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Summary of the 3 lectures:

* Acceleration methods

 Accelerating structures

* Linac: Phase Stability + Energy-Phase oscillations
» Circular accelerators: Cyclotron / Synchrotron

* Dispersion Effects in Synchrotron

« Stability and Longitudinal Phase Space Motion

« Stationary Bucket

* Injection Matching

 RF manipulations in the PS

More related lectures later:

* Linacs - Alessandra Lombardi
* RF Systems - Erk Jensen

* Electron Beam Dynamics - Lenny Rivkin

« Cyclotrons - Mike Seidel
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The CERN Accelerator Complex
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Particle types and acceleration

The accelerating system will depend upon the evolution of the particle velocity
along the system
- electrons reach a constant velocity at relatively low energy
- heavy particles reach a constant velocity only at very high energy
-> we need different types of resonators,
optimized for different velocities

Particle rest mass: 10

electron 0.511 MeV
proton 938 MeV
239  ~220000MeV

Relativistic _ Vi ]~ [ electrons
gamma factor: b0 c y? o [ T
E m 1x10~ " | | ' ' |
= E— =— 0.1 1 10 100 x10°  1x10 1x10°
m -
° ° Particle energy (MeV)
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Velocity, Energy and Momentum

V 1

normalized velocity f=—= [1-— )
C /4 2 05

=> electrons almost reach the speed of light
very quickly (few MeV range)

A ——T I

-

electrons

normalized velocity

protons
| 1
0 5 10 15 20
E kinetic (MeV)

total energy E =gnc’ 1108
rest energy L 10*
E m 1 1 1.10°
7/ = = = — g
E, m, V2 1- B 5
1_ C2 ﬁ 0
1
E i)
Momentum p=myv= — be=hH== bgmoc 01
C C

I I I

| total energy e

e
-
o

_ rest energy 1

-~
-

i electrons |
1 1 1
1 10 100 1-10° 1-10
E kinetic (MeV)

Introductory CAS, Prague, September 2014 5



Acceleration: May the force be with you

To accelerate, we need a force in the direction of motion!

to motion => no acceleration

Newton-Lorentz Force T — dﬁ — (oL D 2"d term always perpendicular
on a charged particle: = dt (E+V B)

Hence, it is necessary to have an electric field E
(preferably) along the direction of the initial momentum (z), L =oE
which changes the momentum of the particle. dt

The 2" term - larger at high velocities - is used for:
- BENDING: generated by a magnetic field perpendicular to the plane of

the particle trajectory. The bending radius p obeys to the relation :
GeVic
BzBp in practical units: B r [Tm] » P [O 3 |
€ :

- FOCUSING: the bending effect is used to bring the particles trajectory
closer to the axis, hence to increase the beam density.
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Energy Gain

The acceleration increases the momentum, providing kinetic energy to the
charged particles.

In relativistic dynamics, total energy E and momentum p are linked by

E°=E&+ p2c2 (E = E,+ W)  Wkinetic energy
Hence: dE=vdp (2EdE:202p dp < dE=c’mv/E dp= vdp)
The rate of energy gain per unit length of acceleration (along z) is then:
dE _ dp _d
el e AP

dz dz dt )
and the kinetic energy gained from the field along the z path is:

dW=dE=eE dz -~ W=eQE.dz=eV

where V is just a potential.
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Unit of Energy

Today's accelerators and future projects work/aim at the TeV energy range.

LHC: 7 TeV ->14 TeV

CLIC: 3 TeV
HE/VHE-LHC: 33/100 TeV

In fact, this energy unit comes from acceleration:

1 eV (electron Volt) is the energy that 1 elementary charge e
(like one electron or proton) gains when it is accelerated in a
potential (voltage) difference of 1 Volt.

Basic Unit: eV (electron Volt)
keV = 1000 eV = 103 eV
MeV = 106 eV
GeV = 10% eV
TeV = 1012 eV

LHC = ~450 Million km of batteriesl!!
3x distance Earth-Sun
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Electrostatic Acceleration

m)

source EE—

Electrostatic Field:

Force: F—d—p=eE
dt

Energy gain: W = e AV

used for first stage of acceleration:
particle sources, electron guns,
x-ray tubes

Limitation: insulation problems il ' =
maximum high voltage (~ 10 MV) Van de Graaf generator at MIT
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Methods of Acceleration: Time varying fields

The electrostatic field is limited by insulation,
the magnetic field does not accelerate.

From Maxwell's Equations: E=-Vf- a_A
Ot

EZ/ﬁE[:%xg or

The electric field is derived from a scalar potential ¢ and a vector potential A
The time variation of the magnetic field H generates an electric field E

The solution: => time varying electric fields
- Induction
- RF frequency fields
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Acceleration by Induction: The Betatron

It is based on the principle of a transformer:

- primary side: large electromagnet - secondary side: electron beam.

