Introduction to Transverse Beam Optics

Bernhard Holzer

IV.) Errors in Field and Gradient

The ,, dberhaupt nicht ideal world



16.) Dispersion: trajectories for Ap/p # 0

X +x(——k)—%
P

1
Yo,
x; (8)+K(s) x,(s)=0
general solution: X (s)=x b (5) ‘ 1 A
X(s)+K(s) x,(s) =—- =L
P P
Normalise with respect to Ap/p:

x,(5)
W

D(s) =

Dispersion function D(s)
* is that special orbit, an ideal particle would have for Ap/p = 1
* the orbit of any particle is the sum of the well known x; and the dispersion

*as D(s) is just another orbit it will be subject to the focusing properties of the lattice



Dispersion: trajectories for Ap /p £ 0

Dispersion: Example: homogeneous dipole field

inhom. equation of motion: "+ X(Lz_ k)= A 1
pp
its solution: x(s) = x,(s) +x,(s)
. . . x;(s)
definition of dispersion: D(s)=—

p

x(s) =x5(s)+D(s)- &
P

matrix formalism: x(s) = C(s) xy +S(s)- x; + D(s)- Ap

e <)



or expressed as 3x3 matrix

X C
x| = C
0

A7
PJs

Example HERA

Xp = 1...2 mm

D(s)=1..2m

A7@10‘3
p

Calculate D, D’
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? Amplitude of Orbit oscillation
contribution due to Dispersion = beam size
- Dispersion must vanish at the collision point

s1 sl
D(s)=S(s) [ %C(§)d§ -C(s)[ L s(5)ds
s0 s0

(proof: see appendix)

f




Example: Drift

11
Mpin =1 o 4

Example: Dipole

COS(MS)

foc —

~JIK sin(J[K]s)

Dipole = 1

=

s1 sl
D(s)=S(s) [ Le@yas—cs) | L s(5)ds
s0 p s0 '0

\ J \ J

1
(R A

cos(«/|K|s) . s=1,

D(s)=p-(1 —cosi)
Jo,

D’(s) =sin L
P



calculated by an optics code for a real machine

Ispersion,

Example: D

x, = D(s) &

p

. and afterwards focused by the quadrupole fields

* D(s) is created by the dipole magnets
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Mini Beta Section,

a

D(s)~1..2m

- no dipoles !!!



Dispersion is visible
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Attention: at the Interaction Points




17.) Momentum Compaction Factor: a,

particle with a displacement x to the design orbit : particle trajectory
- path length dl ... . b e

Al p+x T~
ds - 0 design orbit
— dl = (1 T j ds
p(s)
circumference of an off-energy closed orbit
XAE
lag = §’dl :ﬁ(l T m] ds remember:
S
Ap
Xpp(8) =D(s)——
p
* The lengthening of the orbit for off-momentum
Ap ¢ D(s) o L )
Olyp = C_f 2(5) ds particles is given by the dispersion function
p s

and the bending radius.



Definition: ol, —a Ap
L P p
-, —lﬁ(p(s)jd
L=\ p(s)
1
For first estimates assume: ; = const.
ID(S) ds = 15 gipotes) '<D>d,-p0,e
dipoles
1 1 1 1 27 < D>
o, =— 1. .o D)—=—2m-(D)— — o === (D\=L
pr,,,)HprHp , = (D)=
Assume: V =C
or ol Ap a, combines via the dispersion function
= T - L =ap? the momentum spread with the longitudinal

motion of the particle.



18.) Quadrupole Errors

3377 Stancdord Lumi—Optik Optik, korrigierte Versiosan 2004, hiQ2_H, 920 GeV f27.5 GeV
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Quadrupole Errors

go back to Lecture I, page 1 X X
- M, *
single particle trajectory ( l or [x’j |

Solution of egquation of motion

X=X, cos(\/; s1n(\/;l )

l,)+ x; \/7

cos(«/% l,) Lsin(«/; l,) 0

1
M OF = \/% b M thinlens = l
~JksinWk 1) cosWkl) f

M :MQF*MDI*MQD*MD2*M

turn

QF ee e

Definition: phase advance

of the particle oscillation _Yiurn
per revolution in units of 2n 27
is called tune




Matrix in Twiss Form

Transfer Matrix from point ,,0“ in the

lattice to point ,,s“:

\/7 (cosy, +a, siny,)
M(s):

For one complete turn the Twiss parameters

a,)cosW, —(1+ae,)siny, |,
VBB, B,

v BB, siny,

(cosy, — o, siny,)

have to obey periodic bundary conditions:

cosy, +a siny
M(S) — [ turn s turn

B,

SIH l/,tum J

— 7S SanS COSWUH‘” _aS Slnl//turn

B(s+L)=pB(s)
a(s+L)=oa(s)

y(s+L)=y(s)



