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Remember: Beam Emittance and Phase Space Ellipse

e =y(s) X" (s) +2a(s)x(s)x'(s) + B(s) X" (s)

Liouville: in reasonable storage rings
area in phase space is constant.

/ A = n*e=const

& beam emittance = woozilycity of the particle ensemble, intrinsic beam parameter,
cannot be changed by the foc. properties.
Scientifiquely spoken: area covered in transverse x, x” phase space ... and it is constant !!!



13.) Liouville during Acceleration

£ = y(s) X*(s) + 2a(s)x(s)x'(s) + B(s) X (5) X

Jer .

Beam Emittance corresponds to the area covered in the

X, x " Phase Space Ellipse /
Liouville: Area in phase space is constant. C/

But so sorry ... & # const!

Classical Mechanics:

phase space = diagram of the two canonical variables
position & momentum

X Py

L

= ; L=T-V =kin. Energy— pot. Energy
9,

P



According to Hamiltonian mechanics:
phase space diagram relates the variables q and p

q = position = x 1 . X
p = momentum = ymv = mcyp,

Liouvilles Theorem: f pdq = const

for convenience (i.e. because we are lazy bones) we use in accelerator theory:

, dx dxdt P,
= = = where f.=v,./c
ds dtds f
fpdq= mcfy/a’xdx
f pdq=mcyp f x'dx , 1 the beam emittance
— = &= [xdxx /3—7/ shrinks during

€ acceleration ¢~ 1/y



B (m), B (m)

Nota bene:

1.) A proton machine ... or an electron linac ... needs the highest aperture at injection energy !!!
as soon as we start to accelerate the beam size shrinks as y - in both planes.

O =./¢p

2.) At lowest energy the machine will have the major aperture problems,
2 here we have to minimise f3

5000 LHC Error Analysis ~ MAD-X 3.00.03 03/12/08 10.32.07

) . 4500. B B 1
3.) we n.ee.d different beam. optics adopted to the energy: gl | :
A Mini Beta concept will only be adequate at flat top. . |
3000.
2500. -
2000. -
O, === mrre oo ooy emmeee e cnmme e oo st i oo ]500. 1
sso.{ PB- B> ] _
500. : ; - 1000.
450. A f | ] 500 1
400. 4 ' 1 N f U )
;(5,3 1 | ] 0.0 8.01 16.02 24.03
250- : v Momentum offset = 0.00 %
s0. | s(m) [*10%%( 3)]
200. -
150. LHC mini beta
= optics at 7000 GeV
00 81 162 243 LHC injection

Momentum offset = 0.00 %

sm) [#10%+ 37 optics at 450 GeV



Example: HERA proton ring

injection energy: 40 GeV y=43
flat top energy: 920 GeV =980

emittance ¢ (40GeV) =12 *107
£(920GeV) =5.1 *10"°

Magnet—qr

Anzahl Sigma 7

Magnet—qr

Anzahl Sigma 7

7 o beam envelope at E = 40 GeV

...and at E =920 GeV



The ,, not so ideal world “

14.) The , Ap / p #z 0" Problem

ideal accelerator: all particles will see the same accelerating voltage.
>d4p/p=10

whearly ideal accelerator: Cockroft Walton or van de Graaf

Ap/p=10-

Vivitron, Straffbourg, inner
structure of the acc. section

~ MP-BESCHLEUNIGER

-

MP Tandem van de Graaf Accelerator
\."\?‘ZI at MPI for Nucl. Phys. Heidelberg

~
=

f

AI/‘
!

/

/il

SR



RF Acceleration 1928, Wideroe
Quelle, Driftrdhren

— + Strahl

DT N

Energy Gain per ,Gap™:

@ HF-Sender

W =qU,sinwg,t

drift tube structure at a proton linac
(GSI Unilac)

500 MH cavities in an electron storage ring

* RF Acceleration: multiple application of
the same acceleration voltage.
brillant idea to gain higher energies




Problem: panta rhei !l
(Heraklit: 540-480 v. Chr.)

