, cavities in an electron storage ring

* RF Acceleration: multiple application of
the same acceleration voltage.
brillant idea to gain higher energies




Problem: panta rhei !l
(Heraklit: 540-480 v. Chr.)

Example: HERA RF: Bunch length of Electrons = 1cm
uv. |

’ v =500MH
. A =60cm
t C = A.« A %

\ v
~
A=60cm

sin(90°?) =1

, GO AU =6.0 107

sin(84°) = 0.994 U

typical momentum spread of an electron bunch:



16.) Dispersion: trajectories for Ap /p # 0

Ouestion: do you remember last session, page 12 ? ... sure you do

Force acting on the particle

2 2

d my
F=m—(x+p)-
dtz( 2 X+p

= eByv

S

remember: x =mm ,p=m ... 2 develop for small x

d’x mv?

X
m — l-—)=eB v
i o ( p )=eB,
0B,
consider only linear fields, and change independent variable: t — s B,=B,+x P
o ta-Xy_eB  exsg
% P

... but now take a small momentum error into account !!!



Dispersion:

1 _ 1 Ap
Do +Ap Po Po

develop for small momentum error Ap << p, =

" _ 1 N x2 _e B, —AgeBO+xeg—xegA€
P 1Y Po Po Po Po
-~ “
1 k= x =0
e
x” + xz Ap*( eBO)+k>x< A_p*i_kk*x
P Po Po Po P
-
1
e
n 1 A 1
x" + xz —kx=A—pi —_— x" + x( 2—k)=—p—
O Po P P Po P

Momentum spread of the beam adds a term on the r.h.s. of the equation of motion.
= inhomogeneous differential equation.



Dispersion:

general solution: x,(s)+K(s) x,(s)=0

x(s)=x,(s) q§>
' x(s) + K(5)x,(5) =
0

Normalise with respect to Ap/p:

D(s) =w

Ap
Y
Dispersion function D(s)
*is that special orbit, an ideal particle would have for Ap/p = 1
* the orbit of any particle is the sum of the well known x; and the dispersion

*as D(s) is just another orbit it will be subject to the focusing properties of the lattice

< |8



Dispersion
Example: homogeneous dipole field

xis) = D(s)- 22

P

Matrix formalism:

x(s) = Xg (s)+ D(S).A_p

P R
X(5) = C(5) xy + S(s) x) + D(s) 22 ), e s )\¥), " p D

P




HERA P-Ring, Lumi—A-Optik, 7/0.5 m, p/e+ 920 GeV, 1999, qd997z, hts920e+8, A*8 Nomen
T T T T T T

or expressed as 3x3 matrix

x | =lC S D || X
Ap 0 1 Ap

K PJs \ P Jo

[ x ) C S D\{[ x)
0

Example

Amplitude of Orbit oscillation

Ap 3 contribution due to Dispersion = beam size
/ ~1-10 = Dispersion must vanish at the collision point ,
®

Calculate D, D’: ... takes a couple of sunny Sunday evenings !

sl sl

D(s) = S(s) f%C(g)dg ~ C(s) f%SG)aﬁ
s0 s0



Example: Drift

sl sl

1/ | . |
MDrift=(O 1) D(S)=S(S);£;C(S)dS—C(S);£;S(S)d§

v ~

=( =0

Example: Dipole

1 1
cos(ﬂ/‘K‘s) sin(ﬂ/‘K‘s K =_z>/\
Mfoc= N ‘K‘ P
— /‘K‘ sin( /‘K‘s) cos( 4 /‘K‘s) o s=1,
! ! D(s)=p-(1- cosi)
cos—  psin— =P 0
M B P P . I
Dipole — / .
—isini cosi D(s)=s1n;
P P P