The ramping magnetic field is used to guide particles on a circular trajectory
as well as for acceleration.

side view

Limited by saturation in iron (~300 MeV e-)

vacuum
Used in industry and medicine, as they are pipe
compact accelerators for electrons

| beam

By

iron yoke

Extraction
/ e

coil

beam

‘O <
Donald Kerst with the first betatron, invented
at the University of Illinois in 1940 Tntroductory CAS, Prague, September 2014 11



Radio-Frequency (RF) Acceleration

Electrostatic acceleration limited by isolation possibilities => use RF fields

A .
Vsin ot

®2 e

Cylindrical electrodes (drift tubes) separated by gaps and fed by a RF
generator, as shown above, lead to an alternating electric field polarity

Synchronism condition — L=vT/2 v = particle velocity
T = RF period

rr 117 1rrr1rrrr

, Similar for standing wave

cavity as shown (with v&c)

11 1 1 I | | J I

D.Schulte
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Resonant RF Cavities

Considering RF acceleration, it is obvious that when particles get high
velocities the drift spaces get longer and one looses on the efficiency.
=> The solution consists of using a higher operating frequency.

The power lost by radiation, due to circulating currents on the electrodes,
is proportional to the RF frequency.

=> The solution consists of enclosing the system in a cavity which resonant
frequency matches the RF generator frequency.

- The electromagnetic power is now
constrained in the resonant volume

£, —— - Each such cavity can be independently
_ powered from the RF generator

- Note however that joule losses will
occur in the cavity walls (unless made
l of superconducting materials)
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The Pill Box Cavity

Ky\ y VvV VY V’JL/

Y

OF VR s s e i s it i

From Maxwell's equations one can derive the wave
equations: )
0°A

VA - — =
&m 7

Solutions for E and H are oscillating modes, at
discrete frequencies, of types TM,,, (transverse
magnetic) or TE,,, (transverse electric).

Indices linked to the number of field knots in polar
co-ordinates ¢, r and z.

(A=FE or H)

For I<2a the most simple mode, TMy,o, has the
lowest frequency, and has only two field components:

E, =J,(kr) ™

_ i
Hq—' Z—OJl(kT)e

_2p _w

: - =——=— [=262a Z,=37TW
/ C
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The Pill Box Cavity (2)

RF shiel

The design of a cavity can be sophisticated
in order to improve its performances:

- A nose cone can be introduced in order to
concentrate the electric field around the
axis

- Round shaping of the corners allows a
better distribution of the magneftic field
on the surface and a reduction of the
Joule losses.

It also prevents from multipactoring
effects (e- emission and acceleration).

A good cavity efficiently transforms the
RF power into accelerating voltage.

Simulation codes allow precise calculation
of the properties.

Introductory CAS, Prague, September 2014 15



Important Parameters of Accelerating Cavities

Shunt Impedance R

2
P = V_ Relationship between gap
d R voltage V and wall losses P,

Quality Factor Q

wiv Relationship between 2
_ W P R_V
0= P stored energy W, in the volume =
d and dissipated power on the walls Q0 wi.
Filling Time 7
p =- aw, — WW Exponential decay of the f = Q
d dt O s stored energy W, due to losses W

Introductory CAS, Prague, September 2014
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Transit time factor

The accelerating field varies during the passage of the particle
=> particle does not always see maximum field => effective acceleration smaller

Transit time factor 7 — energy gain of particle with v = bc
defined as: “ maximum energy gain (particle with v — o0)
+¥ .
s . S o
In the general case, the transit time factor is: OE.(s,7) COS?VRF — ds
\%
— ¥
for E(s,r,t)=FE (s,r)*XE, (¢ a .
(5,,0) = Ey(s,7)9E,(0) -
| -¥
Simple model E, (s,r) = —R& = const
uniform field: o

-g/2 +g/2

e O« 7:7<1
« 7,51 forg— 0, smaller wgy-

2V 2V

follows: 7 =|sin War8 / Wer8

Important for low velocities (ions)
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Some RF Cavity Examples

L =vT/2 (m mode)

2

(s

h\

Introductory CAS,

L = vT (21 mode)

2

(s

2

Prague, September 2014
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RF acceleration: Alvarez Structure

Used for protons, ions (50 - 200 MeV, ¥~ 200 MHZz)

(B e B

RF generator @ LINAC 1 (CERN)

Synchronism condition (g << L)

Introductory CAS, Prague, September 2014 19



Disc loaded traveling wave structures

-When particles gets ultra-relativistic (v~c) the drift tubes become very long
unless the operating frequency is increased. Late 40's the development of

radar led to high power transmitters (klystrons) at very high frequencies
(3 GHz).

