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We will close in into the description and the impact of transverse wake fields.
We will discuss the different types of transverse wake fields, outline how they
can be implemented numerically and then investigate their impact on beam
dynamics. We will see some examples of transverse instabilities such as the
transverse mode coupling instability (TMCI) or headtail instabilities.

Part 3: Transverse wakefields —
their different types and impact on beam dynamics

* Transverse wake function and impedance

* Numerical implementation, transverse , potential well distortion” ad
headtail instabilities

* Two particle models, transverse mode coupling instability
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* We have discussed longitudinal wake fields and impedances and their impact on
both the machine as well as the beam.

* We have learned about beam induced heating and how it is related to the beam
power spectrum and the machine impedance.

* We have discussed the effects of potential well distortion (stable phase and
synchrotron tune shifts, bunch lengthening and shortening).

* We have seen some examples of longitudinal instabilities (Microwave, Robinson).

Part 3: Transverse wakefields —
their different types and impact on beam dynamics

* Transverse wake function and impedance
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Recap: wake functions in general ' Te'e

The CERN Accelerator School

. Source, q;

. Witness, g,

Definition as the integrated force associated to a change in energy:

* In general, for two point-like particles, we have

AEQ = /F(.I‘l,ZEQ,Z,S) ds = —({d142 w(iﬁl,.’Bz,Z)

w is typically expanded in the transverse offsets of source and witness particles. This
yields the different types of wake fields (dipole, quadrupole, coupling wakes)
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Transverse wake functions ' Te'e

The CERN Accelerator School

- ‘ Source, q,

‘ Witness, g,

‘ j\ Ax, (or Ay,)

——————————————————————————————— > >
. z ‘Fsz(orAyz)

* Transverse wake fields

wa(xl,:zrg,z,s) ds

G ]
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Transverse wake functions ' Te'e

The CERN Accelerator School

‘ Source, q;

‘ Witness, g,

* Transverse wake fields

AESCQ :/F:L‘(:Ela L2, <, S) ds = —q142 (VVC’cB (Z) + WD:C(Z) Aﬂ?l + IVQT (Z) A[L'Q)
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Transverse wake functions (A’)

The CERN Accelerator School

- ‘ Source, q,

‘ Witness, q,

‘ T Ax, (or Ay,)

——————————————————————————————— > >
. z ‘Fsz(orAyz)

* Transverse wake fields
AE,, :/F:L‘(:Bla To,2,5)ds = —q1q2 (We, (2) + Wpe(2) Axy + Weo (2) Axy)

. AEmZ — ! Transverse deflecting kick of the
’ Ey 2 witness particle from transverse wakes

G ]
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Transverse wake functions ' Te'e

The CERN Accelerator School

- ‘ Source, q,

‘ Witness, g,

‘ j\ Ax, (or Ay,)

——————————————————————————————— > >
. z ‘Fsz(orAyz)

* Transverse wake fields

AESCQ :/Fx(il?l, L2, <, S) ds = —q142 (WCCB (Z) + WDm(Z) Aﬂ?l + ‘VQT (Z) A[L'Q)

! I b

Zeroth order for Dipole wakes — Quadrupole wakes —
asymmetric structures depends on source particle depends on witness particle
- Orbit offset —> Orbit offset —> Detuning

G ]
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Transverse wake functions

-

goe,

The CERN Accelerator School

neglecting

planes

We have truncated to the first order, thus

Source, q,

Witness, q,

= First order coupling terms between x and y

1)

= All higher order terms in the wake expansion v,)
(including mixed higher order terms with
products of the dipolar/quadrupolar offsets)

* Transverse wake fields

AFE,, =/F$(:B1,:U2,z,s) ds =

—q1q2 (We, (2)

WDm(Z)

!

Zeroth order for
asymmetric structures
- Orbit offset

\ 4

Dipole wakes —

depends on source particle

- Orbit offset

Axy +|Wo, (2)|Azs)

—

Quadrupole wakes —

depends on witness particle

—> Detuning

CE/RW
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Transverse dipole wake function (A’)

The CERN Accelerator School

EO ASC,Q z—0
Wp (2) = — ~ = Wp . —o(0)=0
D, (%) it A p,=0(0)

* The value of the transverse dipolar wake function in z=0 vanishes because source
and witness particles are traveling parallel and they can only — mutually — interact
through space charge, which is not included in this framework

*  W,,[(0-)<0 since trailing particles are deflected toward the source particle (Ax1
and Ax’2 have the same sign)

Axs, A
—= >0
Aﬂﬁl -

G ]
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Transverse dipole wake function =

goe,

The CERN Accelerator School

zZ) = — 7 —0(0) =20
Wp,(2) i A Wp,=0(0)

The value of the transverse dipolar wake function in z=0 vanishes because source
and witness particles are traveling parallel and they can only — mutually — interact
through space charge, which is not included in this framework

W,,(0-)<0 since trailing particles are deflected toward the source particle (Ax1
and Ax’2 have the same sign)

W,,(z) has a discontinuous derivative in z=0 and it vanishes for all z>0 because of
the ultra-relativistic approximation

