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Lattice Design ... in 10 seconds ... the Matrices

Transformation of the coordinate vector (x,x’) in a lattice

o) (o)
x'(s) X', oy ‘ :

S; T &
Matrix expressed as function of focusing properies
— % % % %
Transformation of the coordinate vector (x,x’)
expressed as a function of the twiss parameters
p : :
Fz(COSI/Ju +a,siny,) BB, smy,

M, - 1 :
VB, |

VBB,

And both descriptions are equivalent !!
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Lattice Design ... in 10 seconds

Transformation Matrix for half a FODO

— * *
Mhalfcell - MQF/2 MD

MQD/2 = /
f

Compare to the twiss parameter form of M

M, =

1+

\/%(COSWU +a, siny ;)
|

(a, —a,)cosy,,

lD

~

f

... the p-function

OO

notabene: f=2%*f ..itisahalf quad !

A B.p, siny,,

-(l+aa,)siny,

B

VBB, b,

(cosy, —a, siny,,)

In the middle of a foc (defoc) quadrupole of the FoDo we allways have a = 0, and the half cell will lead

usfrom ﬂmax to ﬂmin

g cOS w;ll [5 ﬁ Sln wcell
B
M half cell = A
—1 sin lp;” g COS —lp;”
BB B
Bernhard Holzer, CERN CAS Prague 2014



Scaling law for a FODO cell:

p/e+ , HERA Proton Ring, Specicl Edition for CAS 920 Gev
T T T T T

 (+sinPenyy - : T s
p-—2 ] .
Slnwcell \ /
- 18 \ /
o1 wcell R _ 16
B=(l sin= )L ' Ban+pwy /
Sinwcell ¢ - 12
10 1o

The maximum and minimum values of 30 60 9 120 150 130

the f-function are solely determined by 0 Y 180
the phase advance and the length of the cell.

Longer cells lead to larger f ...

and there is an optimum phase !! . .
P P * see advanced CAS lectures, lattice desion

Bernhard Holzer, CERN CAS Pra@ﬁg 261RN-2006-002)



19.) Chromaticity:

A Quadrupole Error for Ap/p z O

Influence of external fields on the beam: prop. to magn. field & prop. zu 1/p

o LB

Ap
dipole magnet Xp(s)=D(s) —
ple p
focusing lens k = &
7A
e .
L
cell length . .
Figure 29: FODO cell ~ particle having ...
to high energy
to low energy
t.d(:ut' (5’&5'5.}/
Bernhard Holzer, CERN CAS Prague 2014



Chromaticity: Q'

17 p=Dp,+Ap
e

in case of a momentum spread:

A
k=—22__C0-22yg_k +Ak
po+tAP  p, P,

A
A= -k,
Po

... which acts like a quadrupole error in the machine and leads to a tune spread:
20 = -— Lk p(s)ds
4
definition of chromaticity:

Ap 1
A — ! . '—
0=0' —" ; 0=--— P k(5)B(s)ds

Bernhard Holzer, CERN CAS Prague 2014



Where is the Problem ?

Bernhard Holzer, CERN CAS Prague 2014



Tunes and Resonances

027 D28 3 b 032 045 026 027 028 0.2 03 031 032 0.

Teilchenbahnen und Enveloppe

avoid resonance conditions:
m Q +n O +l Q, = integer

... for example: 1 Q =1

.'A'-.
|
|
|
[ =
c
[
=
>

CERN CAS Prague 2014



.. and now again about Chromaticity:

Problem: chromaticity is generated by the lattice itself !!

Q' is a number indicating the size of the tune spot in the working diagram,
Q' is always created if the beam is focussed
= it is determined by the focusing strength k of all quadrupoles

0'- -~ fK()B(s)ds

k = quadrupole strength
p = betafunction indicates the beam size ... and even more the sensitivity of
the beam to external fields

Example: LHC

J

—>Some particles get very close to

f —
0'=250 resonances and are lost

Aplp=+/-02*103 %
A0 =0.256 ... 0.36

in other words: the tune is not a point
it is a pancake

Bernhard Holzer, CERN CAS Prague 2014



Tune signal for a nearly
uncompensated cromaticity

(Q'~20)

Ideal situation: cromaticity well corrected,

(Q'~1)

i YAy

O.t'i 027 028 029 03 03N . . . . 28 03 031 032
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Tune and Resonances

m*Q +n*0 +H*0 = integer

RA e Tune diagram up to 3rd order

... and up to 7th order

3
!
% N
A
. .
=
oy
e J e
; -
- ) p
by
~ -
¥ -

Homework for the operateurs:
find a nice place for the tune
where against all probability
the beam will survive

Bernhard Holzer, CERN CAS Prague 2014



Correction of Q':

Need: additional quadrupole strength for each momentum deviation Ap/p

A
1.) sort the particles acording to their momentum xXp(s) = D(s) L
P

... using the dispersion function

%4 Hero P New BPM Display
Priting _ Optionen Korrelturen  Offsets SaveFlle SelectFle SetOptics SetBunch oecil OrbtView Expert

Tossmmess——
-IIIB“::'.)