-Next came the idea of suppressing the drift tubes using traveling waves.
However to get a continuous acceleration the phase velocity of the wave needs
to be adjusted to the particle velocity.

CLIC Accelerating Structures (30 & 11 GHz)

solution: slow wave guide with irises  ==> iris loaded structure
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The Traveling Wave Case

| e

/\/\ ~ E.=E COS Wyt - kz)
:/e\/\ k= Wer wave number
I V.
| < . J

: /\/\ z=v(t- t,)

v, = phase velocity

The particle travels along with the wave, and v = particle velocity
k represents the wave propagation factor.
e v C
E =E, congRFt- Wer—t- [y
If synchronism satisfied:  v=v, afd, = £, COS7,

where @, is the RF phase seen by the particle.
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Summary: Relativity + Energy Gain

= d - = nd ;
Newton-Lorentz Force F=-£ =¢ ( E+v B) 2" term always perpendicular

dt

to motion => no acceleration

Relativistics Dynamics

v 1 E m 1
ﬂ:—: 1——2 g: = = -
C 4 E, m, 1- b

p:mvzgzbc:b%:bgmoc

C

E’=Ei+pc® — dE=vdp

d—E—vdp dp—eE

dz dz dt

dE=dW=eE_dz — W=eQE,d:

RF Acceleration

E. =E_sinw,,t=E_sinf()

oL, dz=

W =eVsin g
(neglecting transit time factor)
The field will change during the
passage of the particle through the

cavity
=> effective energy gain is lower
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Common Phase Conventions

1. For circular accelerators, the origin of time is taken at the zero crossing of the RF
voltage with positive slope

2. For linear accelerators, the origin of time is taken at the positive crest of the RF
voltage

Time t= O chosen such that:

1 E, s 2 Ep

\ §= et \ §= Dt
VNV RN

E,(r) = Eysin(w;, 1) E, (1) = E, c0S(Wp t)

3. I will stick to convention 1 in the following to avoid confusion
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Principle of Phase Stability (Linac)

Lets consider a succession of accelerating gaps, operating in the 2m mode,
for which the synchronism condition is fulfilled for a phase ®s .

oA is the energy gain in one gap for the particle to reach the
eVS =elVsink s next gap with the same RF phase: P; ,P,, .... are fixed points.

energy 4
gain /Ml l\‘b early «---—--- >late
P, »
For a 2w mode, o [ 5 ffom s s s m e L O, 4
the electric field Ny f Nz\

is the same in all | i
gaps at any given '
time.

If an energy increase is transferred into a velocity increase =»
M; & N, will move towards P, => stable
M, & N, will go away from P, => unstable

(Highly relativistic particles have no significant velocity change)
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A Consequence of Phase Stability

N——

+

RN N\ [

The divergence of the field is — OE. OE. _ OE _ OFE,
zero according to Maxwell : vE=0 = Pe + Oz =0 = Ox _' Oz

Transverse fields
« focusing at the enfrance and
« defocusing at the exit of the cavity.

Electrostatic case: Energy gain inside the cavity leads to focusing
RF case: Field increases during passage => transverse defocusing!

External focusing (solenoid, quadrupole) is then necessary
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Energy-phase Oscillations (1)

- Rate of energy gain for the synchronous particle:

dE, _ 9, - eE,sinf,
dz dt

- Rate of energy gain for a non-synchronous particle, expressed in

reduced variables, w=W-W =E-E and p=d—@ °

CCII—\;V —eE[sin(g, +p)—sin 4| ~ eE,cosg.o (small ¢)

- Rate of change of the phase with respect to the synchronous one:

do dt (dt) |_ 1 1)\ Dy,
dz_wRF(dz (dzlj_w (v vj_ V2 (v-v.)

S

Since: V— V—C(,B 'B) 28 ('B 'B) m)V7/
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Energy-phase Oscillations (2)

one gets: d(ﬁ Wre
- A
MoVs7s

Combining the two 15" order equations into a 2"d order equation gives the

equation of a harmonic oscillator:

d2¢ 2 ith Qz — eEOQ)RF COS ¢s
a7 Te=0 o my

Stable harmonic oscillations imply: \NS2 >0 and real

synchronous
phase

hence:  cos@ >0 1 cos (¢9)
i GRS
And since acceleration also means: SINg >0 / N\
/ \
\
. \
You finally get the result for 0< g < 4 2
the stable phase range: s~ 92

acceleration
Introductory CAS, Prague, September 2014
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Longitudinal phase space

The energy - phase oscillations can be drawn in phase space:

AEAPIP 4 gcceleration AE, Aplp
i
move | move
forward <-|- - @ - - > packward

1
>
>

A A

reference deceleration

The particle trajectory in the
phase space (Ap/p, §) describes Emittance: phase space area including
its longitudinal motion. all the particles

NB: if the emittance contour correspond to a
possible orbit in phase space, its shape does not
change with time (matched beam)
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Summary up to here...