7\

N WX'V(Z)

v
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Transverse quadrupole wake function =

goe,

EO ACEJQ z—0
Wo. (2) = — 220 Wo.—o(0) =0
0.(2) =~ 2 0.-0(0)

The value of the transverse quadrupolar wake function in z=0 vanishes because
source and witness particles are traveling parallel and they can only — mutually —
interact through space charge, which is not included in this framework

W, {0-)<0 can be of either sign since trailing particles can be either attracted or
deflected yet further off axis (depending on geometry and boundary conditions)

cw
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Transverse quadrupole wake function (A’)

The CERN Accelerator School

!/
Ey Az 20

q1q2 Az

Waq,(2) = - Wq,=0(0) =0

The value of the transverse quadrupolar wake function in z=0 vanishes because
source and witness particles are traveling parallel and they can only — mutually —
interact through space charge, which is not included in this framework

W, {0-)<0 can be of either sign since trailing particles can be either attracted or
deflected yet further off axis (depending on geometry and boundary conditions)

W, {z) has a discontinuous derivative in z=0 and it vanishes for all z>0 because of
the ultra-relativistic approximation

v
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Transverse impedance 0D

E(] ACB%
WDmZ = — szz—
(2) P Q. (%)

E() A$’2
q192 Az

 The wake function of an accelerator component is basically its Green function in
time domain (i.e., its response to a pulse excitation)

- Very useful for macroparticle models and simulations, because it can be used to
describe the driving terms in the single particle equations of motion!

 We can also describe it as a transfer function in frequency domain

— This is the definition of transverse beam coupling impedance of the element under

study
. Y iwz\ dz
Dipolar Zp, (w)|= z/ Wp_(2)exp (— )
o c C
[ iwz\ dz
Quadrupolar Zg, (W)= zf Wao, (z)exp (— )
o c c

[2/m]
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Examples of wakes/impedances 00

The CERN Accelerator School

e Resistive wall of beam chamber

o The case of a conductive pipe with an arbitrary
number of layers with specified EM properties can be
solved semi-analytically

o Layers sometimes required for impedance, but also
for other reasons (e.g. coating against electron cloud
or for good vacuum)

G ]
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Examples of wakes/impedances 00

The CERN Accelerator School

ﬁ Source
‘ g,y l

e Resistive wall of beam chamber

o The equations for the
coefficients of the azimuthal
modes of E, must be solved in
all  the media and the
conservation of the tangential
components of the fields s
applied at the boundaries

Cylinder r= r,
(inside: €@ , p(@)

between different layers Vacuum
= E.g. Imped Wake2D cod Pipe wall
° ‘6. ImpedancetakesLy code inner surface

calculates impedances and then

wakes. It can also deal with flat  Cylindrical layers of
structures different materials

r
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Examples of wakes/impedances 00

The CERN Accelerator School

e Resistive wall of beam chamber

o An example: a 1 m long Cu pipe with radius b=2 cm
and thickness t=4 mm in vacuum

Z,, (Q/m°)

le, 4'mm, RefZ] T
Cu, 4mm, Im[Z] ———

108 }

e Highlighted region shows the 104 | -
typical w2 scaling

e Another scaling is with respect to

0L 4
b where: 10
* Longitudinal impedance ~ b!
* Transverse imepdance ~b3 10'4 - -
10 } 1
10'12 [ L \ ] ] / '
10°%  10°  10° 10° 10" 10"

f (Hz)

G ]
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* We have seen the definition of transverse wake fields and how they can be classified
into constant, dipolar and quadrupolar wake fields.

* We have discussed the basic features of each of the different types of transverse
wake fields.

* We will now look into how the impact of wake fields onto charged particle beams
can be modeled numerically to prepare for investigating the different types of
coherent instabilities further along.

Part 3: Transverse wakefields —
their different types and impact on beam dynamics

* Numerical implementation, transverse , potential well distortion” ad
headtail instabilities

CERN
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Quick summary of steps for solving numericall\t o‘ O

The CERN Accelerator School

* Tracking one full turn including the interaction with wake fields:

1. Initialise a macroparticle distribution
with a given emittance

Update transverse coordinates and
momenta according to the linear
periodic transfer map — adjust the
individual phase advance according to
chromaticity and detuning with
amplitude

Wakefield Update the longitudinal coordinates
and momenta according to the leap-
(mz) — M. (ﬂ?z) frog integration scheme
/ - 1 !/
Li) | bt1 Li) |k 4. Update momenta only (apply kicks)
2 2 according to wake field generated
=1 kicks
0; k+1 5i k

08/09/2017 Beam Instabilities Il - Giovanni Rumolo and Kevin Li 20




Numerical implementation of wakefields (‘:\')

The CERN Accelerator School

* The wake functions are obtained
externally from electromagnetic codes
such as ACE3P, CST, GdfidL, HFSS...