Ablage 246
[Scratcra <]/ | Xthor 20538 [ 23572 || Strom 47 Status [wrong
boitn Ep=07i6 | P/ [D [7em G A e [T
Feb 08 23:09:16 2006 2006-02-08 23:07:15 dplp Aus. l 1482 | [geladen] hpldOn Release | [ E

2.) apply a magnetic field that rises quadratically with x (sextupole field)

B =gxz
' 0B, 0B, . linear rising
1 _ = = 8X wgradient®:
B, - (x2 = z%) oz dx &

Bernhard Holzer, CERN CAS Prague 2014



Correction of Q':

Sextupole Magnets:

z

12

Eisenjoch

< ¥
<

Spulen
n|

Z
t
1

Eisenjoch Wulen
] S |
Y S / :

N

2R

k; normalised quadrupole strength

k, normalised sextupole strength

~

k,(sext) = g—/’i =k,*x

k,(sext)=k,*D « AP
p

Combined effect of ,,natural chromaticity* and Sextupole Magnets:

0=~ {[k©p®ds+ [k, * DoB$s}

You only should not forget to correct Q° in both planes ...
and take into account the contribution from quadrupoles of both polarities.

Bernhard Holzer, CERN

CAS Prague 2014



corrected chromaticity

considering an arc built out of single cells:

106 90 m

[ D
e g [ e = B #f--m-- e
bs I,....!'.n.".....s I ...?9‘5....:1:.: ....‘.'.";.....u.....‘!!é...r ....’.‘.'.';...E

MO MQT

1
+Ezk

F sext

F
2 lsext - E k2 sext

D sext
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20.) Insertions

yOMH
2100

A0)
X')
{VdH
AH

)
o)




Insertions

... the most complicated one: the drift space

Question to the audience: what will happen to the beam parameters
a, B, y if we stop focusing for a while ..?

By (C*  -28C S\ (B
a| =|-CC' SC'+8'C -88'|*| a
y). L cr s sty

S

transfer matrix for a drift:

B(s) = By = 20,5 +7,8°

O Rl S
y(s) =7,

Bernhard Holzer, CERN CAS Prague 2014



p-Function in a Drift:

let s assume we are at a symmetry point in the center of a drift.

B(s) = By =205 + 7,5’

l+a,” 1
as a,=0, — y,= 0 —

By B

and we get for the p function in the neighborhood of the symmetry point

2

/o’(s)=/a’o+73— '

At the end of a long symmetric drift
space the beta function reaches its
maximum value in the complete lattice. S S

a

-> here we get the largest beam T\\_/”Y
dimension.

A 4

-> keep [ as small as possible

Bernhard Holzer, CERN CAS Prague 2014



21.) Luminosity

p2-Bunch

10 ! particles

pl-Bunch

11 :
Example: Luminosity run at LHC 10 ! particles

B.,=055m f, =11.245kH7
Exy = 5%107"° rad m n, = 2808
o,,=17um
I — 1 o L d
2
I, =584 md 4me” fon, ©.0,

L=1.0%10% %mzs

Bernhard Holzer, CERN CAS Prague 2014



Mini—-B Insertions: some guide lines.p

* calculate the periodic solution in the arc
* infroduce the drift space needed for the insertion device (detector ...)
* put a quadrupole doublet (triplet ?) as close as possible

*introduce additional quadrupole lenses to match the beam parameters
to the values at the beginning of the arc structure

!
ax’ X D x? D X
parameters to be optimised & matched to the periodic solution: ¢&,, P, o, Qy
s000. LHC2010 first exerciddAD-X 4.01.00 30/06/10 11.38.45
4500. | P+ B i
8 individually 4000. - '
powered quad 3500. -
magnets are 3000. -
needed to match 2500. -
the insertion 2000.
(... at least) 1
1500. -
1000. - :
500. -
0.0 PSES OO ‘ . . ‘ . ,
12.40 12.94 13.48 14.02

s (r12) [*1O*%C _3)]

Bernhard Holzer, CERN CAS Prague 2014



Mini—p Insertions: Betafunctions

A mini-f insertion is always a kind of special symmetrife drift space.
—>greetings from Liouville B

at a symmetry point B is just the ratio of beam dimpension and beam divergence.