Acceleration by electric fields, static fields limited
=> time-varying fields

Synchronous condition needs to be fulfilled for acceleration
Particles perform oscillation around synchronous phase

visualize oscillations in phase space

Electrons are quickly relativistic, speed does not change
use traveling wave structures for acceleration

Protons and ions need changing structure geometry
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Circular accelerators

Cyclotron

Synchrotron

Introductory CAS, Prague, September 2014
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Circular accelerators: Cyclotron
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Circular accelerators: Cyclotron

Ion source %
o

=

(9o ] ]]

/ /w
i

Used for protons, ions B = constant

W = constant
RF generator, Oy

Synchronism condition

Wy = Dpe

-

2w p =V Tep

qB

Cyclotron frequency () = —

> My 7
y 1.  yincreases with the energy
Exctraction — no exact synchronism
electrode 2. if v<<c = Y = 1

Ions trajectory
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Circular accelerators: Cyclotron

Introductory CAS, Prague, September 2014
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Cyclotron / Synchrocyclotron

i

S
EEAN

Vancouver - Canada RN 600 Me . otra

TRIUMF 520 MV cyclotron

Synchrocyclotron: Same as cyclotron, except a modulation of mge
B constant
Y Opp constant Mgr decreases with time

@, (t) = Wpr (t) = g B Allows to go beyond the

The condition: i non-relativistic energies
o 7(t)
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Circular accelerators: The Synchrotron

1.  Constant orbit during acceleration

2. To keep particles on the closed orbit,
B should increase with time

3. o and oy increase with energy

RF frequency can be

RF cavity <— . .
multiple of revolution frequency
RF
generator —
W, =hWw,
. " T, =hTg hinteger,
Synchronism condition wsp >R harmonic number:
& —hT number of RF cycles
V A per revolution
S
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Circular accelerators: The Synchrotron

EPA (CERN)

Electron Positron Accumulator
: =TT T

LEAR (CERN)
__Low Energy Antiproton Ring

—

-

|[

Examples of different
proton and electron
synchrotrons at CERN

+ LHC (of coursel!)

" PS (CERN)
Proton Synchrotron © CERN Geneva
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The Synchrotron

The synchrotron is a synchronous accelerator since there is a synchronous RF
phase for which the energy gain fits the increase of the magnetic field at each
turn. That implies the following operating conditions:

- E eIA/Sin f ——  Energy gain per turn

f=f =cte —  Synchronous particle

W,r = hW RF synchronism
! (h - harmonic number)

injection extraction

g bending r=cte R=cte Constant orbit

radius

_pP : .
Br A P B —— Variable magnetic field

e

If v&c, O, hence ®Wpgremain constant (ultra-relativistic e”)

Introductory CAS, Prague, September 2014 37



The Synchrotron - LHC Operation Cycle

The magnetic field (dipole current) is increased during the acceleration.

beam energy
coast r\ dump ramp coast ’_\
12000 { \

k S= 5% 7 TeV
10000
g startof |
< 8000 the ramp
- 1
&J A€
= 6000 T
@ injection T
S 4000 phase |
=) €
2000 preparation + |
and access -~ ' 450 GeV
O | | | | | I |
-4000 -2000 ) 2000 4000
L.Bottura time from start of injection (s)
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The Synchrotron - Energy ramping

Energy ramping by increasing the B field (frequency has to follow v):

dp : _ 2per RB
p=eBr = —=erB = (Dp)y,, =er BT, =
dt %
Since: E*=E;+p°c® = DE=vDp
(DE) =(DW) =2perRB =eVsinf,

Stable phase ¢, changes during energy ramping

. B . '
sing, =27pR — "™ | 4 = arcsm[Zn,o R AB j
Ve Ve

 The number of stable synchronous particles is equal to the
harmonic number h. They are equally spaced along the circumference.

* Each synchronous particle satisfies the relation p=eBp.
They have the nominal energy and follow the nominal frajectory.
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The Synchrotron - Frequency change

During the energy ramping, the RF frequency
increases to follow the increase of the = Yor = WB,R,)

revolution frequency : h

Hence: S (1) = v _ 1 ec” B(t) (using p(t)=eB(t)r, E=mc* )
h 2PR, 2,0 E (1) R,

Since E% = (m002)2 +pzc2 the RF frequency must follow the variation
of the B field with the law

el e} Bap U

o 20R 1 (mcTecr Y+ B

This asymptotically tends tfowards  f, — _ % when B becomes large
compared to myc’ [ (ecr) 2PR.
which corresponds to y — ¢
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Dispersion Effects in a Synchrotron

cavity

Circumference

2nR

p=particle momentum
R=synchrotron physical radius

f.=revolution frequency

If a particle is slightly shifted in
momentum it will have a different orbit
and the orbit length is different.