Example: Dispersion, calculated by an optics code for a real machine

=D(S)A_

* D(s) is created by the dipole magnets

psS=+ , Protonan Luminceitasts Ogkik o=z
- — — — — - - ~ T

. and afterwards focused by the quadrupole fields

htD2Z_B, 920 Gav
—T —r

g
I o i
== - % . \/ " '. w. L
1 k.:{‘.'l - ,l 'hr':\\)/ '{'\\‘/’/\\fx\\,f.{. :.\J /‘\\/ .f\‘/? "{-./"/\\ '?:'/\
aO IOlD ZDD 50{}5 R (:8{} * 500 500‘ 700
[TTTTE I I 1. nm i mmmuprnnprnpmpmirnmnroppmniropmirnnnruomumopronroprpmwmiInmnromr rwmrmn
I [11] II I ll 11 11 1 I| Il lI 1l II 1 l l Il III i lII I III 1l II i I l Il || i III
 H5ggE °*® ® > CceECHFEcEELcEfgECEgECEsEivEaLcEEE"Es
Ecl’ ] + —=_ _r" —E‘
=
~E A\ _ \/\/\/\/\,N’\/\/\/\/\/W
a * " * 100 * * * ZDD 300 * 400
\ ~ —
Mini Beta Section, D(s)~1..2m

= no dipoles !!!



Dispersion is visible

134 Hera P New BPM Display

Printing Optionen  Korrekturen Offsets SaveFile SelectFile SetOptics SetBunch Spezial Orbit View  Expert

HERA Standard Orbit

eb=

T T O
i of |

T et

ine : HERA-p

© ot Mittelwert RMS-wert || Energie 39.73
Closed Orbit  ~| [Scratent =] || ¥/ hor ALy ) S’ 1o it
BunchNr 222

hpi4On Ep = 39.725 2ot | o001 [ 0893 llfno e ppidon

Jan 28 15:30:16 2004 2004-01-28 15:29:12 dpfp dpipAus| | 0110 || [geladen] hpi40n

Ablage (mm) | 0.348
Status OK

Bsé | 107.7/.00

| WL197 MX

Closed Orbit -+
- FEC Betriebsmode Setze:

‘ Closed Orbit / Inj Trig | Standig mmouel IRein | Less | 1mal les

— Orbit-=OpticServer,
|E| h” Saveorbltj‘

dedicated energy change of the stored beam

- closed orbit is moved to a
dispersions trajectory

=D(s)*@

Attention: at the Interaction Points
we require D=D = ()

HERA Dispersion Orbit

1 Hera P New BPM Display
Printing Optionen Korrekkuren Offsets Save File Select File Set Optics Set Bunch  Spezial  Orbit View  Expert

ity I»I;Iillllll'l

][]!!!l!!ll!!!!!ll!!l!..I]

\~Maschine : HERA-p

- NR344 MX

- Prot
Mittelwert RMS-wert I Energie 39.73

%/ hor | 20538 [ 23572 || Strom 47
il 1 1

. Zfven [—o008 [ 7820

hpi40n Ep = 39745 Y] 0008 ] 7920 ! Machine  hpidon

2006-02-08 23:07:15 dp/p Aus | ]-1.482 ‘ [geladen] hpiddn

| Scratchd |

|Closed ombit  ~|

‘ Feb 08 23:09:16 2006

Ablage (mm) | 2.46

Status | wrong tu
BZ¢ I 128.3/6.

Release | " E




17.) Momentum Compaction Factor: a,

particle with a displacement x to the design orbit
= path length dl ...

particle trajectory

dl  p+x
ds Je, \

design orbit

— dl=(1+ ad )ds
P(s)

circumference of an off-energy closed orbit

— — xAE .
N —fdl —f(l + 0(s) ) ds remember:

%05 (5) = D(s) 22
P

* The lengthening of the orbit for off-momentum
Ap o D(s)

Olprp = ff (s) ds particles is given by the dispersion function
P pLS and the bending radius.



