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Electromagnetic standing waves

In the previous lecture, we saw that:

e Maxwell's equations have wave-like solutions for the electric
and magnetic fields in free space.

e Electromagnetic waves can be generated by oscillating
electric charges.

e EXpressions for the energy density and energy flow in an
electromagnetic field may be obtained from Poynting’s

theorem.
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Electromagnetic standing waves

In this lecture, we shall see how the
waves may be “captured” as standing
waves in a region of free space
bounded by conducting materials — an
electromagnetic cavity.

By applying the boundary conditions
on the fields (which we derive in the
first part of this lecture), we shall see
how the electromagnetic field
patterns are determined by the
geometry of the cavity.
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Fields on boundaries

So far, we have considered electromagnetic fields only in
materials that have infinite extent in all directions.

In realistic electromagnetic systems, we have to consider the
behaviour of fields at the interfaces between materials with
different properties.

We can derive “boundary conditions” on the electric and
magnetic fields (i.e. relationships between the electric and
magnetic fields on either side of a boundary) from Maxwell's
equations.

These boundary conditions are important for understanding the
behaviour of electromagnetic fields in accelerator components.
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Boundary conditions: normal component of D

Consider the electric displacement at
a boundary between two different
materials. We need make no
assumptions about the properties of
the materials.

To be completely general, we will
assume that there is some surface
charge density ps (charge per unit
area) on the boundary.

surface charge density ps

We will apply Gauss’' theorem to the divergence of the electric
displacement, integrated over a pillbox crossing the boundary.
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Boundary conditions: normal component of D

Take Maxwell's equation:

—

V-D=p (1)

Integrate over the volume of the pillbox, and apply Gauss’
theorem:

/v-ﬁdvzj{ﬁ-di@:/pdv (2)
Vv S Vv

Now we take the limit in which the height of the pillbox
becomes zero. If the flat ends of the pillbox have (small) area
A, then:

— D1p A+ DopA = psA (3)

Dividing by the area A, we arrive at:

D>, — D1, = ps (4)
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Boundary conditions: tangential component of H

Now consider the magnetic intensity
at a boundary between two different
materials.

We will assume that there is some
surface current density Js (current per
unit length) on the boundary.

pd
We will apply Stokes’ theorem to the

curl of the magnetic intensity,
integrated over a loop crossing the
boundary.

surface current density Jg

Theory of EM Fields 6

Part II: Standing Waves



Boundary conditions: tangential component of H

Take Maxwell's equation:

. o 8D
VXxH=J+4+ " 5
X +8t (5)

Integrate over the surface bounded by the loop, and apply
Stokes’ theorem to obtain:

/vXﬁ-diquﬁ-Jzz/f-d§+3/5-d§ (6)
S C S ot JS

Now take the limit where the lengths of the narrow edges of
the loop become zero:

Hyyl — Hol = Jg 1 (7)
or:

Hyp — Hop = Jg | (8)

where J, | represents a surface current density perpendicular to
the direction of the tangential component of H that is being
matched.
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Summary of boundary conditions

Boundary conditions on the normal component of the magnetic
field B, and on the tangential component of the electric field E

can be obtained using the same arguments.

The general conditions on electric and magnetic fields at the
boundary between two materials can be summarised as follows:

Boundary condition: | Derived from... | ...applied to:
Do, — D1y, = ps V-D=p pillbox
Hop— Hy=—J, | VxH=J+9 l00p

B»,, = B1, V-B=0 pillbox
Eo = Eqy VxE= —%—? loop
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Boundary conditions on surfaces of conductors

Static electric fields cannot persist inside a conductor. This is
simply because the free charges within the conductor will
re-arrange themselves to cancel any electric field; this can
result in a surface charge density, ps.

We have seen that electromagnetic waves can pass into a
conductor, but the field amplitudes fall exponentially with
decay length given by the skin depth, o:
2
O~ | —— (9)

wWHo
As the conductivity increases, the skin depth gets smaller.