Quadrupole Error in the Lattice

optic perturbation described by thin lens guadrupole

MMM 1 0)(cosy,, +asiny, Bsiny,
dist M0 Akds 1 —ysiny, .. cosy,, ., —asiny,
\ ) v
Y ~
quad error ideal storage ring
S
cosy, +asiny, Bsiny,
W\ Akds(cosy, +asiny,)—ysiny, AkdsBsiny, +cosy, —asiny,

rule for getting the tune

Trace(M)=2cosy =2cosy, +Akdsfsiny,



Quadrupole error > Tune Shift

Akds Bsiny,
2

v=y,+Ay —— cos(y, +Ay)=cosy, +

remember the old fashioned trigonometric stuff and assume that the error is small !!!

: : kds p sin
cosly, COSAW —siny, sin Ay = cosy, + ’52 Yo
— %_I
kds
Ay = p
2
and referring to Q instead of y: ! the tune shift is proportional to the p-function
at the quadrupole
y =270 , §
N field quality, power supply tolerances etc are
much tighter at places where p is large
AO — Ak (s)B(s)ds MW mini beta quads: p = 1900 m
0= I . arc quads: p = 80 m

s0
Ml B is a measure for the sensitivity of the beam



a quadrupol error leads to a shift of the tune:

s0+/ Akl n
AQ J- Akﬂ(S) Z;t;dﬂ

028 028 03 03 032 0JpF 026 027 028 029 03 031 032 01

Example: measurement of f in a storage ring: GI06 NR

tune spectrum 0.3050 y=-6.7863x + 0.3883
0.3000 1 -\-\.‘

> 0.2950

o

x
© 0.2900 -

0.2850

00— 00— —————Y—03 -1 D830
0.2800 ‘ T T
0.01250 0.01300 0.01350 0.01400 0.01450

k*L




Quadrupole error: Beta Beat

sl+l
[ p(s AR cosClyy - v

sl

AB(s,) =

p/e+ . q02cB, ht02_8, Lumi—Upgrade Version Ill—4 920 GeV /27.5 GeV, neue Version, QR14 reduziert, qOzz
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( proof: see appendix )



19.) Chromaticity:
A Quadrupole Error for Ap/p z O

Influence of external fields on the beam: prop. to magn. field & prop. zu 1/p

del
ple

dipole magnet o=

xp(s)=D(s) L
P

v

focusing lens k=—— e e

Figure 20: FODO cel particle having ...
to high energy

to low energy
ideal energy



Chromaticity: Q'

—? p=p,+Ap
e

in case of a momentum spread:

k=— 8 ¢ Py ek Ak
po+Ap Py Do
Ak = — Apk
Py

.. which acts like a quadrupole error in the machine and leads to a tune spread:

definition of chromaticity:

AQ=0Q' = ; Q'=—$§k(s)ﬂ(s)ds



Where is the Problem ?



Tunes and Resonances

D28 D29 D3 03 032 DIRs

[ avg Jownd } JJ@"W JJ%'""

Teilchenbohnen und Enveloppe

avoid resonance conditions:

m Q +n O+l Q, =integer

.. for example: 1 Q =1

.
|
|
=
=

E




. and now again about Chromaticity:

Problem: chromaticity is generated by the lattice itself !!
Q' is a number indicating the size of the tune spot in the working diagram,

Q' is always created if the beam is focussed
2 it is determined by the focusing strength k of all quadrupoles

0=~ fk(s)B(s)ds

k = quadrupole strength
f = betafunction indicates the beam size ... and even more the sensitivity of
the beam to external fields

Example: HERA

J

—>Some particles get very close to

HERA-p: Q'=-70...-80 resonances and are lost

Ap/lp = 0.5 *10°3 .
AQ=0.257...0.337

in other words: the tune is not a point
it is a pancake



Tune signal for a nearly
uncompensated cromaticity

(QR'#~20)

Ideal situation: cromaticity well corrected,

(R'#~1)




Tune and Resonances

m*0 +n*0 +l*0 = integer

g RA e Tune diagram up to 3rd order

... and up to 7th order

Homework for the operateurs:
find a nice place for the tune
where against all probability
the beam will survive




Correction of Q':

Need: additional quadrupole strength for each momentum deviation Ap/p

1.) sort the particles according to their momentum

xp(s)=D(s) 2L
P

... using the dispersion function

| Closed Orbit - |

Feb 08 23:08:16 2006

[Scratchs = [2us3 [2372
hpOn = Zivet [0008 [ 7820
20060208 23.07:15 il s | [T

1283 /6.