Example: HERA RF:

sin(90?) =1 AU
sin(84°) = 0.994

=6.0 107

typical momentum spread of an electron bunch:

Bunch length of Electrons = Icm

v =500MH
} A =60cm
c=Av

22 10107



Dispersive and Chromatic Effects: Ap/p # 0

Are 'here any Problem: 22?2 font colors due to
Sure there are /! pedagogical reasons



16.) Dispersion: trajectories for Ap /p # 0

Ouestion: do you remember last session, page 12 ? ... sure you do

Force acting on the particle

2 2

d my
F=m—(x+p)- =eB v
dr’ (x+p) X+p d
remember: x=mm ,p =~m ... 2 develop for small x >

2 2

dx M2y eBy

dt P P

consider only linear fields, and change independent variable: t — s B, =B,+x axy
x"—i(l—ﬁ)= e B, Lexg

p=pytd4p

... but now take a small momentum error into account !!!



Dispersion:

1 1 Ap
-2

Po+ApP p, D;

develop for small momentum error Ap << p, =

A A
xn_l_l_ x2 ze Bo _ geBo+£—xeg—I;
P P Py Po Po Po
%_J %_/ —
1 k= x =0
Jeo)
x" + x2 Ap*(_eBO)+k*x Ap*i+k*x
P Po Po Py P
——
1
Je,
Ap 1 " 1 Ap 1
x" + x2 —kx=2P — o x +x(—2—k)=—p—
P Po P & Po P

Momentum spread of the beam adds a term on the r.h.s. of the equation of motion.
- inhomogeneous differential equation.



Dispersion:
x”+x(iz—k) L
P p P

X, (8)+K(s) x,(s)=0
x(s)=x,(s) @
! () + K(5)x,(5) == 2P

general solution:

Normalise with respect to Ap/p:

X; (s)
D(s) =—
7
Dispersion function D(s)
* is that special orbit, an ideal particle would have for Ap/p = 1
* the orbit of any particle is the sum of the well known x; and the dispersion

*as D(s) is just another orbit it will be subject to the focusing properties of the lattice



Dispersion

Matrix formalism:

x(s) =x5(s)+D(s) ap
p

x(s)=C(s) x5 +S(s) x, +D(S)'A—p

)

ﬁ‘,,\f
® B Qﬁéf’//@ it for Ap/p > 0
w \
QF"‘. |
)
o - Ap
: Q: ) p
0
e
X

C S\(x Ap(D)
+— /
¢ S)\x), p\D

|
C= cos(\/Ws) S = WSIH(\/WS)



or expressed as 3x3 matrix

X cC § D X
x| ={C" S D || X
A A

/A A /A

Example

xﬁ=1m2mm

1

HERA P-Ring, Lumi-A-Optik, 7/0.5 m, p/e+ 920 GeV, 1999, qd997z, hts920e+8, A+8 Naomen
T T T T T T

2 1 0 -1 -2
é I
L L 4
¢
1

D(s)=1..2m =}  Amplitude of Orbit oscillation

A7z1-10"3
P )

contribution due to Dispersion = beam size ,

- Dispersion must vanish at the collision point
®

Calculate D, D’: ... takes a couple of sunny Sunday evenings !

sl

sl

D(s) = S(s) f%C(§)d§ ~ C(s) f%S(E)a’S*
s0 s0



Example: Drift

s s

1 / | 1
M. .= D(s)=8(s) [—C(s)ds - C(s) [ —S(5)ds
vy 1] ()= 5(6) [ = C9 [0
=) =0
Example: Dipole
1 1
COS(MS) sin(\/@s K =_2><
Mf0c= \/m P
—\/m sin(\/ES) COS(MS) o s=1,
[ . D(s)=p-(1- !
cos—  psin— (s)=p-(1-cos—)
o P p
MDipole= 1 ] ] — , ]
——sin— cos— D(S)=Sm;
p P P




Example: Dispersion, calculated by an optics code for a real machine
x, = D(s) 2

p

.. and afterwards focused by the quadrupole fields

* D(s) is created by the dipole magnets

htD2_H, 920 Gav
T T v o T - T
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- no dipoles !!!