The "momentum compaction factor” is

defined as:
dL dL

dl/ L dp
P

If the particle is shifted in momentum it
will have also a different velocity.

As a result of both effects the revolution
frequency changes:

df,
h= /frb Tp

d]/
P

df,

P

Introductory CAS, Prague, September 2014
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Momentum Compaction Factor

pdL dsy = rdq s —P+dp
a=-—

L dp ds=(f +x)dq
The elementary path difference
from the two orbits is: definition of dispersion D,

dl _ds-ds, x. D dp

ds, ds, oo p

leading to the total change in the circumference:

D_dp

dL = Gyl = (‘)’ridso O— L as,
C

< >, means that

the average is
1 D (S) With p=ce in <D > considered over
a = dSO straight sections ,, _ \ “X/m | the bending
f (S) we get: R magnet only
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Dispersion Effects - Revolution Frequency

There are two effects changing the revolution frequency:
the orbit length and the velocity of the particle

be . df_db_dR_db__dp

" 2pR fi b R1D p
definition of momentum
compaction factor

_ B, dp_db d[1- )" L db
p—mv—bg7O b b b (1 bz) (1 fj),b
g
df. _, dp
df (1 \d Loop _1
TGS -

1
n=0 at the transition energy 7, = T
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Phase Stability in a Synchrotron

From the definition of n it is clear that an increase in momentum gives
- below transition (n > 0) a higher revolution frequency
(increase in velocity dominates) while

- above transition (n < O) a lower revolution frequency (v = ¢ and longer path)
where the momentum compaction (generally > O) dominates.

energy A
gain

eVs-——
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Crossing Transition

At fransition, the velocity change and the path length change with
momentum compensate each other. So the revolution frequency there is
independent from the momentum deviation.

Crossing transition during acceleration makes the previous stable
synchronous phase unstable. The RF system needs to make a rapid change
Of The RF PhOSC, a 'phC(SZ jump’. High energy Low epnergy

In the PS: vy, is at ~6 GeV

In the SPS: vy, .= 22.8, injection at y=27.7 N /
=> no transition crossing! N

In the LHC: v,, is at ~55 GeV, also far below injection energy

Transition crossing not needed in leptons machines, why?
Introductory CAS, Prague, September 2014 45



Dynamics: Synchrotron oscillations

Simple case (no accel.): B = const., below transition V<V

The phase of the synchronous particle must therefore be ¢, = O.

d, - The particle B is accelerated

- Below fransition, an increase in energy means an increase in revolution
frequency

- The particle arrives e‘pRr'Flie‘F' - tends toward ¢,

B

\ v

0, - The particle is decelerated
- decrease in energy - decrease in revolution frequency

- The particle arrives later - tends toward ¢,
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Synchrotron oscillations

. X

® «& time

| — B

A 4

Q@

A
Y

800" revolution period
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Synchrotron oscillations

.\Vu

\

\

B

A

800 revolution period

»
L

v

time

Particle B has made one full oscillation around particle A.

The amplitude depends on the initial phase and energy.
Exactly like the pendulum

This oscillation is called:

Synchrotron Oscillation

Introductory CAS, Prague, September 2014
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The Potential Well

Cavity voltage

- 200000

400000

30000

~—

Potential well

200000

io00]

- 200 - 100 100 200

phase
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Longitudinal Phase Space Motion

Particle B oscillates around particle A

This is a synchrotron oscillation

Plotting this motion in longitudinal phase space gives:

early arrival

A AE

higher energy

ve D ﬁ late arrival

»

/

¥

VAt (or ¢)

lower energy

Introductory CAS, Prague, September 2014
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Synchrotron oscillations - No acceleration

A

region

unstable region

/.S ,

separatrix
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Synchrotron oscillations (with acceleration)

Case with acceleration Zincreasing V<V

N\

¢s <¢<7Z-_¢s

»

Ap/
Phase space picture A

stable region -
e

unstable regior\
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Synchrotron motion in phase space

Dynamics of a particle
Non-linear, conservative
oscillator — e.g. pendulum

AE-¢ phase space of a stationary bucket
(when there is no acceleration)

| AE

Particle inside |
the separatrix: |

N
AV
%/’\\\

S
NS

b S
Particle at the
unstable fix-point
|
Bucket area: area enclosed
by the separatrix Particle outside \
The area covered by particles is the separatrix:

the longitudinal emittance
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Synchrotron motion in phase space

The restoring force

is non-linear.

— speed of motion
depends on
position in
phase-space

(here shown for a
stationary bucket)

¢ /rad

RF amplitude

RF potential

Energy deviation
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(Stationary) Bunch & Bucket

The bunches of the beam fill usually a part of the bucket area.