3 ==




Correction of Q':

2.) apply a magnetic field that rises quadratically with x (sextupole field)

B_=gx
x = 8XY OB 0 By _ linear rising
1. 5 = = 8X wgradient*:
By:zg(x —y7) ay 0x
Sextupole Magnet: normalised quadrupole strength:
1 Z
Eisenjoch ~x
k sext S = msext X
ple '
X X A
ksext = msext.D —p
Spulen p

corrected chromaticity:

0'= ——— §lk(s)—mD ()}B(s)ds

47



. . SEXILLPQL:'-TF}:'D% ﬁ :
sextupole magnet in a storage ring T Sy

.. placed close to the gquadrupole lens

quadrupole magnet sextupole magnet

Eisenjoeh Spulen

x|
sche




20) Insertions
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Insertions

. the most complicated one: the drift space

Question to the audience: what will happen to the beam parameters
a, B, vy if we stop focusing for a while ...?

By (¢ -2s¢ s (B
o| =|—CC' SC'+S'C -SS' |* o
y), L c? s s ) \y),

transfer matrix for a drift:
)= B =205+ Vs
o€ S (1 s pls)= b, 03T 7o
_ Cc' S — 0 1 CL’(S)ZCL’O—Q/OS

y(s) =17,



p-Function in a Drift:

let s assume we are at a symmetry point in the center of a drifi.
B(s) = B, —2ays + 7,5’

I+, 1
as o,=0, — y, = ¢ =

b B

and we get for the p function in the neighborhood of the symmetry point

ﬂ(s)=ﬂo+i 111

0

Nota bene:
1.) this is very bad !!! S S

2.) this is a direct consequence of the

conservation of phase space density M

(... in our words: ¢ = const) ... and U B,

there is no way out.
3.) Thank you, Mr. Liouville !!!



But: ... unfortunately ... in general
high energy detectors that are
installed in that drift spaces
are a little bit bigger than a few centimeters ...

... Clearly thereisan




Example of a long Drift: The Mini-f Insertion:

Luminosity: given by the total stored beam currents and the beam size at the
collision point (IP)
o I 1,
- ) * *
dze” f . n, O, O,

rev

L

pre+ . glzz, hiD2_ 8, Stondord Lurmli—Opilk 920 GeVv S27.0 Gev
¥ T T T T T . T I T T T T T T T ' T T

How to create a mini f insertion:

* symmetric drift space (length adequate for the experiment)
* make the beat values as small as possible 0 =&8

* ... where is the limit 2??



Mini—-B Insertions. some guide lines

* calculate the periodic solution in the arc
* introduce the drift space needed for the insertion device (detector ...)
* put a quadrupole doublet (triplet ?) as close as possible

*introduce additional quadrupole lenses to match the beam parameters to
the values at the beginning of the arc structure

o., B. D, D’

X

ay’ 'By Qx’ Qy

parameters to be optimised & matched to the periodic solution:

HFRA P—Rhg.Lunf—A—Oth 7/05.nn ple+ . 920 GeV, 1?99.qd99?z,hla?20e+8.ﬁwa NunFn
8 individually | | | | | | |
powered quad g
magnetsare
needed to match
theinsertion o
(... at least) ) H
/‘v’\/\/\v’\/\/\/\/\/\,”\uJ\w\/ ‘ \/«/\\/\V’\/\/\v’\/\/\/\/\/‘v’\

1 1
u] 200 400 800 BR0 1000 1200 1400



... and now back to the Chromaticity

L ,

question: main contribution to Q' in a lattice ... ?
T I T I T = I T I T I T I T

5000.
4500. - e” Ey
4000. 1 |
3500. -
3000. -
2500.
2000.
1500.
1000.
500.

0.0 -

mini beta insertions




Resume':

quadrupole error: tune shift

beta beat

chromaticity

momentum compaction

I O (O PR
V1 4r

s0

sl+1

B,
AB(sy) =5 o= [ Bls)Akeos 2y, —y.0) — 270 s

sl

s0=0 22
V4

0'=— fk(s)B(s)ds




Appendix I:

Dispersion: Solution of the inhomogenious equation of motion

s1 sl
Ansatz: D(s)=S(s)| LeGyds—c(s) | Lsyas
sO'O s0
’ ’ '1 1 ’ 1
D'(s)=8"*[=Cdt+SC—-C"*[—S dt—C/S
T p p p P
D'(s)=8"* € ar - C’*jﬁdt
T p p
D”(S)=S”>*<j9ar§+s’g - c”*jﬁdg _c3
p p p p
=S”*j£d§— C”*jﬁafﬂi(cs' ~-S5C)
p PP )