Since both static and oscillating electric fields vanish within a
good conductor, we can write the boundary conditions at the
surface of a good conductor:

O
O

Eq
Dln

0 Eoy
—Ps Doy,

R
R
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Boundary conditions on surfaces of conductors

Lenz’s law states that a changing magnetic field will induce
currents in a conductor that will act to oppose the change. In
other words, currents are induced that will tend to cancel the
magnetic field in the conductor.

This means that a good conductor will tend to exclude
magnetic fields. Thus the boundary conditions on oscillating
magnetic fields at the surface of a good conductor can be

written:

Bln
Hqy

0 B>,
JSJ_ H2t

R
oNe)

Q&
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Boundary conditions on surfaces of conductors

We can consider an ‘“ideal” conductor as having infinite
conductivity. In that case, we would expect the boundary
conditions to become:

By, = O By, = 0
Elt — 0] EQt — 0
Din = —ps Doy, = 0
Hyy = Jsi Hpyy = O

Strictly speaking, the boundary conditions on the magnetic
field apply only to oscillating fields, and not to static fields.

But it turns out that for (some) superconductors, static
magnetic fields are excluded as well as oscillating magnetic
fields. This is not expected for classical “ideal” conductors.
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Superconductors and the Meissner effect

Although superconductors have infinite conductivity, they
cannot be understood in terms of classical theories in the limit

o — OO.

Superconductivity is a quantum phenomenon: one aspect of
this is the Meissner effect, which refers to the expulsion of all
magnetic fields (static as well as oscillating) from within a
superconductor.

In fact, even in a superconductor, the magnetic field is not
completely excluded from the material but penetrates a small
distance (the London penetration depth, typically around
100 nm) into the material.
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Superconductors and the Meissner effect

As long as the applied magnetic field is not too large, a sample
of material cooled below its critical temperature will expel any
magnetic field as it undergoes the phase transition to
superconductivity: when this happens, a magnet placed on top
of the sample will start to levitate.
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Superconductors and the Meissner effect

The Meissner effect allows us to classify superconductors into
two distinct classes:

e Type I superconductors: above a certain critical field H.
(which depends on the temperature), superconductivity is
abruptly destroyed.

e Type II superconductors: above one critical field value
H.q1, the magnetic field starts to penetrate, but the
electrical resistance remains zero. Above a second, higher
critical field value H_,o, superconductivity is abruptly
destroyed.

Theory of EM Fields 14 Part II: Standing Waves



Critical fields in niobium (Type II Superconductor)
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R.A. French, “Intrinsic Type-2 Superconductivity in Pure Niobium,”
Cryogenics, 8, 301 (1968). Note: t =T /T.. The critical temperature for
niobium is 7, = 9.2 K.
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Electromagnetic waves on boundaries

When an electromagnetic wave is
incident on a boundary between two
materials, part of the energy in the wave
will be transmitted across the boundary,
and some of the energy will be reflected.

The relationships between the directions
and intensities of the incident,
transmitted and reflected waves can be
derived from the boundary conditions on
the fields.

Applied to waves, the boundary conditions on the fields lead to
the familiar laws of reflection and refraction, and describe
phenomena such as total internal reflection, and polarisation by
reflection.
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Electromagnetic waves on boundaries: Fresnel's equations

The relationships between the amplitudes of the incident,
transmitted and reflected waves can be summed up in a set of
formulae, known as Fresnel's equations.

We do not go through the derivations, but present the results
on the following slides. The equations depend on the
polarisation of the wave, i.e. the orientation of the electric field
with respect to the plane of incidence.

