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1. Measurement
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The Standard Signal Path
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Measurement means:
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Signals

Signal = Definition: j
:?:lf?ge as @ function of time & Time:t = [ (sometimes € B])
» Amplitude: s(t) € B

discrete | continous P _ ()

analog digital & Power: st (t) e IR[l] (constants are rencr-

causal | non-causal medto 1, eg. P = % or P=I"R)
Energy-Signal:

. Power-Signal:
f s (t)dt <=

lim — f 5 [r et < oo
(Problems with sin(), cos(), rect() T—e T

and stochastic/noise signals)
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Errors

1. systematic (deterministic) error

2. unsystematic (statistic) error (noise)

systematic error statistic error
& due to characteristics of the & unforseen fluctuations,
measurement device. random, stochastic, noise

(ADC/DAC: affser, gain,

. : # itis possible to estimate the
linearily-errors)

extend

# Improved by improvements of g .o pe reduced by statistical

apparatus. methods (averaging), multiple
& Limits: Quantum mechanics measuraments
accuracy precision

Definition is context depentant: accuracy of 100 devices can be a matter of

precision !
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2. Noise
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Noise gt T
acoustic = electronics
Moise sources:

# EBrownian movement of charges (thermal noise)

& \ariations of the number of charges involved in conduction (Shottky
noise/shot noise, flicker noise)

& quantum effects (Zero point fluciuations)

Moise classes: . o
Amplitude density distribution:

& white noise — flat spectrum probabilty density

& pink noise — low-passed spectrum —— Gaul}
# blue noise — high-passed spec-
x if many indep.

trum o sources comribule
— stochastic signal
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Sensor Noise

Sources: Spectrum: o
Iog{ porwer denzity)

"white® ™
Thermal noise (Johnson-/Nyguist-noise) e
Shot noise (Shottky-Noise)

(quants of the elementary charge)

»

BW

log( power density]

& 1/ noise

& (e.q. flicker noise)
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Thermal Noise

Brownian motion of charge carriers l

fective vale measurement bapdwidth
Noise \"ultagems — VTR

Note: Thermal noise is only emitted by
structures with electromagnetic losses
(resistors, R}, which also absorb power!

[ B
Fome = 1| kT =
™

I ~ _z._.--'.lgnl:lnitr;h-_]nmu-u :ppmi._-"--._ . |
(L mation, bigh T, zmally - independent from K

.. 2
Moise Power: | P, = ﬁb’mfm =kTH L’l_,r

received fram RI ':P'C"WE" n'ubd'ung] CAS Hows [N agroaicon X606 .-.-.M.x- Hoffrows - p LAY



Amplitude Characteristics

pEicssia ud =N

“
white noise gaussian distribution
E'rrm.'u.n =0
Urn.".lk = =2
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The Physics behind
—

P Bl
# Power Spectral Density p(v): Hz Hz

p=kT P=[ pdv Problem: total power — e
BW

& derived from Planck’s law:

i
= |p=kT H” w2 kT
el —1

(+ zero point vacuum fluctuations %.fw}
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Thermal Noise Spectrum

power density /kT

T T T T T T 1 T
0 1008z 10Rfz  IMSz 1T0MBz IOGH:  1THz 00T Hz

BW=3 THz :rl T =200 K
—
T —0
For frequencies =10 GHz you can gain more than proportionally by
cooling!
The zero-point noise can not deliver power to a load. But it can be
amplified to a noticable magnitude.
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Cosmic Noise
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Shot(tky) Noise

1 f -3 e
no current,
no shot noise!
S0 S
stochastic peak/pulse train t* B~ ,,_m

— white spectrum I

i
| | o
e L e
I - t d
B Jr'_'rﬁ T LL_r“"_l"-,_,f‘* -J’_"‘-,‘_.,-“r b il T transit time
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Flicker Noise