* In the tracking code, the wake fields at a
given point need to update the

I, Y > Bl @ =530, o particle/macroparticle momenta (i.e.
e 1% they provide a kick)
Particle i . . .
receives kick Particle | . The kick on to a particle/macroparticle
excites ‘i’ generated by all
N particles/macroparticles ‘j’ via the wake

\/ fields is:
\/ 2

I __
Az, = — EE
n_macroparticles WC.’B(Z’L - Zj)
)4 Z AZCj . WD;E(ZE' — Zj)

7=0 Waou(zi — z;) Az,

G ]
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Numerical implementation of wakefields (‘:\')

The CERN Accelerator School

* To be numerically more efficient, the * The wake functions are obtained
beam is longitudinally sliced into a set externally from electromagnetic codes
of slices such as ACE3P, CST, GdfidL, HFSS...

* Provided the slices are thin enough to
sample the wake fields, the wakes can
be assumed constant within a single
slice

* The kick on to the set of macroparticles
in slice ‘i’ generated by the set of
macroparticles in slice ‘j’ via the wake —~

fields now becomes:
2 \/

Al = e S
n_slices [ N|J] - Wezli — j] n_ macroparticles [ Wee(2i — 2j)
X Z N[j{x)[7] - Wbz i — j] X Z Az Wpa(z; — z;)
I=0 | N[j] - Waeli — j] Axli] j=0 Wou(zi — 2;) A

G ]
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Numerical implementation of wakefields

* To be numerically more efficient, the
beam is longitudinally sliced into a set
of slices

* Provided the slices are thin enough to
sample the wake fields, the wakes can
be assumed constant within a single
slice

* The kick on to the set of macroparticles
in slice ‘i’ generated by the set of
macroparticles in slice ‘j’ via the wake
fields now becomes

62

A%’[Z] — —W
n_slices N[.]] ) WC&: [Z - .]]
x Y N Woeli — ]
=0\ N[j| - Woeli — j] Ax]i]

00

The CERN Accelerator School

* N[i]: number of macroparticles in slice
‘i’ = can be pre-computed and stored in
memory

* W[i]: wake function pre-computed and
stored in memory for all differences i-j

Count | O 1 2 3 4 5

N[i]

W[i]

CE/RW
{

N2
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Numerical implementation of wakefields @

The CERN Accelerator School

Al Macrgparticle distribution

A. Bin macroparticles
into discrete set of
slices — binning
needs to be fine
enough as to sample
the wake function

B) Macroparticles per slice N

B. Compute number of
macroparticles per
slice

. i
C. Perform convolution —__C) Wake ijCtIOH Wey /.—/ \‘*\
y

with wake function S /
to obtain wake kicks \V \ A
D. Apply wake kicks —

(momentum update)

D) Wake kick Az’ RN

o i
Slice index‘ [ 0

9 2
Al = ——— s SN Weali— 3], @/li] = o/[i] + A2'[i],
T =0

G ]
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Numerical implementation of wakefields (O.')

The CERN Accelerator School

A. Bin macroparticles
into discrete set of
slices — binning
needs to be fine

enough as to sample : n——
. 3 e N
the wake function B) Macroparticles per §/I_|‘ﬂ,ce N

B. Compute number of
macroparticles per

slice
C. Perform convolution —__ ) Wake function Wc% P i
with wake function o \

to obtain wake kicks \..\.___,,/ \\ Y

D. Apply wake kicks

(momentum update) .| o) Whke|kidk Az //.,—.\\.\
e \,\
\L\.\ /‘/
~— Sl A
Slice index n 0

2 1
Az'[i] = :22 Z N[j| - Weeli — 7],  2'[i] = 2'[i] + Az"[i]], i=1,...,n_slices
m-y[32c? 4
Jj=0
o
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Quick summary of steps for solving numericall\t o‘ O

The CERN Accelerator School

* Tracking one full turn including the interaction with wake fields:

P
Wakefield

Initialise a macroparticle distribution
with a given emittance

Update transverse coordinates and
momenta according to the linear
periodic transfer map — adjust the
individual phase advance according to
chromaticity and detuning with
amplitude

Update the longitudinal coordinates
and momenta according to the leap-
frog integration scheme

Update momenta only (apply kicks)
according to wake field generated
kicks

Repeat turn-by-turn...

cgﬁﬂl
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Examples — constant wakes

9 1
. € : . :
AIL‘,[Z] — _m’YBzCZ E N[J] °WC’33[Z_J]
_ 3:0\/ U

Dipolar term = orbit kick

(if line density does not change)

0.0010

0.0005

~%  0.0000

—0.0005

—0.0010

-0.04

Slice dependent change of closed orbit

0.004

0.002

0.000

o [m]

—-0.002

5;5

—-0.004

-0.04

-0.02 000 002 004 0 50 100 150 200
x[m] Turn

0.10

250

0.05

0.5 0.0 0.5 1.0 0 50 100 150 200
z [-m] Turn

250

0.5

0.4

eV

02
0.1

0.0

goe,

The CERN Accelerator School
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Examples — constant wakes

goe,

The CERN Accelerator School

0.0010 6
0.004
5
0.0005
0.002 4
g
“%  0.0000 0.000 | | | 3.3
] ) 1 (L)R
~0.002 2
—0.0005 | |
1
-0.004
-0.0010 0
-0.04 -0.02  0.00 0.02 0.04 50 100 150 200 250
:c[m] Turn
0.10 0.5
0.04 Injected beam
0.4
0.05
0.02 o _
o Closed orbit distortion . 0375
£ 000 = 0.00 ~
8 S Q.
< 0.2 »
-0.02
-0.05
0.1
-0.04
-0.10 0.0
-1.0 -0.5 0.0 0.5 1.0 50 100 150 200 250
z[m} Turn