Note the definitions of the refractive index, n, and impedance,
Z of a material:

n=S= " and z=,% (10)
v LLOEQ £

where p and ¢ are the absolute permeability and permittivity of
the material, ¢ the speed of light in free space, and v the speed
of light in the material.
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Electromagnetic waves on boundaries:

Fresnel's equations

The angles of transmission, 6,
and incidence, 07, are related by
Snell’s law:

sinf;  no for
sin O — - (11) Eor NI Flor
For a wave in which the electric %R o
field is normal to the plane of f
incidence (i.e. parallel to the Eop /K1
boundary), Fresnel's equations Hos
are:
<@> _ ZpC0s0; — Z1 COS O (12)
FEor/ | Z>COSOr + Z1 cosbr
(@) _ 275 COS 07 (13)
For/ | Z>COSOr + Z1 cosbr
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Electromagnetic waves on boundaries: Fresnel's equations

Hox
kr
For
For a wave in which the electric ?j
field is parallel to the plane of For /
incidence (i.e. normal to the / &
boundary), Fresnel's equations Hor
are:
Eor _ ZpCosbp — Zy cosdy
(E—O]> | Z2cosfr + Zjcosd;
Eqr . 275 Ccos0y
(E—OI> | Z2cosér+ Zcosby

(14)

(15)
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Electromagnetic waves on boundaries: Fresnel's equations

Fresnel's equations have important consequences when applied
to conductors; but to understand this, we first need to derive
the wave impedance of a conductor.

First, note that:

VXxE= 5 so for a wave: kx E=wB. (16)
Hence, the wave impedance can be written:
E
7 =20_%F (17)
Hg k
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Electromagnetic waves on boundaries: Fresnel's equations

Recall that, for a conductor, the wave vector is complex (the
imaginary part describes the attenuation of the wave). In fact,
for a good conductor:

WHo

Thus, we find:
7 ~ (1-@)\/Ew/w—€, o> we. (19)
eV 20

If the permeability and permittivity of the conductor are close
to the permeability and permittivity of free space, then it
follows that:

Z] < Zp, o> we. (20)
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Electromagnetic waves on boundaries: Fresnel's equations

Finally, putting |Z5| < Z7 into Fresnel’'s equations, we find, for
a good conductor:

E E
Ok 1, and 0 0. (21)
Eor Eor

In other words, nearly all the energy in the wave is reflected
from the surface of a good conductor, and very little is
transmitted into the material.

This simple phenomenon allows us to ‘“store” electromagnetic
waves in metal boxes.

In the next half of this lecture, we will develop the formulae
used to describe electromagnetic waves in conducting cavities.
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RF Cavities in PEP-II
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EM fields in a rectangular cavity with perfectly conducting walls

We consider first a rectangular cavity with perfectly conducting
walls, containing a perfect vacuum.

az

The wave equation for the electric field inside the cavity is:

- 1 =
V°E - SE =0, (22)

C
where ¢ is the speed of light in a vacuum. There is a similar

equation for the magnetic field B.
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EM fields in a rectangular cavity with perfectly conducting walls

We are looking for solutions to the wave equations for E and B
that also satisfy Maxwell's equations, and also satisfy the
boundary conditions for the fields at the walls of the cavity.

If the walls of the cavity are perfectly conducting, then the
boundary conditions are:

Et — O, (23)
B, = 0, (24)
where E; is the component of the electric field tangential to

the wall, and B, is the component of the magnetic field normal
to the wall.
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EM fields in a rectangular cavity with perfectly conducting walls

Plane wave solutions will not satisfy the boundary conditions.

However, we can look for solutions of the form:

E(x,y,z,t) = E(x,y,2)e ", (25)

Substituting into the wave equation, we find that the spatial
dependence satisfies:

27 w? -
VE—|——2E=O. (26)
C

T he full solution can be derived using the method of separation
of variables: for details, see Appendix A.

However, it is sufficient to quote the result: it is possible to
verify the solution simply by substitution into the wave
equation.