Definition: E =g —2

1
For first estimates assume: ; = const.
fD(S) ds = lZ(dipoles) .<D>dipole
dipoles

1 I 1 1 27 <D>

a =—1, . (D\—==21p(D\— — g =% (p\=\Z/
p L 2(dipoles) < > ,0 L < > ,0 4 L < > R
Assume: V=_C

ST Ol Ap a, combines via the dispersion function

— =——=0,— the momentum spread with the longitudinal

motion of the particle.



l‘av\ ’fﬁ-‘,, < - 2

Tntroduction 10,0y f’J/JJ‘»/f 5e; > Bearm D, //ufnb \

Bernhard_Halzer QERN:QQC




60

40

20

c3zz Stoncerc Lumi—Opiix Optik, korrigierte Versioson 2004, hi02Z_
: - - . - . : . - - : .

18.) Quadrupole Errors

8, 920 GeV /27.5 GeV

il
| | l‘ | _|
TRLTTITITer “!'!iHi"! LELLL %T' LARRERLALLS !”!'5 .
J‘;,‘"i A{ f}.ﬁ.l}}{";{‘:1‘4!-;!:;11:1‘:11&,1',.f. ik ;'If L ,,3 H ‘LI i u”. ;’*’ 1 ,'t it {t fm mg ‘[ n u‘ sz’l(fuﬂ,a}x ‘;g I'j utltll{j‘.;.‘r
|,,\"| ‘g.u‘.-’\l_:\f’k‘—_.lﬁ‘ﬁ":'.'1' IJLU V’ ' u’hf V. lj l} \_P \f \i \f 6 1‘.. l‘ U"VV |‘; 1., U‘\ AY {V I 1 I LEb ‘:{qu}v}})\ _l}
S 10CGC 20(::0 4C0C 5C0C &000
S —> (M)
BT TLLE2TBT==T=TSSTc85T =TT 8225z ¢geTgs
o =555%5=3 =™ =5 =53335338c = =35358T 237z Z5555= =
—_— — 1 s - - —3 M 3 4/.\ 3 . . L .
X T o T 7 A '/' \‘ r‘-l‘lrf Y " i r;' ]
WA MM‘:’ W N "“f WY Vl‘\ 1AW W VWY
i
O 10CC ] ] ] ] 20C0 ] ] . 3000 v 4C0C 5000 S000 ]




Quadrupole Errors

go back to Lecture I, page 1 ( x) (
=M, *
OF
2

single particle trajectory

Solution of equation of motion

X = X, cos(\/;

|
M, - cos(\/z l,) Wsm(\/; l,)

~Jksin(Wk 1)  cos(vk 1)

Mtum =MQF >l<j”m>X<]WQD>’<A]‘402*]W

QF eeo e

x(s) O e U

| 1
’ M thinlens _(

1

f

0
1

|

Y -

Definition: phase advance

of the particle oscillation 0 - Y turn
per revolution in units of 2n 27T =k

is called tune




Matrix in Twiss Form

Transfer Matrix from point ,,0“ in the %4
lattice to point ,,s*:

¥
\/7((3051// +a,siny) VBB siny
M(s) =
- )cos(zp -(l+a,0,)siny, \/FO (cos(yy. —a siny.)
V ﬁsﬁo /3
For one complete turn the Twiss parameters
have to obey periodic bundary conditions:
M( ) Coswtum + as Sinwtum /))S Sinl/jtum
S)=
— ys Sinz/}s Coswtum — as Sin?‘/}tum

P(s+L)=p(s)
a(s+L)=o(s)

y(s+L)=1y(s)



Quadrupole Error in the Lattice

optic perturbation described by thin lens quadrupole

M

1 0\ (cosy,, +asiny, psmy,,,
dist=MAk.M0=( )( t t t

Akds 1 -y Sil’lwmm CoSY ,p, — O Sim/hum
—— = —— e

quad error ideal storage ring

cosy, +a sy, psiny,
Akds(cosy, +asiny,)-ysiny, Akdsf sy, +cosyp,—asiny,

dist ~—

rule for getting the tune

Trace(M) =2cosy =2cosy, + Akdsf siny,



Quadrupole error = Tune Shift

Y =Y, +A1/J

——  cos(y,+Ay)=cosy, +

Akds B siny,,
2

remember the old fashioned trigonometric stuff and assume that the error is small !!!

