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Wakefield generation
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beam laser

Non-linear quasistatic 1D waketield equation.
Can be simplified by noting y» — 1 in most cases.

Taking v, > 1, 8, = (1 — 245)V/2 ~ (1 — 1 L)

Vp 2 vp
and expanding the square bracket gives:
1 9%°¢ 1[(1+a%) 1'
k22 0C2 2 [(1+¢)%




Waketfield generatlon

1 0°¢ 1[(1+a%)
k,2 0C2 2 [(1+¢)?

Take ¢ < 1,

0” | 2,2
(a@' >¢‘

A simple force oscillator. Take for example a laser intensity
profile that goes as:

a® = ap?sin®(w(/L)



Wakefield generation

Solving (in 1D):
or

= —ny (Gauss’ Law)

8n1 - 8(?165) . .

9 T o (Continuity)
9, O(a*

(1 — 5)8—§ = ek gLC ) (Motion)

where 8 =v/c, ny = dn/ng, and E = E, ¢/ Ey

(or alternatively m., ¢, €g, ¢ all normalised to 1).



Wakefield generation

Solving (in 1D):

OF ;
= —ny (Gauss’ Law)
"N, — noﬂ (COIltinUity)
0B d(a?) .
3_C — eF o (Motion)
Assuming B < 1, N1 < No ne = no(1+ 53)

Have coupled equations in £ and [ to solve



Wakefield generation
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Wakefield generation
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|d generation
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Wakefield generation
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Wakefield generation
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Wakefield generation
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Wakefield generation
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Wakefield generation
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Wakefield generation
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Wakefield generation

Now including plasma wave non-linearity

%—? = —ny (Gauss’ Law)
n1= (ng +n1)0 (Continuity )
g—g = ek @gf) (Motion)
Rearranging Continuitix equation:
no
Ne = N + N1 = 1— 5

This implies that n,,;, = = in 1D, though complete cavita-

2
tion is possible in 3D.



Wakefield generation
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Wakefield generation
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Wakefield generation
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Wakefield generation
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Wakefield generation
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Wakefield generation
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Wakefield generation

Include relativity (and convection):

OE

ac —n1 (Gauss’ Law)
n1 — (72() -+ nl)ﬁ (COIltiIlU.it}/')
Op d(a?) ,
_ B 2E A M
(1 —73) A eF o (Motion)
and using 5 = b — z

(1 _I_pTQ)l/Q (1 _|_p2_|_a2)1/2



Wakefield generation
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Wakefield generation
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Wakefield generation
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Wakefield generation
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Wakefield generation
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Wakefield Generation Summary

Wake amplitude maximised for Livnm ~ Ap/2

Continuity forces steepening of plasma waves, and
sawtoothing of E-field

Non-linearities cause lengthening of plasma wave
amplitude (and shortening of growing phase)

Relativity cause tlattening of wakes but broadening of
neaks.

Emax/ Eo ~ 302/(1 +c’:202)1/2



Focussing conditions?

Plasma wave amplitude grows with increasing
Intensity, so is it best to aim for as high an
intensity as possible?



(Gaussian Focussing

Starting from the wave equation:
1 0°E

2
veE c? Ot? =0

For a solution of the form (fast oscillations only in 2):
E=FE(x,y,2)exp(i(kz — wt))X

L eads to paraxial wave equation:

0? 0” L OF




(Gaussian Focussing

0°FE 10F OF
| 2tk— =0
or? — r Or "oz
Gaussian envelope solution
., i
Wo —7 VT ,
E Fn = — |
(r.2)/Eo = 2 exp | o — S ido
N
w = wo4i/ 1+ (—) (beam waist)
ZR
1
R = - (22 + ZRQ) (radius of curvature)
2
A
tan ¢g = 22 (Gouy phase)



(Gaussian Focussing

2
w = W \/1 + (i) (beam waist)
2R
1
R = . (z2 + ZRZ) (radius of curvature)
7T”LU()2

‘R =y (Rayleigh Range)



(Gaussian Focussing
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(Gaussian Focussing

9 27
I(r,z)/Iy = ] exp d
W

At z= zr, | = V2 lp, SO zr IS ettective interaction length
For wo ~ 30 um, Ao~1 um, zr ~ 3 mMm

But for ne ~ 108 cm-3, (Ap ~ 30 um), Laepn ~ 3 CM

2
w = W \/1 + (i> (beam waist)
ZR

(2° 4+ 2r°) (radius of curvature)

‘R =y (Rayleigh Range)



Plasma Propagation

V2R _ 02E density

— relativity
02 o2 / /

2 2
nr ~ 1 wpzn(r)gl wPZ(ll )
2W< MYy 2w no 2

where we used ~v = /1 + ag?