Theory of EM Fields 26 Part II: Standing Waves



EM fields in a rectangular cavity with perfectly conducting walls

T he electric field in the rectangular cavity is given by:

E; = E,0cCoskzx sinkyy sink,ze ¢, (27)
Ey = E,gsinkzz coskyy sink.ze ", (28)
E, = E,gsinkgz sinkyy cosk,ze T, (29)

To satisfy the wave equation, we require:

w2

k24 ko + k2 = - (30)

To satisfy Maxwell’s equation V - E = 0, we require:

kzEqpo + kyEyo + kzE.q = 0. (31)

We also need to satisfy the boundary conditions, in particular
that the tangential component of the electric field vanishes at
the walls of the cavity. This imposes additional constraints on
kxz, ky and k.
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EM fields in a rectangular cavity with perfectly conducting walls

Consider:

Ey = Eyosin kyx coskyy sink.ze ™" (32)

The boundary conditions
require that E;, =0 at 2 =0 4
and x = a,, for all y, z, and t.

L

‘These conditions are satisfied if EyT
krar = mqgm, Where mg IS an > X
integer.

To satisfy all the boundary conditions, we require:

km _ majﬂ" ky _ myﬂ" kz _ mzﬂ-’ (33)

A a/y a-

where mg, my and m, are integers.
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EM fields in a rectangular cavity with perfectly conducting walls

The magnetic field can be obtained from the electric field,
using Maxwell's equation:

. OB
VXxE= 5 (34)
This gives:
By = g(EyOkZ — Eoky) sin kyx coskyy cosk,ze ! (35)
By = g(EzOkCE — E,okz) COS kg Sinkyy cosk,ze ! (36)
B, = g(Exoky — Eyoks) COS kga COS kyy sinkzze "t (37)

It is left as an exercise for the student to show that these fields
satisfy the boundary condition on the magnetic field at the
walls of the cavity, and also satisfy the remaining Maxwell's
equations:

V-B=0, and VxB=-". (38)
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Rectangular cavity mode (mg, my, m,) = (1,1,0)
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Rectangular cavity mode (mg, my,m,) = (1,1,1)
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Rectangular cavity modes
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Mode frequencies in a rectangular cavity

Note that the frequency of oscillation of the wave in the cavity
is determined by the mode numbers my, my and mg:

w = md (%)2 1 (2’)2 1 (T;—:)Q (39)

For a cubic cavity (az = ay = az), there will be a high degree of
degeneracy, i.e. there will generally be several different sets of
mode numbers leading to different field patterns, but all with
the same frequency of oscillation.

The degeneracy can be broken by making the side lengths
different...
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Mode frequencies in a rectangular cavity

O

Top: all side lengths equal.
Middle: two side lengths equal.
Bottom: all side lengths different.

Note: we show all modes, including those with two (or three)
mode numbers equal to zero, even though such modes will
have zero amplitude.
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Quality factor of a mode in a cavity

Note that the standing wave solution represents an oscillation
that will continue indefinitely: there is no mechanism for
dissipating the energy.

In practice, the walls of the cavity will not be perfectly
conducting, and the boundary conditions will vary slightly from
those we have assumed.

The electric and (oscillating) magnetic fields on the walls will
induce currents, which will dissipate the energy.

However, if a field is generated in the cavity corresponding to
one of the modes we have calculated, the fields on the wall will
be small, and the dissipation will be slow: such modes (with
integer values of mg;, my and m;) will have a high “quality
factor’, compared to other field patterns inside the cavity.

A mode with a high quality factor is called a ‘“resonant mode’ .
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Example: mode spectrum in a 714 MHz cavity
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3 Higher-order-mode spectrum of the cold-model cavity. The transmission
/ coefficient between two probes, located at both end plates, was observed.

S. Sakanaka, F. Hinode, K. Kubo and J. Urakawa,
“Construction of 714 MHz HOM-free accelerating cavities,”
J. Synchrotron Rad. (1998) 5, 386-388.
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Energy stored in a cavity

et us calculate the energy stored in the fields in a resonant
mode.