A AE

Bunch

ﬁ Bucket

AE

A
v

At

Bucket area = longitudinal Acceptance [eVs]

Bunch area = longitudinal beam emittance = n.AE.At/4 [eVs]

Introductory CAS, Prague, September 2014 55



RF Acceptance versus Synchronous Phase

g =180°

—— =

===

-ISO

W“

==

- @, =120°

The areas of stable motion

(closed trajectories) are
called "BUCKET".

As the synchronous phase
gets closer to 90° the
buckets gets smaller.,

The number of circulating
buckets is equal to “h".

The phase extension of the
bucket is maximum for ¢
=180° (or 0°) which
correspond to no
acceleration . The RF
acceptance increases with
the RF voltage.
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Longitudinal Dynamics in Synchrotrons

It is also often called “synchrotron motion”.

The RF acceleration process clearly emphasizes two coupled
variables, the energy gained by the particle and the RF phase
experienced by the same particle. Since there is a well defined
synchronous particle which has always the same phase ¢, and the
nominal energy E, it is sufficient to follow other particles with
respect to that particle.

So let's introduce the following reduced variables:

revolution frequency Af. =1, - frs
particle RF phase : Ad = ¢ - ¢
particle momentum : Ap = p - ps
particle energy : AE = E - E
azimuth angle : AO =0 - 0
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First Energy-Phase Equation

fRF:hfr = Df =-hDg with q:jW,dt

particle ahead arrives earlier
=> smaller RF phase

For a given particle with respec‘r to the reference one:

_d 1 dg
Since: h= Py az’W < and —
W g dp ﬂ DE =v Q? WrsRsQ?
AE___ PR d(Ag)_ pR

one gets:

rs h?](()rs dt B h?](()rs
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Second Energy-Phase Equation

The rate of energy gained by a particle is: %—%:e\;sin¢ Wr

The rate of relative energy gain with respect to the reference
particle is then: (

2,0Dk£) = eV (sinf - sSinf )

r

Expanding the left-hand side to first order:

D(ET,) @EDT, +7,,DE =DET, + T, DE = %(Tm DE)

leads to the second energy-phase equation:

20 i[E/E] = eﬁ(smf sinf )
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Equations of Longitudinal Motion

sRs d(A sRs
o €N

N\ /

deriving and combining

|
4} b O 15V sing-sings)-0

This second order equation is non linear. Moreover the parameters
within the bracket are in general slowly varying with time.

We will study some cases in the following...
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Small Amplitude Oscillations

Let's assume constant parameters R, p,, o, and n:

,_hnarseVcosgs

N |
Pt ¢S(S|n¢—s|n¢s)=0 with R

Consider now small phase deviations from the reference particle:

SiN p—Sin s =Sin (Ps+AP)—SiN Ps =COSPsA@  (for small A¢)

and the corresponding linearized motion reduces to a harmonic oscillation:

f+WDf =0

where Q is the synchrotron angular frequency
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Stability condition for ¢,

Stability is obtained when ), is real and so €22 positive:

S

W eV, hhw

tcosf | = W>0 <
2P R p,

A

hcosf >0

Stable in the region if

U<y > Uy > Uy < Uy
n>0 n<0 n<0 n>0
acceleration A deceleration g
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Large Amplitude Oscillations

For larger phase (or energy) deviations from the reference the
second order differential equation is non-linear:

¢ ‘|‘ ¢ (Sm Q— Sin ¢S) (Q as previously defined)
S

Multiplying by ¢ and integrating gives an invariant of the motion:

¢2 ‘X (cosg+¢@sing )=

COS@,
which for small amplitudes reduces to:

ﬁ+W2(Df)2
2 2

Similar equations exist for the second variable : AEoxcd¢/dt

(the variable is A¢, and ¢, is constant)

=]
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Large Amplitude Oscillations (2)

When ¢ reaches n-¢, the force goes 5 . — gy
to zero and beyond it becomes non 7, %= 450 e /—fx\"»\‘\
restoring. | I // N\ \
Hence n-¢, is an extreme amplitude ¥ y \ \
for a stable motion which in the ol / e N1l

Fooy 0P ‘°°K ° |
phase space( i Df ) is shown as \
closed Trajecfosr'ies. =

-2 o

Equation of the separatrix:

@ _ (X ing )= _
> “CosA (cosg+gsing)=— cos¢s (cofz—a)+(7—d)s
Second value ¢,, where the separatrix crosses the horizontal axis:

COS ¢, + ¢, SIN ¢ = cos( 7 — ¢ )+ (7 — 4 )sin
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Energy Acceptance

From the equation of motion it is seen that ¢ reaches an extreme

when @ =0, hence corresponding to @ =@, .
Introducing this value into the equation of the separatrix gives:

F2 = 2V\/Sz{2 +(2f, - p)tanfs}

That translates into an acceptance in energy:

A

AE eV
== =3B G
( E, )max g ThnE, <¢)

+I

G(f,)=gcosf +(2f - p)sinf p

This "RF acceptance” depends strongly on ¢, and plays an important role for

the capture at injection, and the stored beam lifetime.
It's largest for ¢,=0 and ¢,=m (ho acceleration, depending on n).