M‘ /00010
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Examples — constant wakes

o0
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0.0010 6
0.004
5
0.0005
0.002 A
g
~  0.0000 0.000 g 5,
(UH
~0.002 2
~0.0005
1
~0.004
~0.0010 0
~0.04 -0.02 000 002 004 50 100 150 200 250
x[m) Turn
0.10 0.5
0.04
0.4
0.05
0.02
— — 03®
£ 000 £ 0.00 ~
= = 02
~0.02
~0.05
0.1
~0.04
~0.10 0.0
1.0 0.5 0.0 0.5 1.0 50 100 150 200 250
z[m] Turn
O

M‘ /00010
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Examples — constant wakes

o0
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0.0010 6
0.004
5
0.0005
0.002 A
g
~  0.0000 0.000 g 5,
(UH
~0.002 2
~0.0005
1
~0.004
~0.0010 0
~0.04 -0.02 000 002 004 50 100 150 200 250
x[m) Turn
0.10 0.5
0.04
0.4
0.05
0.02
— — 03®
£ 000 £ 0.00 ~
= = 02
~0.02
~0.05
0.1
~0.04
~0.10 0.0
1.0 0.5 0.0 0.5 1.0 50 100 150 200 250
z[m] Turn
O

M‘ /00010
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Examples — dipole wakes 00

The CERN Accelerator School

5 i
. € ) . . :
Aw,[z]:—m,)/ﬁgch ZN[J] <x>[J]WD:U[Z_j]
“ =0 —
V v
Offset dependent orbit kick
Dipolar term = orbit kick —> kicks can accumulate

* Without synchrotron motion:
kicks accumulate turn after turn — the beam is unstable - beam break-up in linacs

G ]
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Examples — dipole wakes 00

/ \ The CERN Accelerator School

Az'[i] = - N (@) ] - Woali — 4]

m’yﬁ?cz C
j —

Offset dependent orbit kick
Dipolar term = orbit kick —> kicks can accumulate

With synchrotron motion we
can get into a feedback loop

* Without synchrotron motion:
kicks accumulate turn after turn — the beam is unstable - beam break-up in linacs

e With synchrotron motion:
e Chromaticity #0
* Headtail modes - beam is unstable (can be very weak and often damped by non-linearities)
e Chromaticity =0
* Synchrotron sidebands are well separated - beam is stable
* Synchrotron sidebands couple = (transverse) mode coupling instability

G ]
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Examples — dipole wakes 00

/ \ The CERN Accelerator School

Az'[i] = - N (@) ] - Woali — 4]

m’}/ﬁzc2 C’y
_J

Offset dependent orbit kick
Dipolar term = orbit kick —> kicks can accumulate

With synchrotron motion we
can get into a feedback loop

* Without synchrotron motion:

e With synchrotron motion:

e Chromaticity #0
* Headtail modes - beam is unstable (can be very weak and often damped by non-linearities)

G ]
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Dipole wakes — headtail modes 00

The CERN Accelerator School

* As soon as chromaticity is non-zero, a ‘resonant’ condition can be met as
particles now can ‘synchronize’ their synchrotron amplitude dependent
betatron motion with the action of the wake fields.

* Headtail modes arise — the order of the respective mode depends on
the chromaticity together with the impedance and bunch spectrum

* Different transverse head-tail modes correspond to different parts of
the bunch oscillating with relative phase differences, for example:

 Mode O is a rigid bunch mode
* Mode 1 has head and tail oscillating in counter-phase
* Mode 2 has head and tail oscillating in phase and the bunch center in opposition

(b)

08/09/2017 Beam Instabilities Ill - Giovanni Rumolo and Kevin Li 34



Dipole wakes — headtail modes 00

The CERN Accelerator School

* As soon as chromaticity is non-zero, a ‘resonant’ condition can be met as

parti dent
Remark:
betat
’ :;Ihead Due to this ,synchronicity’, below transition (n<0): on
€< . Mode 0 is unstable if Q">0.
* Differy . Higher order modes tend to be unstable if Q’<0 (though at of
the b lower growth rates).
M
"M The situation is reversed when a machine is operated above o
* M transition. osition
(b) m=1 _
R =0 - = -—"‘3::2:\ %
"‘-“ z .-'ﬂ'
-1 Y-,
2 s <= =~ ==

CE/RW
{

N2

i=2 %—@ K- =
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Dipole wakes — headtail modes

o0
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0.0010 0.0020 4.0
0.0015 . 35
0.0005 0.0010 ‘ 3.0
0.0005 Hl‘ 25—
i) g
~  0.0000 % 0.0000 *”,’,‘,llH 203
; il :
—-0.0005 ‘ 15 W
—0.0005 -0.0010 1.0
-0.0015 0.5
-0.0010 —0.0020 0.0
-0.04 -0.02 0.00 0.02 0.04 0O 1000 2000 3000 4000 5000 6000 7000 8000
x[m] Turn
0.10 0.5
0.04
04
0.05
0.02
— 'g' 0.3"@’
é 0.00 = [ O T ———— %
- = 02
-0.02
-0.05
0.1
-0.04
-0.10 0.0
—1.0 —0.5 0.0 0.5 1.0 0O 1000 2000 3000 4000 5000 6000 7000 8000
z[m] Turn