Bernhard Holzer, CERN CAk Prague 2014



The LHC Insertions

Inner Separation/ Matching
ATRL;4S ' Trplet‘ , RecomPlnatlon y Quadrupoles
. 01 0203 p1  Tetiary = py g4 g5
IP] S e o _4 @38 collimator = AL -
—|—— | 1.9K |. Warm lll&gmﬂi X
] "Q IQ
A %

LHC Error Analysis  MAD-X 3.00.03 03/12/08 10.35.00

5000.
4500. -
4000.
3500. H
3000.
2500. H
2000.
1500.
1000.
500. -

Be (m), B (m)

850 13135 13420 13.705

Momentum offset = 0.00 %
s(m) [*10%%( 3)]

mini § optics

Bernhard Holzer, CERN CAS Prague 2014



... and now back to the Chromaticity

1 ‘

question: main contribution to Q' in a lattice ... ?
T l T l T - l T ' T l T ' T

5000.
4500. - ex Qy
4000. 4 |

3500. -
3000. - mini beta insertions

2500. | 2 //// ™~
2000. 4 |
1500.
1000.
500. -

ANa)
U U

Bernhard Holzer, CERN CAS Prague 2014



Clearly there is another problem ...
. if it were easy everybody could do it

Again: the phase space ellipse

for each turn write down - at a given
position ,s" in the ring - the

single partilce amplitude x (x) M ( x)
and the angle x°... and plot it. \ x| X,

A beam of 4 particles
0.04 - -]
— each having a slightly different emittance:
0.02 — -
S
XPn 2 =+ .
+++ 0 T t + ++ —
s
*Pn 4
++ 0,02 | -
-0.04 [~ —
| | |
-0.1 0 0.1

An 1:%n,2:%n 3:%n 4

Bernhard Holzer, CERN CAS Prague 2014



25.) Particle Tracking Calculations

particle vector: (

Idea: calculate the particle coordiantes x, x” through the linear lattice
... using the matrix formalism.
if you encounter a nonlinear element (e.g. sextupole): stop B =
calculate explicitly the magnetic field at the particles coordinate

calculate kick on the particle

,_ Bl 1¢ 2 a2y 1 2 2 X [ N
=——=— X -z )==m, l(x =2z N had B ,
p/e ....... 2"]9'/'6""(""1 .......... ») > e — \ X1 X, + Ax
e B o e
AZI’ - XI - S5 [ msextlxlzl “I —> \‘Zl
ple  ple 2]z +Ag

and continue with the linear matrix transformations

Bernhard Holzer, CERN CAS Prague 2014



Installation of a weak ( /Il ) sextupole magnet

The good news: sextupole fields in accelerators
cannot be treated with conventional methods.
- no equatiuons; instead: Computer simulation
. particle tracking "

0.02 ]

0.01 - .

+
¥

+
+F

+
+

g T
.= .’ - -
T&tw +m +-

+
+

0.01 ]

-0.02 .

| | | | |
-0.2 -0.1 0 0.1 0.2

Xn,1:%n,2:%n 3.%n 4

Bernhard Holzer, CERN CAS Prague 2014



Effect of a strong ( /Il ) Sextupole ...

= Catastrophy !
| | | | |
0.02 [ —
0.01 [ -
*Pn .1 +
+ + + +
mn.z o]
+++ gl + + + -
XPn.3 +
;p:j + wdynamic aperture*
++ 0,01 | " -
-0.02 - —
| | | | |
-0.2 -0.1 0 0.1 0.2
Xn,1-%n,2:%n 3:%n 4
Bernhard Holzer, CERN CAS Prague 2014



Resume ’:

quadrupole error: tune shift

beta beat

chromaticity

momentum compaction

beta function in a symmateric drift

A~ f AB(S) gy L ) Loms B

AB(sy) =

r0-0 2P
p

ﬁ sl+l
__ro

4

f/a’(soAkcos(zwsl ) = 2710 )ds

Q- fk(s)(s)ds

Bernhard Holzer, CERN

CAS Prague 2014



Appendix I:

Dispersion: Solution of the inhomogenious equation of motion

s sl

Ansatz: D(s) = S(S)f—C(S)dS - C(S)f—S(S)a’S*

D'(s) = S’*f—cclms/é C’*f—Sa’t%

D'(s)=8"*[=dt - C'*[=d
(s) fp t fp t

D”(S)=S”*f£d§+s,£ _ C”* Edw _ C,E
0

o o P

=S”*f9cr— C”*f£d§+l(CS’ -S5C')
o PP

“ J
Y

=detM =1 \

remember: for Cs) and S(s) to be independent
solutions the Wronski determinant
has to meet the condition

c S
= =
c s

Bernhard Holzer, CERN CAS Prague 2014




dw d

and as it is independent “amo_ —(CS' ~SC)=CS"-8C" = ~K(CS-S8C)=0
of the variable ,,s “ ds ds

we get for the initital Co =1, C") =0 W = CI S, =1
conditions that we had chosen ... Sp=0, §; = ¢ S