The energy density in an electric field is:
1 -

Up =D E. (40)

T herefore, the total energy stored in the electric field in a
resonant mode is:

1 .
Ep = 5»so/E? dv, (41)

where the volume integral extends over the entire volume of
the cavity.
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Energy stored in a cavity

In any resonant mode, we have:

ax > axr > 1
/ Cos< kyxdr = / sin“ kyxdr = —, (42)
0 0 2

where k; = mg7m/ag, and my iS @ non-zero integer.

We have similar results for the y and z directions, so we find
(for mg, my and m; all non-zero integers):

1
Ep = EgO(ExO + EZ Jo T+ EZy) cos? wt. (43)

The energy varies as the square of the field amplitude, and
oscillates sinusoidally in time.
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Energy stored in a cavity

Now let us calculate the energy in the magnetic field. The
energy density is:

Ug=-B-H. (44)

|\)|I—‘

Using:

w2

k24 ki + k2 = —» and  Eoks + Byoky + Bok: =0, (45)

we find, after some algebraic manipulation (and noting that the
magnetic field is 90° out of phase with the electric field):

1 1

SB:—

>(EZo + Ejg + EZp) sin® wt. (46)
16 pugc?

As in the case of the electric field, the numerical factor is
correct if the mode numbers mg, my and m, are non-zero
integers.
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Energy stored in a cavity

Finally, using 1/c¢? = ugeg, we have (for mz, my and my
non-zero integers):

1
£e+Ep = L c20(Ezo + Fjo + FZo), (47)

The total energy in the cavity is constant over time, although
the energy “oscillates” between the electric field and the
magnetic field.

The power flux in the electromagnetic field is given by the
Poynting vector:

S=ExH. (48)

Since the electric and magnetic fields in the cavity are 90° out
of phase (if the electric field varies as coswt, then the magnetic
field varies as sinwt), averaging the Poynting vector over time
at any point in the cavity gives zero: this is again consistent
with conservation of energy.
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Quality factor and shunt impedance

In practice, some of the energy stored in a cavity will be
dissipated in the walls. The rate of energy dissipation for a
given mode is measured by the quality factor, Q:
d€
p=-="¢ (49)
dt Q
For a mode with a longitudinal electric field component

E.o = Vp/L (where L is the length of the cavity), we define the
shunt impedance, Rgs:

V2
Rs = -2 (50)
Py
Combining the above equations, we see that:
Rs Vg Py Vg
S 20 . -d_ "0 (51)

Q_Pd wé'_wé"
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Quality factor and shunt impedance

Consider a mode with B, = 0. Such modes have only transverse
components of the magnetic field, and are called TM modes.

Using equation (37)), we see that the electric field in TM
modes obeys:

kyEro = kaEyo. (52)

We also have, from (31)):

kzEgpo + kyEyo + k2E.q = 0. (53)

T hese relations allow us to write the energy stored in the cavity
purely in terms of the mode numbers and the peak longitudinal

electric field:

k2 4+ k2 4 K2

g =20 z+ Ryt R EZ,. (54)
16 k2 + k2
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Quality factor and shunt impedance

Combining equations (51) and (54)), we see that:

Rs 16 ( ki+ks L2
k2 + k2 + k2

(55)

Q <o w
For a TM mode in a rectangular cavity, the quantity Rs/Q

depends only on the length of the cavity and the mode
numbers.

In fact, this result generalises: for TM modes, Rs/Q depends
only on the geometry of the cavity, and the mode numbers.
This is of practical significance since, to optimise the design of
a cavity for accelerating a beam, the goal is to maximise Rs/Q
for the accelerating mode, and minimise this quantity for all
other modes.
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EM fields in a cylindrical cavity

Most cavities in accelerators are closer to a cylindrical than a
rectangular geometry. It is worth looking at the solutions to
Maxwell’s equations, subject to the usual boundary conditions,
for a cylinder with perfectly conducting walls.