cosy, COsAyY —smy, sin Ay =cosy, +
—~—

W_J
~1

_kds 5
2

Ay

and referring to Q instead of y:

Y =270
L Ak(s)B(s)ds
AQ = »!; 45

~ Ay

/
Il
1/}

m

kds p siny
2

the tune shift is proportional to the p-function
at the quadrupole

field quality, power supply tolerances etc are
much tighter at places where B is large

mini beta quads: p # 1900 m
arc quads: p = 80 m

D is a measure for the sensitivity of the beam



a quadrupol error leads to a shift of the tune:

s0+/

s0- | M) g Mosf

4

15 [|2r 027 0128 0.2;.1-* 03 031 032 045 026 027 0128

Example: measurement of f in a storage ring: GI06 NR

y=-6.7863x + 0.3883

fune spectrum 0.3050 -
0.3000 \\
x
< 0.2900
0.2850
M_ o
0.2800 T T T /

0.01250 0.01300 0.01350 0.01400 0.01450
k'L




Quadrupole error: Beta Beat

Aﬁ(so)=2sif; - iﬁ(sl)AKcos(zwsl |~ 270 )ds

o/e+ , q02c8, ht02_8, Lumi—Upgrade Version lll—4 920 GeV /27.5 GeV, neue Version, QR14 reduziert, g 0zz ( prOOf' .
T T T T T T
: see appendix

fifie
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19.) Chromaticity:
A Quadrupole Error for Ap/p z O

Influence of external fields on the beam: prop. to magn. field & prop. zu 1/p

B dl
dipole magnet o = L

“x,(s) = D(s) L
P

focusing lens k = £ _Z -

v

cell length . .
Figure 20: FODO cell = particle having ...

to high energy
to low energy
ideal energy



Chromaticity: Q'

—]7 p=p,+Ap
e

definition of chromaticity:

AQ = Q' A?p : Q'=—ﬁ Fh(s)B (s)ds



Tunes and Resonances

031 032 O0Jp5 026 027 028 020 02 03 032 0.

“vo | 0wed DRANA| 2524 PRIEA| 2974 NokickEd] 253363

Teilchenbaohnen und Enveloppe

avoid resonance conditions:
m Q,tn Q +l Q= integer

... for example: 1 Q =1

f,\-.
|
|
|
:
.
=

!




.. and now again about Chromaticity:

Problem: chromaticity is generated by the lattice itself !!

Q' is a number indicating the size of the tune spot in the working diagram,
Q' is always created if the beam is focussed

= it is determined by the focusing strength Kk of all quadrupoles

0'- - fk()B(s)ds

k = quadrupole strength
p = betafunction indicates the beam size ... and even more the sensitivity of
the beam to external fields

Example: LHC

—>Some particles get very close to

r=2>
0 50 resonances and are lost

Aplp =+/-0.2 103

40=10.256 ... 0.36 in other words: the tune is not a point

it is a pancake



Tune signal for a nearly
uncompensated cromaticity

(Q'#~20)

Ideal situation: cromaticity well corrected,

(Q'~1)

0.27 D0.23



Tune and Resonances

m*Q +n*0 +I*Q = integer

224 e Tune diagram up to 3rd order

... and up to 7th order

]
1
S,
= ; g
r o
e |I @
S ¥ _,
’ v g ,.
r
— P -
i
- T
1 -
v I‘l e
-
- e
1 -

Homework for the operateurs:
find a nice place for the tune
where against all probability
the beam will survive




Correction of Q':

Need: additional quadrupole strength for each momentum deviation Ap/p

A
1.) sort the particles acording to their momentum Xp(s) =DC(s) =p

... using the dispersion function

34 Hera P New BPM Display
Printing  Optionen Korrekiuren  Offsets SaveFile SelectFile Set Optics SetBunch Spezisl Orbik View Expert