=detM =1 \

remember: for Cs) and S(s) to be independent
solutions the Wronski determinant W=
has to meet the condition

c S
5

#0




and as it is independent d_W — d

(CS’—SC’)=CS"—SC"=-K(CS-SC)=0

of the variable ,,s ds d_S
we get for the initital Co=1 G =0 W = C/ S, =1
conditions that we had chosen ... S,=0, §;= ¢ S

D”ZS”*IEJE— C”*J‘EJSV_FL
P P P
remember: S & C are solutions of the homog. equation of motion: §T+K*5=0
C"+K*C=0
D”:—K*S*jgds+ K*c*j§d§+i
p p P
” 1
D =—K*{Sj£d§+Cj§d§}+—
p p P
I\ J
Y
=D(s)
” 1 ” 1
D'=-K*D+— .. OF D'+K*D=_
P p

qed




Appendix IL:

Quadrupole Error and Beta Function

a change of quadrupole strength in a synchrotron leads to tune sift:

AQ _ s(]jl Ak(S)ﬂ(S) dS B Ak(S)*lquad *IB
I 4 4

G106 NR
0:3000 By

> 0.2950 - \\
(04

x
© 0.2900

0.2850

C—————————— Y031 D043
0.2800

0.01250 0.01300 0.01350 0.01400 0.01450
k*L

tune spectrum ...

tune shift as a function of a gradient change

But we should expect an error in the f-function as well ...
oo Shouldn't we 22?2



Quadrupole Errors and Beta Function

a quadrupole error will not only influence the oscillation fregquency ... ,tune"
.. but also the amplitude ... ,beta function"

Z

split the ring into 2 parts, described by two matrices So A
A and B
M =B*4 A_(“ll alzj
turn -
dy Ay B S

matrix of a quad error M ,, = (m“ T j = B( jA
between A and B — Akds 1

*
m, — m,

M,, =B “ -
dist _ Akdsall + a12 — Akdsa 12 + a22

~

M, :[N b,,a,, + b, (—Akdsa , + azz)j



the beta function is usually obtained via the matrix element ,m12", which is in
Twiss form for the undistorted case

m,, = B, sin 2zQ
and including the error:

m,, = b a,, +b,a,, —b,a,Akds

\ J
Y

m,, = B, sin 270

(1) m,, = f3,sin 270 — a,,b,, Akds

As M* is still a matrix for one complete turn we still can express the element m,,
in twiss form:

(2) my, = (B, +dpf)*sin 27(Q +dQ)
Equalising (1) and (2) and assuming a small error
B, sin 270 — a,,b,, Akds = (f3, +d)*sin 27(Q + dO)

B, sin 2720 — a,,b,,Akds = (B, +df)* sin 270 cos 2dQ + cos 270 sin 2dQ
H_J H_J

% 1 221dQ



W — a,,by, Akds = M B,27dQ cos 270 + d B, sin 270 + dm 270

ignoring second order terms

—a,,b,,Akds = ,27dQ cos 270 + df3, sin 270

remember: tune shift dQ due to gquadrupole error: dQ = Akpids
(index ,1" refers to location of the error) 47z
—a,b,Akds = ’B(’N;’Blds cos 27Q + df, sin 27Q

solve for dp

dp, = {2a,,b,, + B, B, cos 270 }Akds
2 sin 27Z'Q

express the matrix elements a,,, b, in Twiss_form

\/%(cosyfs+ao siny, ) BB, siny,

(050—OJS)COS‘//s’B_SJFO%O‘s)Sin'//s \/E(cosl//s o, siny,)
VHFsF0




dp, = {2a,,b,, + B, B, cos 270 }Akds
2 sin 27£Q

a, =+ BB, sin Ay,
b, = BB, sin(27Q - Ay, _,,))

dp, = _.'BO’BI {2sin Ay, sin(2720 — Ay ,) + cos 270 JAkds
2sin 2720

— 7
~—

.. after some TLC transformations .. = cos(2Awy, —27Q)

AB(sy) = (._ﬁ_ﬁjﬂ(sl )Ak cos (2(%1 —W) ZﬂQ)dS
sin 2720 3,

Nota bene: /

e beta beat is proportional to the strength of the

exror Ak
/I and 1q the p function at the place of the error

M and to Yhe P function at the observation point,
(.. rexaember orbit distortion /)

M there is a resonance denominator