Need a higher RF voltage for higher acceptance.
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RF Acceptance versus Synchronous Phase

g =180°

—— =

===

-ISO

W“

==

- @, =120°

The areas of stable motion

(closed trajectories) are
called "BUCKET".

As the synchronous phase
gets closer to 90° the
buckets gets smaller.,

The number of circulating
buckets is equal to “h".

The phase extension of the
bucket is maximum for ¢
=180° (or 0°) which
correspond to no
acceleration . The RF
acceptance increases with
the RF voltage.
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Stationnary Bucket - Separatrix

This is the case sing,:=0 (no acceleration) which means ¢,=0 or =« . The
equation of the separatrix for ¢,= © (above transition) becomes:

D o2

g oicosp=) g —2cisirtd

2 2 2

Replacing the phase derivative by the (canonical) variable W:
v W:% =- PRs ;

W /
‘ and introducing the expression

0 T 27 "o for Qg leads to the following
equation for the separatrix:

C -eI}ES .
phc\ 2phh

ng :J_erksing

with C=27R, W=t
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Stationnary Bucket (2)

Setting ¢=r in the previous equation gives the height of the bucket:

7 = C -eI}ES
" phe\ 2phh

This results in the maximum energy acceptance:

-e I}RFES
Phh

S

Dbﬁmax :M/erka :b\/z

27
The area of the bucket is: Abkzzfo Wd¢

Since: ["sin gd¢=4

one geTS: Abk:SVI/bk :8 C \/- eVES — ka:_k
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Bunch Matching into a Stationnary Bucket

A particle trajectory inside the separatrix is described by the equation:
-2

e {os¢+¢sin¢s):l Lk %+Q§COS¢=|

+ W The points where the trajectory
crosses the axis are symmetric with

respect to ¢~ m
:2

%+Q§cos¢:Q§cos¢m

T ¢ .
/ T =t 2lcos,—cosp)

=W, \/cos —- 0052/5

cos(f) = 2cos’ E 1

O 27- by,
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Bunch Matching into a Stationnary Bucket (2)

Setting ¢ = m in the previous formula allows to calculate the bunch height:

N

f Y 4
Wb:kaCOSf :kasmz or: Wb:%COST

( DE] ( DE] f [ DE] f
— | =|—] cos—2=|—| sin—
E; E, 2 \E, 2

b RF RF

This formula shows that for a given bunch energy spread the proper
matching of a shorter bunch (¢,, close to =, 7 small)
will require a bigger RF acceptance, hence a higher voltage

For small oscillation amplitudes the equaTion of the ellipse reduces to:

Aw [5 ; (16w ( Df\
w=20% f2-(DF)) — =
e —
Ellipse area is called longitudinal emittance Ab:%Abkfz
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Effect of a Mismatch

Injected bunch: short length and large energy spread
after 1/4 synchrotron period: longer bunch with a smaller energy spread.

For larger amplitudes, the angular phase space motion is slower
(1/8 period shown below) =>can lead to filamentation and emittance growth

VRF * // Wi W
— |
X N / ; +180 ' /L\/
Y R N * AN \\.“80

W.Pirkl
restoring force is

non-linear stationary bucket accelerating bucket
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Effect of a Mismatch (2)

Evolution of an injected beam for the first 100 turns.

For a matched transfer, the emittance does not grow (left).

turms= 0

matched beam mismatched beam - bunch length
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Effect of a Mismatch (3)

Evolution of an injected beam for the first 100 turns.

For a mismatched ftransfer, the emittance increases (right).

matched beam mismatched beam - phase error
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Bunch Rotation

Phase space motion can be used to make short bunches.

Start with a long bunch and extract or recapture when it's short.

de
[

L E (1T del E (MaV)
g

initial beam
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E -

£ - E, (MeV)

£, (MeV)

Capture of a Debunched Beam with Fast Turn-On
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18

3
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3
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Capture of a Debunched Beam with Adiabatic Turn-On

= 17 (a)

.l CAPTURE OF DEBUNCHED BEAM VITH ADIABATIC TURN-ON TURN 400 "= CAPTURE OF DEBUNCHED BEAM WITH ADIABATIC TURN-ON TURN 1000
o N
! e —
o |
1 1 [P T BENPUNNE SR B SRS R : . PR TR | | | PR B 1 ] 1 J
- A o = o T o ) oo . e o o e o o= = - e
e f{rad) e (rad)
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Generating a 25ns LHC Bunch Train in the PS

* Longitudinal bunch splitting (basic principle)

- Reduce voltage on principal RF harmonic and simultaneously rise
voltage on multiple harmonics (adiabatically with correct phase, etc.)