We can find the modes in just the same way as we did for a
rectangular cavity: that is, we find solutions to the wave
equations for the electric and magnetic fields using separation
of variables; then find the "allowed” solutions by imposing the
boundary conditions.

The algebra is more complicated this time, because we have to
work in cylindrical polar coordinates. We will not go through
the derivation in detail: the solutions for the fields can be
checked by taking the appropriate derivatives.

Theory of EM Fields 44 Part II: Standing Waves



TM modes in a cvylindrical cavity

In cylindrical polar coordinates (r,0,z) the TM modes can be
expressed as:

k .
B, = —EOk—ZJg(krr) cosnf sin kyz et (56)
T
nkz : : —wt
Ey = Eok2 Jn(krr) sinnf sink,ze (57)
£r
E. = EgJn(krr) cosnb cosk,ze (58)
: nw : —iwt
By = iEp—5,5 Jn(krr) sinnd cosk.ze (59)
cckzr
By = iFEg 262 J! (krr) cosn® cosk,ze ™! (60)
C=Rr

Because of the longitudinal electric field, TM modes are good

for acceleration.
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TM modes in a cvylindrical cavity

The functions J,(x) are Bessel functions:

0.8 \
06 \
o\

0.2 N

02 Y4

Jn(X)
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TM modes in a cvylindrical cavity

The “fundamental’ accelerating mode in a cylindrical cavity is
the TMg10 (mode numbers refer to the azimuthal, radial, and
longitudinal coordinates, respectively):

For more information on modes in cylindrical cavities, including
TE modes, see Appendix B.
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TM modes in a cylindrical cavity

TM110
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TE110 mode in a cylindrical (‘“crab™) cavity
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Summary of Part II: Standing waves

have shown that:

Maxwell’'s equations lead to relationships on the electric and magnetic
fields on either side of a boundary between two materials.

Applied to the surface of a good conductor, the boundary conditions
imply that the normal component of the magnetic field and the
tangential component of the electric field both vanish.

The boundary conditions allow us to find expressions for the reflection
and transmission coefficients for waves at a boundary.

Good conductors have a very low wave impedance: this means that
nearly all the energy in a wave striking the surface of a good conductor
is reflected.

Applied to electromagnetic fields in cavities, the boundary conditions
impose constraints on the “patterns” and oscillation frequencies of
electric and magnetic fields that can exist as waves within the cavity.
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Summary of Part II: Standing waves

A Mathematica 5.2 Notebook for generating plots of field
modes in cavities and waveguides can be downloaded from:

e pcwww.liv.ac.uk/~awolski/CAS2010/CavityModes.nb
Animations showing the field modes in particular cases can be
downloaded from:

e pcwww.liv.ac.uk/~awolski/CAS2010/RectangularCavityModes.zip

e pcwww.liv.ac.uk/~awolski/CAS2010/CylindricalCavityModes.zip

e pcwww.liv.ac.uk/~awolski/CAS2010/RectangularWaveguideModes.zip
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Appendix A: Wave equation in a rectangular cavity

Consider the x component E., and look for solutions of the
form:

E: = X(2)Y(y)Z(z)e ™! (62)
Substitute into the wave equation (26)):
2X 2y 27
y 79 + XZa— + xy? + XYZ =0 (63)
Ox? Oy 022

and divide by XY Z:

102X | 19%Y  19°%Z w?
SRR L (64)
X 0x2 Y 0y? Z 0z v

T his must be true for all z, y and z.