Dispersion is visible

| Orbit View Expert

uren Offsets SaveFile SelectFile SetOptics SetBunch Spezil

WL197 MX

~ Darstellung - : HERA-p e
ot [FlorbReEN " Ref Mittelwert RMS-wert || Energie  39.73
[closedomit  ~| [Scratcnt ~] || X/ hor el s ‘ i o
BunchhNr 222
- Zivert.
hpi4n Ep = 39.726 B 0001 0893 ety
\Jan 28 15:30:16 2004 2004-01-28 15:29:12 dplp dpipdus| [ 0110 | [geladen] hpidOn

Closed Orbit -+

FEC Betriebsmode Setzen

+

‘ | Standig lnimhde| IRein | Less | 1mal lesen |Beren:h ‘ Save Orbitl‘

Ablage (mm) | 0.348

Status 0K

B/¢ | 107.7/.00

1~ Orhit-=OpticServer,

Closed Orbit /Inj Trig

dedicated energy change of the stored beam

- closed orbit is moved to a
dispersions trajectory

xD=D(s)*@
p

Attention: at the Interaction Points
we require D=D = ()

%4 Hera P New BPM Display

HERA Standard Orbit

HERA Dispersion Orbit

Printing Optionen Korrekturen Offsets Save File Select File Set Optics Set Bunch Spezial  Orbit View Expert

ST T

u!fn:

gr— = Maschine - HERAp Pr - NR344 MX
« orbit FlomRer | Ref Mittelwert RMS-wert || Energie  39.73 Ablage (mm) [~ 2.46
[closedorit ] [ scratcha | || %/ hor. 203 f 2302 || . o T
i 1

Feb 08 23:09:16 2006

hpid0n Ep = 39.746
2006-02-08 23:07:15

Z!vert.| ~0008 | 7820 |
dop aus | [ 1482 |

Machine  hpidOn
[geladen]  hpidOn

B7¢ | 1283/6.

J iE

Release




Periodic Dispersion:
wSawtooth Effect” at LEP (CERN)

4

LILELELE B

AX, [mm]

A

Electron course

[N THNN T R DN NN TNNN TN U DN NN UNNN NN AR AN 1 r ¢+ 1l 11

0 100 200 400

In the straight sections they are accelerated by the rf
cavities so much that they ,,overshoot* and
reach nearly the outer side of the vacuum chamber.

In the arc the electron beam loses so much energy in each
octant that the particle are running
more and more on a dispersion trajectory.



17.) Momentum Compaction Factor: a,

particle with a displacement x to the design orbit : particle trajectory
= path length dl ... . Ak et

dl  p+x
ds Je,

design orbit

— dl=(1+ ad )ds
P(s)

circumference of an off-energy closed orbit

—_ — xAE .
InE —fdl f(l + o(s) ) ds remember:

xap(s) = D(s) 22
P

Ap o D(s) *The l.engtl.zen{'ng of the orl.)it for’off-mom’entum
Olyp = ff ds particles is given by the dispersion function
P P(s) and the bending radius.



Definition: £

For first estimates assume:

1

o, = T s aipotes '<D >

Assume: V=C

of o1, Ap
T L " p

1_1
p L e L

fD(S) ds = lz(dlpoles) <D>

dipoles

dipole

2ﬂp.<D>l L, <D>z<D>

a, combines via the dispersion function
the momentum spread with the longitudinal
motion of the particle.



18.) Quadrupole Errors

23zz Stancerc Lumi—Optix Optik. korrigierte Versioson 2004, hi02_8, 920 GeV /27.5 GeV
. . . . - - » .

3
| 6‘0

‘l'fs‘,*l’ '* i,fi!'” |
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Quadrupole Errors

go back to Lecture I, page 1

single particle trajectory

Solution of equation of motion

X =X, cos(\/; sm(\/; l,)

)+ x, \/7

M, - cos(\/% l,) %sin(«/; l,)

~Vksink 1) cos(Vk 1)

Mtum =MQF*M01 *MQD*MDZ*M

x(s,

/

OF ***

5

thinlens —

1
1
f

0
1

Y

Definition: phase advance

of the particle oscillation 0 - Y turn — ;
per revolution in units of 2r 27 =1
is called tune :