S uuuuu||||l|||!luilnzz;é%nu||i]iil|||||||||||f|"%?§§f""9”||u|||||1||||z||n|pp§§
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LRt o B o it e it

Maschine : H

T -
B . ine : HERA-p | Pro
omit. FlomRet | Cret Mittelwert RMS-wet || Energie  39.73.
[Closedortit ~] [Scratchd = Xihor | 20538 [23572 || Strom ‘:l"
, 1
hpidOn Ep= 39745 Zivert. [0008 [7620 || \octine  hpion

Feb 08 23:09:16 2006 2006-02-08 23.07:15 dolp | avs | [1482 | [geladen] hpidon

M-
(m) [“2.46
Status [“wrong tu
B/¢ [128376

Release | " E

NR344
Ablage

B, = gxz
0B, dB, . linear rising
oz - 9x = 8X »gradient:



Correction Of Q s k, normalised quadrupole strength

k, normalised sextupole strength

Sextupole Magnets: o X
P & k,(sext) =g—=k2 *x
z , Z p/ e
Eisenjoch ! Spulen Ap
Eisenjoch !
e _m k (sext)=k,*D*—
ﬁy/@ Wi i
X X = 2=l Sextupobyp ST
: - .\...ﬂ\, LY st | L 3¢
$ |
Spulen
x| e

corrected chromaticity

considering a single cell:

| 1 X _ 1 1
chllx=_a{kqfﬁx qu _kqdﬁxlqd}"E E k;lsextpf[)’: _E E k2DlsextD.f[)’f

F sext Dsext

| 1 _ X 1 1
chlly=_a{_kqf/3quf +kqd[5qud}-ﬂ E kZFlsexthﬁf _4— E k;)lsexthﬁf

F sext JT Dsext



20.) Insertions
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Insertions

... the most complicated one: the drift space

Question to the audience: what will happen to the beam parameters
a, B, vy if we stop focusing for a while ...?

B c:  -2s¢ S\ (B
al| =|-cC' SC'+S'C -SS'|*|a
vl et aascer sty

transfer matrix for a drift:

oY) —

y(s) =7,



p-Function in a Drift:

let ‘s assume we are at a symmetry point in the center of a drift.

p(s)=p,—20s + VOSZ

2
as @, =0, — )/0=1+a0 =1

Bo B

and we get for the p function in the neighborhood of the symmetry point

2

/a’(s)=/30+;,— 1Y

At the end of a long symmetric drift space
the beta function reaches its maximum value §

in the complete lattice. \/‘
-> here we get the largest beam dimension. O O

-> keep [ as small as possible



... clearly there is another problem !!!
Example: Luminosity optics at LHC: " = 55 cm

v/ s
7 . .
T o -

-




21.) Luminosity

Pp2-Bunch

10 ! particles

pl-Bunch

10 ! particles

Example: Luminosity run at LHC

B.,=0.55m £, =11.245 kHz
£., =5%107" rad m n, = 2808
o.. =17 1 0 IpllpZ
vy =17 um L = >
4me” fon, OO0,
1, =584 mA

L=1.0%10% %mzs



Mini-B Insertions: some guide lines.)

* calculate the periodic solution in the arc

* infroduce the drift space needed for the insertion device (detector ...)

* put a quadrupole doublet (triplet ?) as close as possible

*introduce additional quadrupole lenses to match the beam parameters
to the values at the beginning of the arc structure

parameters to be optimised & matched to the periodic solution:

8 individually
powered quad
magnets are
needed to match
the insertion

(... at least)

4500.
4000.
3500.
3000.
2500.
2000.
1500.
1000.

500.

a.,

X

D, D’

ay’ y Qx’ Qy

5000 LHC2010 first exercidAD-X 4.01.00 3@/06/10 171.38.45

B.

0.0
12.40

s (r2)

12.94

13.48

14.02
[*10%%( 3)]



... and now back to the Chromaticity

0= =g RO

question: main contribution to Q' in a lattice ... ?
5000, - 1etion: main contribution to O'in a lattice - 7 03 29/08/08 13.27.06

4500. - Qx EY
4000. - | |

3500. | |
- j mini beta insertions

3000. - / \
2500. | |
2000.
1500.
1000.