For a gaussian pulse of beam width R

defocusmg focusing

- ZRZR\é { = 17 (ne/Mer) GW

P. Sprangle et al,” PRL, 59, 202 (1987)




Plasma Propagation
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Plasma Propagation
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Plasma Propagation
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Plasma Propagation
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Plasma Propagation
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Plasma Propagation
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Plasma Propagation

Focal spots after 3 vacuum Rayleigh lengths

Normalised Intensity (a,) MR

0123456
Thomas et al., PRL 98, 095004 (2007)



Plasma Propagation

Focussing in a guiding channel can be modelled with:

d’R _ 1 (1 on i
dz? 2n?R3 0N,

defocusing focusing

where the critical channel depth is defined by:

1

TTreTO

o, = :

here rq is the classical radius of an electron re = €2/mg2c?



Plasma Propagation
d’R 1 on

- — 4
dz?  zp*R3 (1 5ncR )

R/TO

I | | |

plasma/ &t =0.0dn,

7
N\ II/
‘ \V/ /

vacuum

| | | | |

~40

-30

-10 0 10 20 30

z/rg

40



P\asma Propagatlon

dz _ZR2R3 (1 ONe )

8 I I |

plasma n=0.1dn,

AN T
2| D\, 27 2 —\

\ 1272 e
\\——F#

vacuum

O | ] ] | | | |
—-40 —-30 —-20 —-10 0 10 20 30 40

z/rg




Plasma Pr
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Plasma Propagation
d’R 1 on
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P\asma Propagatlon
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Pulse compression
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Pulse compression
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Photon Acceleration
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Photon Acceleration
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Angular frequency [ fs 1 ]

ctching and Power

4 6 — 0.4 . . .
- ® Experimental Data
3.5t Is é’o = 0.35} Simulations
3 ~ % 0.3f )|
25 ‘2 o
. - x 0.25
2 9
2r 1Bo © 0.2_1 T T Input power
= “ I
1.5f 3 2015l { 1 I 4 t
[y i1
i} ? = '
- 11 % § > { {i } @ }
. B 'c_e 0.05' i ! i '
Z
0 0 ol - . : : : : :
Ti fs ] 0 0.5 1 1.5 . 2 .8 2.5_33 3 3.5
ime [ Electron density x 10" [cm™ ]
n =0.00 =0.28 n_ =0.59 n =0.83
— E] e E] e
T 25 1—
2 2
— c
?2.4 S
g z
> ©
3 2.3 >
R »
I &
8)2'2 1=
— 0
< -50_ 0 50 -50_ O 50 -50_ 0 50 -50_ O 50
Time [fs ] Time [fs] Time [fs] Time [fs]

Streeter et al., In preparation (2014)



Focussing Summary

Laser pulses in vacuum only have high intensity over a
Rayleigh range

Interaction can be extended for laser power P > Pg or by
using a guiding profile 6n > énc¢

Laser pulses lose energy to wakefield, in extreme case being
etched from the front.

Compression can help maintain laser power even as laser
pulse depletes.



Formula Summary

Regime ao kywo | on/ng kpLdepn kpLgepi A Ve AW /mc?
2 2 5 2
Linear: | <1 2m ap? w_02 (w_02> (MLE) “n wo ao> (w_02>
Wp W ag ky Wp Wp
IDNL: | >1 | 2 dan? o  [(wo’ 4ag vao (<2 | 4492 0’
; T a a B - Wy, T — an | — a =9
0 0 Wp? 3 \wp2 /) " kp 0 Wy 0 Wp?
2 2 2
wo wo 27’(’« /A0 1 wo o [ Wo
3D NL: | >2 | 2,/ 1./ 4 — - 2 0
0 2vao | Vi (WpQ) (wp2> ot kp V3 (wp> 340 (‘%2)
Bubble: | > 20 | /ag \/ag ao (—2> Wy T dag (_2)
wp wp

W. Lu et al, PR STAB 10, 061301 (2007)