D”=Sll*f£d\‘_ C,,*f§d§+l
Y Y P
remember: S & C are solutions of the homog. equation of motion: §T+K*5=0
C"+K*C=0
D”=—K*S*f£d§+ K*C*f£d§+l
P P P
D”=—K*{Sf£d5+ cfﬁdE}Jrl
P P p
- J
~
=D(s)
" 1 " 1
D' =-K*D+— .. OF D'+K*D=—
P o
qged

Bernhard Holzer, CERN CAS Prague 2014



Appendix II:

Quadrupole Error and Beta Function

a change of quadrupole strength in a synchrotron leads to tune sift:

sO+/ %k %k
Ak(s) B(s) Ak(s)*1 .. "B
AQ = f ds =
47 47
sO
Gl06 NR
y=-6.7863x + 0.3883
0.3050
0.3000 \\
0.2950
§ \
& 02900
0.2850
. ' 0.2800 ; . - M |
fune spectrum ... 0.01250 0.01300 0.01350 0.01400 0.01450
k'L

tune shift as a function of a gradient change
But we should expect an error in the f-function as well ...
... Shouldn't we 22?

Bernhard Holzer, CERN CAS Prague 2014



Quadrupole Errors and Beta Function

a quadrupole error will not only influence the oscillation frequency ... ,tune”
.. but also the amplitude ... ,beta function™

z

split the ring into 2 parts, described by two matrices So A
A and B
M, =B*A A=(a11 a12)
dy Ay B S
B _ bll b12
b21 b22

m.,  m, 1 0
matrix of a quad error M, = ( A B( )A
between A and B 2

M. B a s
st - Akdsa, +a,, —Akdsa, +a,,

~ ~

M, =(N b, a,, + b, (-Akdsa, + azz))

Bernhard Holzer, CERN CAS Prague 2014



the beta function is usually obtained via the matrix element ,m12", which is in
Twiss form for the undistorted case

m, = 3, sin 270

and including the error:

*
m,, = b,,a,, +b,a,, —b,a,,Akds

(. J
Y

my, = 3, sin 2xQ

(1) m,, = B,sin2x0 — a,,b,Akds

As M* is still a matrix for one complete turn we still can express the element m,,
in twiss form:

(2) my, =(B, +dp)*sin27x(Q0 +dQ)
Equalising (1) and (2) and assuming a small error
B, sin 220 — a,,b,Akds = (5, + df) *sin 2x(Q + dQ)

B, sin 270 — a,b,Akds = (B, + df) * sin 20 cos 2ad QO + cos 270 sin 27wd QO
H_J H_J

% 1 22 7 dQ
Bernhard Holzer, CERN CAS Prague 2014



W _a, by, Akds = /J’W B, 27dQcos 270 + dp, sin 210 + d@;mg/cos 2710

ignoring second order terms

—a,b,Akds = B,2ndQcos 270 + df,, sin 2a0

remember: tune shift dQ due to quadrupole error: dQ = Akpds
(index ,,1" refers to location of the error) 4
A :
—a,,b,,Akds = PoARD,ds cos 2Q + dps, sin 20

solve for dp
Day,b,, + B, B, cos 210 Akds

d
Po = 2sin ZJTQ

express the matrix elements a,,, b, in Twiss_form

5 (cosws +ay siny, ) BBy siny
0
M =
- —-(1 ' i
(a, as)coswsﬁ ;3 + a0 ) siny g‘; (cosy, —a siny, )
\V PsPo

Bernhard Holzer, CERN CAS Prague 2014



Day,b,, + B, B, cos 210 JAkds

d
Po = 2sin 2JtQ

a, =/ P,f, sinAy,
b, = BB, sin(2mQ - Ay, ,))

0 = — bob ’{2 sin Ay, sin(2wQ — Ay, ) + cos 2J'L'Q}Akds
2 sin 20
— _/
——
.. after some TLC transformations .. = cos(2Ay,, —2aQ)

sl+/

AB(s,) = @ﬁm YAk cosQp ., —tp.) — 270 Y

Nota bene: /

e beta beat is proportional to the strength of the
exror Ak

II'and 1q the B function at the place of the error ,

/Il and to *he p function at the observation point,
(.. remaember orbit distortion /)

llll there is a resonance denominator

Bernhard Holzer, CERN CAS Prague 2014