320nsb | 40 MHz fixed
ns pcam ga )
T |ﬁ|| w2 bunches I$F1 xﬁ%ﬂ MH;
il on h=84 A0 pp
20 MHz fixed
Quadruple splitting RF = 20.0 MHz
at 25 GeV 2.2 x 10" ppb

PS ejection:
72 bunches
in 1 turn

Acceleration

18 bunches
to 25 GeV on h=21 10 MHz system
) o RF =9.18 MHz
Triple splitting 4.4 x 10" ppb
at 1.4 GeV
PS injection: I I l L : l p— 10 MHz system
4+2 bunches on h=7 RF = 3.06 MHz
in 2 batches ‘E—% 13.2 x 10" ppb
R. Garoby = 2

Use double splitting at 25 GeV to generate 50ns bunch trains instead
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Production of the LHC 25 ns beam

1. Inject four bunches ~180ns, 1.3 eVs

0 0 0 0
[\ [\ [\ [\

Wait 1.2 s for second injection

2. Inject two bunches

4. Accelerate from 1.4 GeV (E,;,) to 26 GeV
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Production of the LHC 25 ns beam

5. During acceleration: longitudinal emittance blow-up: 0.7 — 1.3 eVs

YRS R BE BN MN

SRS RA RS BE RA RS BY RA AR
T A A A
6. Double split (h21 — h42) A A

U
l
7. Double split (h42 — h84)  ~0.35eVs, 4 ns AA A l

00 0

I 000000000000000000000000000000000
0

gt i il

10. Fine synchronization, bunch rotation — Extraction!
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12t
1.0

0.8F

B [T]

0.4F
0.2p

0.0k

Triple splitting after 2"9 injection

0.6f

2Md injection

The LHC25 (ns) cycle in the PS
h=o Eject 72 bunches
Inject 4+2 bunches - H
h=7 f "
Yir D 1"
I 10.4
< 10.2
— _ _ . . —_.40.0
0.0 0.5 1.0 2.5 3.0 35

r

Time [ms]

025 05 075 1 125 15 175
Time [us]

Time [ms]

1.5 2.0
Time [s]

120

100

80

60

40

20

Split in four at flat-top energy

l

L
>
D
©
©
N

R

0.02 004 006 008 0.1 0.12
Time [us]

— Each bunch from the Booster divided by 12 — 6 x 3 x 2 x 2 = 72

Intensity [10"? ppp]

(sketched)



AE [MeV]

Triple splitting in the PS

40f

Amplhitude[kV]
S =

[—
=
T
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AE [MeV]

Two times double splitting in the PS

Two times double splitting and bunch rotation:

S0r 1 100[
25 __ 80}
Z
T 6of
A, h=84
g 40
20/l h=21 h=42
—0.10 —0.05  0.00 0.05 0.10 0.15 0 20 40 60 80 100 120 140

¢ [rad] t [ms ]

« Bunch is divided twice using RF systems at
h=21/42 (10/20 MHz) and A= 42/84 (20/40 MHZz)

« Bunch rotation: first part 4A84 only + A168 (80 MHz) for final part
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Potential Energy Function

The longitudinal motion is produced by a force that can be derived from
a scalar potential: 2
&

d tz (¢) F(¢):_%

U=—[; Flghdg=—gos (cosprgsing,)-

e s |
// \\ ClP \.\ 7 A Y ¢ The sum of the potential
5 3 - energy and kinetic energy is
\ constant and by analogy
\\ N AU represents the total energy
- N of a non-dissipative system.

N
©
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Hamiltonian of Longitudinal Motion

Introducing a new convenient variable, W, leads to the 15" order
equations:

th
DE df . d
W=—— :210Rs Q) | dt pSRS
Wy daw _ 1

eV (sinf-sinf )
dt  2ph
The two variables ¢,W are canonical since these equations of
motion can be derived from a Hamiltonian H(¢,W,1):

d¢_oH dW__oH
dt ow dt  J¢
1 1th ,
H(f, Wt)—z—pheVg:osf cosf +(f f )smf u = > !
pS S
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Summary

Cyclotrons/Synchrocylotrons for low energy

Synchrotrons for high energies
constant orbit, rising field and frequency

Particles with higher energy have a longer orbit (normally) but a
higher velocity

 at low energies (below transition) velocity increase dominates
- at high energies (above transition) velocity almost constant

Particles perform oscillations around synchronous phase

 synchronous phase depending on acceleration
 below or above transition

bucket is the region in phase space for stable oscillations

matching the shape of the bunch to the bucket is important
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