Matrix in Twiss Form

Transfer Matrix from point ,,0“ in the MmN KL, 8 ’f‘fa
lattice to point ,,s“: g 5 & / LAY
& A - 2% "'77—
J g . _&'?’4“ .Erp—lv ;
V - B
p : ey
ﬁ—s(COsws +Q, Slnws) /))sﬂo Slnws
M(s) = y

oz kottctecsrinv. B, a5,

For one complete turn the Twiss parameters B(s+L)=pB(s)
have to obey periodic bundary conditions: a(s+ L) = a(s)

y(s+L)=y(s)

cosy, . +o siny B, siny
M (S) _ turn S turn S turn

- )/S Slnws COSZ/}turn - as SlnTIUturn



Quadrupole Error in the Lattice

optic perturbation described by thin lens quadrupole

Y M- I 0) (cosy,,, +asny,, psny,
AT Akds 1 — y siny cosy, —asiny
turn turn turn
) N— _
Y Y
quad error ideal storage ring

dist —

cosy, +asiny, psiny,
Akds(cosy, +asmy,) -y siny, Akdspsiny, +cosy,—asny,

rule for getting the tune

Trace(M) =2cosy =2cosy, + Akdsp siny



Quadrupole error = Tune Shift

Akds B siny
2

Y=y, +Ay —  cos(y, +Ay) =cosy, +

remember the old fashioned trigonometric stuff and assume that the error is small !!!

cosy, cos Ay —siny, sin Ay = cosy, + kds fp sy,
~1 - Ay
Ay = kd;/i’

and referring to Q instead of y: / the tune shift is proportional to the p-function

W =270 at the quadrupole

I field quality, power supply tolerances etc are
much tighter at places where p is large

o AK()B(s)ds U mini beta quads: p ~ 1900 m
0= ;I; s arc quads: p ~ 80 m

M B is a measure for the sensitivity of the beam



a quadrupol error leads to a shift of the tune:

s0+/ Akl n
AQ f Ak[))(S)d ~ Z:;ldﬁ

7018 0'3 03 031 032 035 026 027 028 EI ﬁ 03 031 032 D1

Example: measurement of f in a storage ring: Gloe NR

tune spectrum 0.3050 -
0.3000 T~

y=-6.7863x + 0.3883

8_ \
X
< 0.2900
0.2850
S ———0—————Y—03 -1 D230l
0.2800 T T T 1

0.01250 0.01300 0.01350 0.01400 0.01450
k*L




Quadrupole error: Beta Beat

/50 sl+1
AB(sy) = m _!;ﬁ(sl)AK COS(2|1/Js1 —Y

p/e+ , q02cB, ht02_8, Lumi—Upgrade Version Ill—4 920 GeV /27.5 GeV, neue Version, QR14 reduziert, g0zz
T T T T

)
il

|
"
| i
!

{

1um :'\,
SR |

mmmmmmmmmmmmmmmmmmmmmmmmmmmmmmm
uuuuuuuuuuuuu

20 s WWWMNMNMWM ‘q/mwvwmzvmw.

0 1000 2000 3000 4000

— 2720 )ds

( proof: see appendix )



19.) Chromaticity:
A Quadrupole Error for Ap/p z O

Influence of external fields on the beam: prop. to magn. field & prop. zu 1/p

B dl A
dipole magnet o = L x,(s)=D(s) 71)

focusing lens

cell length . .
Figure 20: FODO cell : particle having ...

to high energy
to low energy
ideal energy



Chromaticity: Q'

17 p=Dp,+Ap
e

in case of a momentum spread:

A
k=—22__C0-22yg_k +Ak
Po+AP  p, D

A
A= -k,
Po

... which acts like a quadrupole error in the machine and leads to a tune spread:
20 = -— Lk p(s)ds
4

definition of chromaticity:

Ap 1
AO = O . ' _
0=0 P 0, = gﬁk(s)/o’(s)ds



Where is the Problem ?



Resume ’:

s0+1 Ak(s)/?)(s)d _ Ak(S) lquad /))

quadrupole error: tune shift AQ = f .
/), s1+1
betwbear  ABG) =72 o ) f/a’(soAkcos(z(wsl 1)~ 270 )
A
chromaticity AQ =0' =P

p

Q- fk(s)(s)ds

momentum compaction ol € Ap

beta function in a symmateric drift B(s) =P, +—



Appendix I:

Dispersion: Solution of the inhomogenious equation of motion

s sl

Ansatz: D(s) = S(S)f—C(S)dS - C(S)f—S(S)a’S*

D'(s) = S’*f—cclms/é C’*f—Sa’t%

D'()=S"*—dt - C'"*[—d
(s) fp t fp t

D'(s)= 8" [ +5'C — 2 -
0

P P P

=S”*f£d‘— C”*f§d§+l(CS’ el
o PP

“ J
Y

=detM =1 v\

remember: for Cs) and S(s) to be independent
solutions the Wronski determinant
has to meet the condition

c S

= =
c s




dw d

and as it is independent “amo_ —(CS' ~SC)=CS"-8C" = ~K(CS-S8C)=0
of the variable ,,s “ ds ds

we get for the initital Co =1, C") =0 W = C, S, =1
conditions that we had chosen ... Sp=0, §; = ¢ S