N, o
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Example: Headtail modes in the LHC
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== ==
> LHC Beam 2 Head-Tail HDF5 Viewer & E > LHC Beam 2 Head-Tail HDF5 Viewer & E
File System User Help File System User Help
LHC Beam 2 Head-Tail LHC Beam 2 Head-Tail
Auto: [~ Load H Delta ST e H Delta

+3.0149e5

+3.0149e5

S SIS =1 x]
uohonouno

SoCooooo
cooooooo

®¥=301508

VILHC.BQHT.52 2013910 173257.h5 | 38 MB | 10.0 M5 | 11 turns \/4 JILHC.BQHT.52 20159625 004433.h5 | 38 MB | 10.0 M5 | 11 turns 4
100 30
2 2 20
S 50 5
Qo g 10
s, k)
g O g O
5 >
2 ‘% —10
S 50 =
o a -20
m m
-100 =30
-0.2 -0.1 0.0 0.1 0.2 -0.2 —-0:1 0.0 0.1 0.2
Position [m] Position [m]
(iERN PY
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* We have seen how the impact of wake fields on charged particle beams can be
implemented numerically in an efficient manner via the longitudinal discretization
of bunches.

* We have used the simulation models to show orbit effects and headtail instabilities
from transverse wake fields.

* We will now derive another fundamentally limiting effect using analytical models.
One very simple but already quite powerful tool are two-particle models.

Part 3: Transverse wakefields —
their different types and impact on beam dynamics

* Two particle models, transverse mode coupling instability

CERN
\W ¢
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The Strong Head Tail Instability (‘:\')

The CERN Accelerator School

* Aka the Transverse Mode Coupling Instability:

o To illustrate TMCI we will need to make use of some simplifications:

= The bunch is represented through two particles carrying half the total bunch charge
and placed in opposite phase in the longitudinal phase space

= They both feel external linear focusing in all three directions (i.e. linear betatron
focusing + linear synchrotron focusing).

= Zero chromaticity (Q'x,y=0)
= Constant transverse wake left behind by the leading particle
= Smooth approximation = constant focusing + distributed wake

We will:

* Calculate a stability condition (threshold) for the transverse motion
* Have a look at the excited oscillation modes of the centroid

39



The Strong Head Tail Instability (A')

 During the first half of the synchrotron motion, particle 1 is leading and executes free™
betatron oscillations, while particle 2 is trailing and feels the defocusing wake of

particle 1
TC
< 0<s< —
Ws

@ Particle 1 (+Ne/2)

@ Particle 2 (+Ne/2)

CE/RW




The Strong Head Tail Instability ' Te'e

Accelerator School

* During the first half of the synchrotron motion, particle 1 is leading and executes free
betatron oscillations, while particle 2 is trailing and feels the defocusing wake of

particle 1
* During the second half of the synchrotron period, the situation is reversed:

d? w3a \ 2 2 N W,
F4 (1) 0= () w0

ds?

—

moc?

Particle 1 (+Ne/2)

Particle 2 (+Ne/2)

CE/RW




The Strong Head Tail Instability ' Te'e
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* We solve with respect to the complex variables defined below during the first half of
synchrotron period

* y1(s) is a free betatron oscillation

* y2(s) is the sum of a free betatron oscillation plus a driven oscillation with y1(s) being
its driving term

- . C
U1,2(8) = y1,2(8) +i—yy o(s)
W

51(5) = 1(0) exp (—Ws)

C
- N IEE:
J2(s) = 92(0) exp (— ° )
¢ . . mC
N ~~ 4 since we consider s = —
Free oscillation term Wg
. Ne*W, C T3 _ S . 1wgs
T - ( Y i)‘|‘Q1(0)S-‘3Xp(— p ))
4moycCwg \w c

"

Driven oscillation term

* Second term in RHS equation for y2(s) negligible if w, << wj

* We can now transform these equations into linear mapping across half synchrotron

@neriod




The Strong Head Tail Instability (‘:\')

The CERN Accelerator School

* We can now transform these equations into linear mapping across half synchrotron
period

~ . ~ N 2
(%) _ {exp (_mw5> . <‘1 0)] . (g{1> Cor— TNe“Wy
Y2 s=mc/ws Ws r 1 Y2 s=0 4 moy ngws

* In the second half of synchrotron period, particles 1 and 2 exchange their roles — we
can therefore find the transfer matrix over the full synchrotron period for both
particles. We can analyze the eigenvalues of the two particle system

i o i2mwg) (1 AT (1 0)]_(@1)
(QQ)SZQWC/(MS -exp( Ws ) <O 1) ({LT 1 g2 s=0
T i2mwg\ (1-=7% Y 1
() LG

CERN
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Strong Head Tail Instability — stability conditionc 0‘ 0
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M- =1= )\1’2 = exp (:l:’&(p)