Each term on the I.h.s. is independent of the other terms, and
must therefore be constant. Therefore, we write:

102X 5, 19%Y 5, 10%Z

_ 2
X 9z2 " Y 0y2 5y 7822 —Hz- (65)
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Appendix A: Wave equation in a rectangular cavity

Consider the equation for Z(z):

1022 5
— = —kZ. 66
T he general solution is:
Z(z) = ZcCcoSkyz+ Zgsink,z. (67)

However, to satisfy the boundary condition E, = 0 at z = 0, we
must have:

Zo = 0. (68)

Also, to satisfy the boundary conditon E, = 0 at z = a,, we

must have:
. mzziT

ky = : (69)

az

where m, IS an integer.
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Appendix A: Wave equation in a rectangular cavity

Solving the wave equation for E, = X (2)Y (y)Z(2)e ! with the
boundary conditions F, = 0 at 2z = 0 and at z = a, gives:

mzit

Z(z) = Zgsink;z, where k, = (70)
Az
Similarly, we find:
Y (y) = Ygsin kyy, where k, = 4" (71)
Gy
where my IS an integer.
Hence, we can write:
E; = (Xccoskyx + Xgsinkyx) sinkyy sinkzze ?, (72)
and following the same procedure, we find:
E, = sinklz (Yocoskyy+ Ygsinkyy) sinklze ™  (73)
E. = sinkjz sink,y(Zccosklz+ Zgsinklz)e ™. (74)
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Appendix A: Wave equation in a rectangular cavity

Now, as well as satisfying the wave equation, the electric field
must satisfy Maxwell's equations, thus we require that

—

V-E=0.
Applying this condition to the above expressions for the field
components, we find that we must have:

ky = k. = K., (75)

and similarly for the y and z directions.

Also, we must have:

Xg=Yq=Zg=0. (76)
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Appendix B: Cylindrical cavities

One set of modes (not the most general solution) we can write
down is as follows:

nw

E, = —iBok2 Jn(krr) Sinn@ sin kyz e ™? (77)
2r
Ey = —iBO%J{%(krr) cosnd sin kyz et (78)
Tr
E. = 0 (79)
L .
B, = Bok—zJ{z(kw) cosnf cosk,ze W (80)
T
nk; : —wt
By = _B0k2 Jn(krr) sinmf cosk,ze (81)
2r
B, = BgJn(krr) cosnb sink,z g Wt (82)
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Appendix B: Cylindrical cavities

Note that J,(z) is a Bessel function of order n, and J/ (x) is the
derivative of J,(xz).

The Bessel functions are solutions of the differential equation:

n

17 y' 2 _
Y ‘|‘;‘|‘ 1—x—2 y = 0. (83)

This equation appears when we separate variables in finding a
solution to the wave equation.

Because of the dependence of the fields on the azimuthal angle
0, we require that n is an integer: n provides an azimuthal
index in specifying a mode.
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Appendix B: Cylindrical cavities

Bessel functions:

0.8

Jn(X)

-0.2

~0.4 |

06
0.4

0.2
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Appendix B: Cylindrical cavities

From the boundary conditions, Ey and B, must both vanish on
the curved wall of the cavity, i.e. when r = a, where a is the
radius of the cylinder.

Therefore, we have a constraint on k,:
J! (kra) = 0O, (84)

or.
/

ky = 2™ (85)

a
where pl.. is the mth zero of the derivative of the nth order
Bessel function.

T his equation is analogous to the conditions we had for the
rectangular cavity, e.9. ky = mgm/ag.

We can use the integer m as a radial index in specifying a

mode.
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Appendix B: Cylindrical cavities

We also need to have B, = Er, = Eyp = 0 on the flat ends of the
cavity.

Assuming the flat ends of the cavity are at z =0 and z = L,
these boundary conditions are satisfied if:

14
sink,L = O, therefore £k, = %, (86)

where ¢ is an integer.

¢ provides a longitudinal index in specifying a mode.
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Appendix B: Cylindrical cavities

Also, we find that:

V°E = — (k7 + k2)E, (87)
so from the wave equation:
. 10°%E
V2E - - =0, 88
c2 Ot2 (88)
we must have:
2 2 w?
kr+ ks = — (89)
C

Similar equations hold for the magnetic field, B.
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Appendix B: Cylindrical cavities

In the modes that we are considering, the longitudinal
component of the electric field £, = 0, i.e. the electric field is
purely transverse.