500.

0.0 -




Resume:

beam rigidity: B-p=F g
1 0.2998- B, (T
bending strength of a dipole: — [m_l] = (1)
Je, p(GeV/c)
ing strength drupole: k[m2]= 22008
focusing strength of a quadrupole: [ ] (GelV /o)
1
focal length of a quadrupole: S = Tl
q
" 1 A
equation of motion: X'+ Kx=—"L
P p
matrix of a foc. quadrupole: X =M-x,

1. 1
K|l JIK

Vo COS ‘ ‘ \/msm ‘ ‘ | _ :

~JK|sinJ[K|l cosy|K]I S



Resume ’:

transfer matrix in Twiss form

.. and for the periodic case

beam emittance during acceleration

dispersion

(o), (2),

/ (cosws + smlps) BBy siny,
M =
-a )coszps -(1+aya,)siny By :
COSY , —a sy,
Y, ﬁsﬁ() /3)5 ( )
M(S) — (Coswtum +.as Sinlptum /J)S Sin'lptllf'n )
=I5 Slnwtum COSI/)turn — U Slnwtum
1
£ X —
By




Resume’:

quadrupole error: tune shift

beta beat

chromaticity

momentum compaction

beta function in a symmateric drift

f Ak(s)/a’(s) s DK Luas B

45t

sl+/

AQ -
AB(sg) =L
20-0 2

)4

g JPsOnkcosQupy — o) =270 s

0'~ - k()P (s)ds



APPENDIX

L.) Stability Criterion: UV o IR AN
. . . / }/ & 'i"\:,\ ';‘ V
Question: what will happen, if we do not make too P~ A = IS
many mistakes and your particle performs " AN S rp—ﬁ ‘ )
one complete turn ? vkt i
7 4
Matrix for 1 turn:
M= COSl/Jmm +‘as Sinwtum /3s Sinwtufn _ COSI/J . 10 + Sil’l?./J o /5
=75 Smwtum Coswtum - d smwturn 0 1 -y -
— —
1 J
Matrix for N turns:

MY =(1-c0s1/1 +J°simp)N =1-cos Ny +J -sin Ny

The motion for N turns remains bounded, if the elements of MY remain bounded

poma o slst o Cons2 D



stability criterion .... proof for the disbelieving collegues !!

i i 1 0 o
Matrixfor 1 turn: M = Coswmm +.O!S Smwtum ﬁs Smwtwjn = COS'l/J * + Sinl/} /3
_J/s Sln?rvturn Coswturn - as Smwtum 1

Matrix for 2 turns:

M? =(I cosy, +J siny, )(I cosy, +J siny, )

= I’ cosy, cosy, + IJ cosy, siny, + JIsiny, cosy, +J° siny, siny,

now ...
r=I1
717 10\ (o 5] _( @ B
0 1 -y -« -y -«
1J=J1
7= a p L1 0 (@ B
-y -« 0 1 -y -«

(¢ B\, BY (a*-y8 ap-Ba) (-1 0
_(—y —a) (—y —a)_(—ya+ay az—y[a’)_(O -1

M? =1 cos(y, +v,) +J sin(y, +,)

M? =1 cos(2y) +J sin(2y)



I1.) Dispersion: Solution of the inhomogenious equation of motion

sl sl

Ansatz: D(s) = S(S)f—C(S)dS - C(S)f—S(S)d§

D'(s) = S'*f—Cdt+S/é C'*f—Sdt?Z

D'(s) = S’*f; dt — C' *f— dt

D'(s)=8"* (S5 S -l -2
0

o 1o 1%

=S"*f£ds”- c”*fﬁdml(cs’ -5C')
o o P

. J
Y

=detM =1 \

remember: for Cs) and S(s) to be independent
solutions the Wronski determinant
has to meet the condition

c S
= =
c' S




and as it is independent aw — i(CS' ~SC")=CS"-SC" = -K(CS-SC)=0
of the variable ,,s ds ds

we get for the initital Co=1, C‘f =0 } W = C, S, =1
conditions that we had chosen ... Sy=0, §; = c S