Y
)\1+)\2:2—T2:>sin(§) = =
2
T — mNe Wo §2
4moy Cwpwg

 Since the product of the eigenvalues is 1, the only condition for stability is that they
both be purely imaginary exponentials

* From the second equation for the eigenvalues, it is clear that this is true only when
sin(p/2)<1

* This translates into a stability condition on the beam/wake parameters

CE/RW
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Strong Head Tail Instability — stability condition@
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8 PoWs g
Te? By Wo

N S Nthreshold —

Proportional to p, = bunches with higher energy tend to be more
stable

Proportional to w, = the quicker is the longitudinal motion within
the bunch, the more stable is the bunch

Inversely proportional to B, - the effect of the impedance is
enhanced if the kick is given at a location with large beta function

* Inversely proportional to the wake per unit length along the ring, W,/C
- a large integrated wake (impedance) lowers the instability threshold




Strong Head Tail Instability — mode frequencie5< 0‘ 0

* The evolution of the eigenstates follows:

Vin B _2mwp \ [ exp [—22’ arcsin (l) : n] 0 Vio
( Vi, ) - exp( ! Wi n) ( 0 i exp [22’ arcsin (%) n} Voo

| | W . T Theyshift with i
Eigenfrequencies: wg + lw, + =5 aresin — they shift with Increasing
T 2 Intensity

w [ T T T T T T T T T T T T T T T T L L L L L L L L ]
ws | T — — arcsin — |
- w s 2

I =0 E |

T \ ! Unstable region
I U4
_ ,/
”,,

_ | I = '1 fff [ 1 \N |

- w3 1 2

,,,,,, — — 1+ — arcsin —-

F - Ws 7 2 1

T

CERN
\W ¢




Strong Head Tail Instability — mode frequencie5< 0‘ 0

* The evolution of the eigenstates follows:

( “:;-Fn ) — exp (—i 2Twg n) . ( exp [—22’ arcsin (%) ’n]

Ws

. . w
Eigenfrequencies:

s

0

wg + lwg —2 arcsin —

T

The CERN Accelerator School

exp |2 arcgin (£)-n] ) (

They shift with increasing
intensity

wy P

S
@ |

1 N
ws | T — — arcsin — |
- W s 2
I =0 S
\ ! Unstable region
That’s the reason why this type of instability is !
called Transverse Mode Coupling Instability! S
/,,
E l=-1 = wpa 1 Y
JESlony — 1+ —arcsin —|
R Wi s 2 -
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Vio
V_oo
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Strong Head Tail Instability — why TMCI- ' Te'e
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* For a real bunch, modes exhibit a more complicated shift pattern

* The shift of the modes can be calculated via Vlasov equation or can be found through
macroparticle simulations

(=1 Simplified calculation
for a short bunch

0 0.1 0.2 0.3 0.4 I, (mA)

Full calculation for a relatively long SPS bunch (red
lines) + macroparticle simulation (white traces)




Quick summary of steps for solving numericall\t o‘ O

The CERN Accelerator School

* Tracking one full turn including the interaction with wake fields:

P
Wakefield

Initialise a macroparticle distribution
with a given emittance

Update transverse coordinates and
momenta according to the linear
periodic transfer map — adjust the
individual phase advance according to
chromaticity and detuning with
amplitude

Update the longitudinal coordinates
and momenta according to the leap-
frog integration scheme

Update momenta only (apply kicks)
according to wake field generated
kicks

Repeat turn-by-turn...

cgﬁﬂl
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Examples — dipole wakes 00
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Az'[i] = - N (@) ] - Woali — 4]

m’yﬁ?cz C
j —

Offset dependent orbit kick
Dipolar term = orbit kick —> kicks can accumulate

With synchrotron motion we
can get into a feedback loop

* Without synchrotron motion:
kicks accumulate turn after turn — the beam is unstable - beam break-up in linacs

e With synchrotron motion:

e Chromaticity =0
* Synchrotron sidebands are well separated - beam is stable
* Synchrotron sidebands couple = (transverse) mode coupling instability

G ]
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Dipole wakes — beam break-up
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Dipole wakes — beam break-up
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Dipole wakes — TMCI below threshold

o0
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Dipole wakes — TMCI below threshold (‘:\')
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10
10t =

10° Mode A Mode B
107
- As the intensity increases the coherent
modes shift — here, modes A and B are

approaching each other

10

Spectral power
[normalised]
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Dipole wakes — TMCI above threshold ' Te'e
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When the two modes merge a fast 29
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Dipole wakes — TMCI above threshold
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4.0

3.5
3.0
25—
g
20 5
IS
15 W
1.0
0.5

0.0

0O 1000 2000 3000 4000 5000 6000 7000 8000

Turn

0.5

0.4

0.37%
S
o,

02

0.1

0.0

0 1000 2000 3000 4000 5000 6000 7000 8000

Turn

M‘ /00010

Beam Instabilities Il - Giovanni Rumolo and Kevin Li

56



i
-~ @

Signpost ;; ) 'Jole

w The CERN Accelerator School

* We have discussed transverse wake fields and impedances, their classification into
different types along with their impact on the beam dynamics.