D”=Sll*f£d\‘_ C,,*f§d5+l
P P P
remember: S & C are solutions of the homog. equation of motion: ST+K*5=0
C'"+K*C=0
D”=—K*S*f£d§+ K*C*f£d§+l
P P P
D”=—K*{Sf£d5+ cfﬁdE}Jrl
P P p
- J
Y
=D(s)
" 1 " 1
D'=-K*D+— .ee OF D'+K*D=—
P o

qed




Appendix II:

Quadrupole Error and Beta Function

a change of quadrupole strength in a synchrotron leads to tune sift:

AO = ST Ak(s) B(s) , Ak s ™ P
J5 47 47
GIO6 NR
0:3000 e
3 02950 \

——

X
< 0.2900

0.2850

— - H—‘—‘—‘—‘—‘—‘—‘—‘—’—‘m—‘_ o
t t 0.2800 T T T 1
une Spec runt ... 0.01250 0.01300 0.01350 0.01400 0.01450

k'L

tune shift as a function of a gradient change

But we should expect an error in the f-function as well ...
oo Shouldn't we 22?



Quadrupole Errors and Beta Function

a quadrupole error will not only influence the oscillation frequency ... ,tune”
.. but also the amplitude ... ,beta function™

z

split the ring into 2 parts, described by two matrices So A
A and B
M =B*A4 . a,  dp
turn -
dy dpy B S

matrix of a quad error M, = (m“ mlz] = B( )A

between A and B my,  my, —Akds 1

M. -B ap d;
it — Akdsa, +a,, -Akdsa, +a,,

M, =("’ b, ay, + b, (-Akdsa, + azz))

~ ~



the beta function is usually obtained via the matrix element ,m12", which is in
Twiss form for the undistorted case

m, = 3, sin 270

and including the error:

*
m,, = b,,a,, +b,a,, —b,a,,Akds

. J
Y

my, = 3, sin 2xQ

(1) m,, = B,sin2x0 — a,,b,Akds

As M* is still a matrix for one complete turn we still can express the element m,,
in twiss form:

(2) my, =(B, +dp)*sin27x(Q0 +dQ)
Equalising (1) and (2) and assuming a small error
B, sin 220 — a,,b,Akds = (5, + df) *sin 2x(Q + dQ)

B, sin 270 — a,b,Akds = (B, + df) * sin 20 cos 2ad QO + cos 270 sin 27wd QO
H_J H_J

&1 2 rdQ



W _a, by, Akds = /J’W B, 27dQcos 270 + dp, sin 210 + d@;mg/cos 2710

ignoring second order terms

—a,b,Akds = B,2ndQcos 270 + df,, sin 2a0

remember: tune shift dQ due to quadrupole error: dQ = Akpds
(index ,,1" refers to location of the error) 4
A :
—a,,b,,Akds = PoARD,ds cos 2Q + dps, sin 20

solve for dp

dfy = —— 2ﬂQ Day,b,, + B, B, cos 210 Akds

express the matrix elements a,,, b, in Twiss_form

\/;(cosws + 0, siny ) \ BBy siny
0

(aO — O‘s)COSl/’s B (1 + aoas)Sinws ’gz (COS'(/JS —a, Sil’ll/)s )

BBy




Day,b,, + B, B, cos 210 JAkds

d
Po = 2sin 2JtQ

a, =/ P,f, sinAy,
b, = BB, sin(2mQ - Ay, ,))

0 = — bob ’{2 sin Ay, sin(2wQ — Ay, ) + cos 2J'L'Q}Akds
2 sin 20
— _/
——
.. after some TLC transformations .. = cos(2Ay,, —2aQ)

sl+/

AB(sy) = @mm cosQW,, —.,)— 270 Ms

Nota bene: /

e beta beat is proportional to the strength of the
exror Ak

II' and tq the p function at the place of the error

/Il and to %he p function at the observation point,
(.. remmember orbit distortion /)

llll there is a resonance denominator