D’I=S,,*f£f— Cll*fﬁdi+i
P P P
" * Q =
remember: S & C are solutions of the homog. equation of motion: ST+K*5=0
C"+K*C=0
D”=—K*S*f£d§+ K*C”‘fia'i+l
P P P
D= —K* Sf£d§“+cf£d§ o
Y P P
- J
Y
=D(s)
" 1 " 1
D' =-K*D+— ..o OF D' +K*D=—
p P

qed



IIl.) Quadrupole Error and Beta Function

a change of quadrupole strength in a synchrotron leads to tune sift:

Ak(s)ﬁ(s) A * Ly * B

f 4T
GI06 NR
y=-6.7863x + 0.3883

0.3050

0.3000 \\
g 0290 o~
X
< 0.2900

0.2850

t t 0.2800 T T T 1
une Spec rum ... 0.01250 0.01300 0.01350 0.01400 0.01450

k*L

tune shift as a function of a gradient change

But we should expect an error in the p-function as well ...
oo Shouldn't we 22?2



Quadrupole Errors and Beta Function

a quadrupole error will not only influence the oscillation frequency ... ,tune"
.. but also the amplitude ... ,beta function”

split the ring into 2 parts, described by two matrices I So A
A and B ° ~
. PR T I —
turn -
dy Ay B Sy

matrix of a quad error M, , = ( . ) = B( )A
between A and B

M - B ap P
st — Akdsa,, +a,, —MAkdsa, +a,,

~ ~

M, =(N b, a,, + b, (-Akdsa, + azz))



the beta function is usually obtained via the matrix element ,m12", which is in
Twiss form for the undistorted case

m,, = B, sin 2aQ

and including the error:

ml*z = b,a,, +b,a,, —b,a,,Akds
N
m,, = B, sin 20

(1) m,, = B,sin2a0 — a,,b,,Akds

As M* is still a matrix for one complete turn we still can express the element m,,
in twiss form:

(2) my, = (B, +dp)*sin27(Q +dQ)
Equalising (1) and (2) and assuming a small error
B, sin2aQ — a,,b,,Akds = (S, +df) *sin 22 (Q + dQ)
B, sin 2aQ — a,,b,,Akds = (B, + dB)*sin 20 cos 2ad Q + cos 20 sin 27ad QO
“~ “~

% 1 22 7w dQ



W _ b, Akds = W B, 27d O cos 270 + d, sin 270 + dm 270

ignoring second order terms

—a,,b,Akds = B,2xdQcos 270 + df3, sin 270

remember: tune shift dQ due to quadrupole error: dQ = Akp,ds
(index ,1" refers to location of the error) 4
—a,,b,,Akds = PoAkp,ds cos 210 + df3, sin 27Q
solve for dp
APy =5 — 2ﬂQ Lay,,b,, + B, B, cos 2710 Wkds

express the matrix elements a,,, b, in Twissform

\/% (cosws + o SInY ) BBy siny,
0

(aO — O ) Cosws - (1 + oA, ) Sinws ﬁO

W Bs (COSI/)S -Qa, s1n1/}s)
s170




dfy =5 — MQ Day,b,, + B,B, cos 270 Wkds

a;, =4 BofB, smAy,
b, = BB, sin(2aQ - Ay, )

dp, = > Slfoz[j;Q {2 sin Ay, sin(2a0 — Ay ,,) + cos 2JTQ}Ade
N

.. after some TLC transformations .. = cos(2Ay,, —27Q)

s1+/

AB(s,) —@ﬁ(& YAk cosQap, —t.,) — 270 s

Nota bene: | thé& beta beat is proportional to the strength of the
error Ak

(.. remexaber orbit distortion )

/Il there is a resonance denominator
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