* We have seen how the wake field interaction with a charged particle beam can be
carried out numerically in an efficient manner.

* We have seen some examples of the effects of transverse wake fields on the beam
such as orbit distortion or headtail instabilities.

 We have discussed the two-particle model and an analytically solvable problem
which led to the description of the transverse mode coupling instability (TMCI).

Part 3: Transverse wakefields —
their different types and impact on beam dynamics

* Transverse wake function and impedance

* Numerical implementation, transverse , potential well distortion” ad
headtail instabilities

* Two particle models, transverse mode coupling instability

CERN
\W ¢

~Z_~
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Raising the TMCI threshold — SPS Q20 optics C 0‘ O

The CERN Accelerator School

* In simulations we have the possibility to perform scans of variables, e.g.
we can run 100 simulations in parallel changing the beam intensity

* We can then perform a spectral analysis of each simulation...
e ... and stack all obtained plot behind one another to obtain...
e ... the typical visualization plots of TMCI

10 Mode A Mode B

Mode number

Spectral power
[normalised]
|_\

o

5
0-0 0-5 . 1-0 1-5 2.0 0.00 0.05 0.10 0.15 0.20 0_25
;{L‘

CE/RW TMCI threshold .

\\

N2
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Raising the TMCI threshold — SPS Q20 optics C 0‘ O

The CERN Accelerator School

* In simulations we have the possibility to perform scans of variables, e.g.
we can run 100 simulations in parallel changing the beam intensity

* We can then perform a spectral analysis of each simulation...
e ... and stack all obtained plot behind one another to obtain...
e ... the typical visualization plots of TMCI

N 0.7%
}é’ e The mode number is given as
£
> =
c 058
S o Qa: - Q:CO
§ 0'4§ m = Q
035 N
0.2 The modes are separated
0.1 by the synchrotron tune.

5
0.0 0.5 1.0 15 2.0
Intensity [1ell ppb] lell

CE/RW TMCI threshold .
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Raising the TMCI threshold — SPS Q20 optics C 0‘ O

The CERN Accelerator School

* In simulations we have the possibility to perform scans of variables, e.g.
we can run 100 simulations in parallel changing the beam intensity

* We can then perform a spectral analysis of each simulation...
e ... and stack all obtained plot behind one another to obtain...
e ... the typical visualization plots of TMCI

0.7%
@

—_

Mode number
Mode number

5
0.0 0.5 1.0 15 2.0

2 3 o 5
Intensity [1ell ppb] L Intensity [1ell ppb] L

CE/RW TMCI threshold TMCI threshold
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Wakefields — rough formalism ' To'e

1, 1 5 e?
H = 5Pa + §K(s)a: + Zk: SONEEYCNG ///p(ms,zs)w(:c,xs,z — zs — kC)dxsdzs dx
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Wakefields — rough formalism ' Te'e
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1 1 2
H = §p§ + §K(s):c2 + ; m'}/[;cz G /// p(xs,zs)w(z,xs,2 — 25 — kC') das dzs dx

62 T T
_'”+zk_:m'y,82c320///p(ws’%);x ' Wi (2 — 25 — kC) dx s dzs dx

e? -
= "'+Zm’yﬁzc202/x f/\m(zS)Wmn(z—zs—kC)dzsdx
k mn

Am(zs) = /p(ms,zs)w? dx

* Expansion
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Wakefields — rough formalism ' To'e
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L, 1 2 e? n
H = §p$—|— §K(S)CL‘ +Zk: mvBZCQC%/i‘ fAm(zS)Wmn(z—zs — kC)dzs dx

Am(zs) = /p(ms,zs)w? dx

dg _9H(p,q) dp _ OH(p,q)
ds op = ds Oq

1
H=_-p2+C+Az[+|=B2*+..., with

2

A 4

Dipole term (ng1) = change of orbit
e Expansion — up to second order: y

Quadrupole term (n=2) - change of tune
n_Im_ type

0 0,1
1

Constant transverse wake (n=0, m=0)
Dipole transverse wake (n=0, m=1)

Quadrupole transverse wake (n=1, m=0)

G ]

~Z_~
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Examples — constant wakes
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Examples — constant wakes
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Examples — quadrupole wakes 00
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9 n_slices-1

L, 1 2 € 2
H = 5 -+ EK(S)QZ + m/}/ﬁ%ch Z Azj) Woa(z — zj) Az;

§=0

\ 4

Quadrupole term = tune kick

Slice dependent change of tune
(if line density does not change)
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Examples — quadrupole wakes 00
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Examples — quadrupole wakes
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Examples — dipole wakes 00
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n slices-1

1, 1 9 e?
H = op} + 5 K(s)a +m762c20$ > Az (@) Wiz — z5) Az

7=0

A 4

Dipolar term = orbit kick

A 4

Offset dependent orbit kick
- kicks can accumulate

* Without synchrotron motion:
kicks accumulate turn after turn — the beam is unstable - beam break-up in linacs
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Examples — dipole wak ' Te'e
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1, 1 ; 02 slices—]
H = 5pg + 5 K(s)z el ; Wii(z = zj) Az
Dipolar terlick‘l/
With synchrotron motion we Offset depende'nt orbit kick
can get into a feedback loop - kicks can accumulate