These modes are known as “TE" modes. A specific mode of
this type, with indices n (azimuthal), m (radial), and ¢
(longitudinal) is commonly written as TE,,,,s.

The frequency of mode TE,,,,, depends on the dimensions of
the cavity, and is given by:

2
e = e\ k2 + k2 = cJ (pfnm> + (E—”)Q. (90)

a L
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Appendix B: Cylindrical cavities

Cylindrical cavity mode TEq10:
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Appendix B: Cylindrical cavities

Cylindrical cavity mode TEq10:
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Appendix B: Cylindrical cavities

TE modes are useful for giving a transverse deflection to a
beam in an accelerator, but are not much use for providing
acceleration.

Fortunately, cylindrical cavities allow another set of modes that
have non-zero longitudinal electric field:

k )
E, = —Eok—zJ,;L(kf,«r) cosnb sin kyz e Wt (91)
T
nk; : : —wt
Ey = Eok2 Jn(krr) sinnf sink,ze (92)
T
E. = EgJn(krr) cosnb cosk,ze ! (93)
- nw - —wt
Br = tEo—>5 > Jn(krr) sinnf cosk,ze (94)
cckzr
By = iFE 262 J! (krr) cosnf cosk,ze ! (95)
C™Rr
B, = O (96)
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Appendix B: Cylindrical cavities

In these modes, the magnetic field is purely transverse (zero
longitudinal component); therefore, they are referred to as
“TM"” modes.

As before, for physical fields, n must be an integer.

The boundary conditions on the fields give:

0
ky = 20 and  k, = % (97)

a
where pnm is the mth zero of the nth order Bessel function

Jn(x).

The frequency of a mode TM,,,,,» iS given by:

Wt = c\ k2 + k2 = C\/(“?'Tmf + (%)2 (98)
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Appendix B: Cylindrical cavities

The lowest frequency accelerating mode in a cylindrical cavity
is the TMg1g mode (n =0, m =1, £=0).

The fields in the TMgig mode are given by:

E = 0O (99)

E@ = 0 (100)

E: = EoJo(por.) e™! (101)

a

By = 0O (102)
F .

By = —i—OJl(pmi) e "t (103)
C a

B, = 0 (104)
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Appendix B: Cylindrical cavities

Cylindrical cavity mode TMg1p:
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Appendix B: Cylindrical cavities

The frequency of the TMgjg mode is determined by the radius
of the cavity, not by its length:

wo10 = C\/kg + k2 = po1

¢ (105)

a

Note that:

However, to get the maximum acceleration from the cavity, the
time taken for a particle to pass through the cavity should be
one half of the rf period, i.e. 7/w.

T herefore, for best efficiency, the length of the cavity should be
wc/w = A/2, where )\ is the wavelength of an electromagnetic
wave with angular frequency w in free space.
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Appendix B: Cylindrical cavities

Cylindrical cavity mode TMi1p:
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Appendix B: Cylindrical cavities

Cylindrical cavity mode TMgog:
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Appendix C: Exercises for the student

1. By considering the boundary conditions on the electric and magnetic
fields at a boundary between two different materials, show that, for an
electromagnetic plane wave striking the boundary at normal incidence,
the amplitudes of the transmitted and reflected waves are given
(relative to the amplitude of the incident wave) by:

FEor _ Zo— 21 And Eor = 22>
Eor  Zo+ 71 Eor Zo+ Zy’

where Z; is the impedance of the material on the incident side, and Z>

is the impedance of the material on the transmitted side.

Show that the energy in the wave is conserved at the boundary.

2. Calculate the radius of a cylindrical cavity for which the frequency of
the fundamental accelerating mode T Mgig is 500 MHz. What is the
optimal length of the cavity for accelerating an ultra-relativistic beam?
If the peak electric field in the cavity is 5 MV/m, what is the energy
stored in the cavity?

You are given that: [ rJo(porr)2dr = [ rJ1(porr)2dr ~ 0.1348.
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