* Without synchrotron motion:
kicks accumulate turn after turn — the beam is unstable - beam break-up in linacs

e With synchrotron motion:
* Chromaticity =0
* Synchrotron sidebands are well separated = beam is stable
* Synchrotron sidebands couple = (transverse) mode coupling instability
* Chromaticity #0
* Headtail modes = beam is unstable (can be very weak and often damped by non-linearities)

G ]
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Dipole wakes — TMCI below threshold (‘:\')
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107
- As the intensity increases the coherent
modes shift — here, modes A and B are

approaching each other
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Dipole wakes — TMCI above threshold ' Te'e
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Examples of wakes/impedances 00
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e Resistive wall of beam chamber

3 frequency regions of interest:

1. Below 0.1 kHz, impedance is
basically purely imaginary,
EM field is shielded by image
charges > Indirect space
charge

o An interesting example: a 1 m long Cu pipe with

radius b=2 cm and thickness t =4 mm in vacuum
2
ZX,y (Q/m”)

r ' ' \Cu, 4'mm, RefZ]
108 | Cu, 4mm, Im[Z]

-1
o
o

107

108 } .

1012 & . L/ \ . .
1019 q10° 10° 10° 10’ 10'®
f (Hz)
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Examples of wakes/impedances 00

The CERN Accelerator School

e Resistive wall of beam chamber

o An interesting example: a 1 m long Cu pipe with
radius b=2 cm and thickness t =4 mm in vacuum

Zy, (Q/m®)

CG, 4'mm, RefZ] )
Cu, 4mm, Im[Z] —— |
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Examples of wakes/impedances 00

The CERN Accelerator School

e Resistive wall of beam chamber

o An interesting example: a 1 m long Cu pipe with
radius b=2 cm and thickness t =4 mm in vacuum
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3 frequency regions of interest: 104 | i
3. Above 1 THz, there is a o
resonance (100 THz region). 107 7
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conductivity should be taken 10-4
into account
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Examples of wakes/impedances 00

The CERN Accelerator School

e Resistive wall of beam chamber

o Correspondingly, in time domain, the wake exhibits different

behaviours in short and long range
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In the range of tenths of ns up to fractions
of ms (e.g. bunch length to several turns for
the SPS) monotonically decaying wake
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Beam deflection kick de @

The CERN Accelerator School

Off-axis traversal of
symmetric chamber e2x
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Beam deflection kick de @

The CERN Accelerator School

Off-axis traversal g&
symmetric chamb

A l +Wq, (2 - Z,)) dz’
Y The beam deflection kicks
= Are responsible for intensity dependent orbit

variations

= Cause z-dependent orbits and can determine

tilted equilibrium bunch distributions for long
bunches

L (@) + Zg, (@) d

Traversal of asym

chamber (Agc’) _ _62x0w0 -
Eq

S\(pwg)‘z Im(ZDm (pwo) + Zo, (pwg))

p=0

Asymmetric chambers with constant wake:

6295'0(.00

(Az") = — 2 i |5\(pw0)|21m(Zcm (pwo))
p=0
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Some hints for energy loss estimations de @
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N 2* F ~ w?o?
Az) = o exp <_ﬁ> = AMw) = Nexp (— 52 )

/ |5\(w) |2Re [ZH (w)} dw can be calculated

— OO0

1) With Z, () = Z**(®) from slide 77 in the two limiting

cases
C
Oy > — Need to expand Re[Z, (®)] for small o
Wy
¢ d A
o, K — Need to assume |[A(w)| constant over Re[Z (w)]
Wy

2) With Z,,(®) = Z zw(®) from slide 64
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glance into the head-tail modes
s seen at a wide-band BPM)
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I@lglance into the head-tail modes 4

xperimental observations)

Observation in the CERN PSB in ~1974

(J. Gareyte and F. Sacherer) Observation in the CERN PS in 1999

+
‘.

* The mode that gets first excited in the machine depends on
* The spectrum of the exciting impedance
e The chromaticity setting

* Head-tail instabilities are a good diagnostics tool to identify and quantify the
main impedance sources in a machine
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Relativistic vs. non-relativistic wakes 00
* Relativistic wakes only affect trailing * Nonrelativistic wakes can also affect
particles following the source particle particles ahead of the source particle
* Finite values range for negative * Finite values extend from (-L, L)
distances, i.e. (-L, 0) or “tail — head” or “tail —head” & “head — tail”
* L: bunch length * L: bunch length
0.8 lelb
gj Relativistic wake @ source
T 02 Witness
Ei_g‘_g . trailing
= -04 .
06 . Witness
08 ahead
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Example non-relativistic wakes 00

The CERN Accelerator School

Measurements * PSinjection oscillations show intra-
bunch modulations

* These can only be reproduced when
adding non-relativistic wakes caused by
indirect space charge fields

A. Huschauer et al
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Example non-relativistic wakes 00

The CERN Accelerator School

0.02 Measurements * PSinjection oscillations show intra-
bunch modulations

* These can only be reproduced when
adding non-relativistic wakes caused by
indirect space charge fields

] A. Huschauer et al
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