[ ]
|
=
log(p)
T _ ' P,
\__ trapping | |\ -
= - \\\ N-I_Ilr equal Y
" T
& Markow Process ,‘/
T s
—+ Lorentz spectrum '.. ~ - ~
T T

spectra with different T
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System Noise Measurement

Input Noise: | real
[equiv. input noize) [T
- B
g BP =t
Fu . .
= Flnpuinoise — projected to the input
Buin
& SNE =1 ifinputsignal level = inputnoise lavel.
e’
At the output
/’ |:+nvui=E'| IIIIE.:"_‘=
TR | ]
“I Nni@@éﬂtmé—‘/'—" Systemi—=| /", —-@
B (input noiss) PeI"F
g BF

1. openinput, measure Fur
2. close input, inject additional noise (F,) so that F.p2 = 2Fr)
3. read F. from generator, — P, = INPUL NOISE. s i mumio 000 st b - 11



Signal to Noise Ratio

Power ratio, inside bandwidth! _l
SNR — __s.iEnuI _ (Aﬂ-.iignul.m'ls.)_ Measurement:
Pnu'm.' i . - . .
| An-::-l.in..rrns. SN B 5 +]
N N
P:= f piv)dv
BW

P'. | Aﬂ imnal -

SNR(dB) := 10log, | === | =20lo e

l: :I v (P““-'*'-' ) S0 ("d'nuiu.'.rmx

= -Ps.'lgnu| [dB m] - Prx:-ia:[dBm]
Units: [SNR{dB)]=dBc (="dB below carrier")
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Noise Figures

noise factor:
_ P SNE;, noise figure:
F=—-+1 =
kB SNR_.
M F' = 10logF [dB]

& Relation of input noize + noise of
the source to noise of the source

anly
& number of additional kT B units of
noise necessary on the input to
double the output noise
Examples
1. the system adds no additional noise: I = 1.F" = 0 dB (Th= input nois= equals
thermal noise on the input. IF the real femperalure iz lower than 290 K, F can b= smaller.)
2. avery noisy system reduces the SNR from 100 (20dB) to 10 (10dE]):

=10, 'Fi =10dB CAS e [Ragroaics 308 (<) Morkas Floffres - 2133

& = ameasure of the system
itself

& The figure is independent
from T" and B!



Data sheet of a signal analyzer (AGILENT N89734A)

A Data Sheet
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Noise Temperature

| noize _l
Systemn[—™| "™ —P@
{noize) P
T—E g BP =

Put a resistor T,.i.. 80 that Py doubles:
Tiee 1= I:J'"— 1] 290K [K]
——

for white noize

& for anideal noise-free system — T = 0 K.
& s not necessarily identical with the real temperature the system is on.

# A low-noise amplifier can have T, = 20K — F = 1.06. F' = 0.28 dB.
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3. Statistics



Ampiuds

Mean and Standard Deviation

—

1 N—L

f:=NEx,-

i=tl
mean over N samples.

T 1

1 N—1 .
o = N_— 0 -E,:;, l:.r; —.1?]'

variance = (standard deviation)”
“power of fluctuations®
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RMS and the Running Statistics

1 |V N—1 ].'v.'—l :

aog | B (5
N i=(

e e’

N—1 =
S’
sum of squares aum?

Signal to Noise Ratio (SNR): SNR =

Coefficient of Variation (CV): CV =

“Power of fluctuations plus power of DC component”
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Standard Deviation of Common Waveforms

a. Sguare wave, V,, = 20 b. Sine wave, V,, = 220 _l
4 Lt VAN A NS A WY A VO A S
L 1 1 Ld V., I'I '.II IIIII(‘ \ II|I I'|I ,‘Ir II|II IIl |II '.D
| -1 |,'I IIl. / Vo b !
T L L¥ W W LV W
c. Triangle wave, V,, = v/ 120 d. Random noise, V,, =6 — 8o

P A L

| \ \ ! \ i ‘I lik! } : '
AN A AT :.‘“Wﬁ'ﬂ'mwu“”‘ﬁ%ﬂﬁ“‘

vy "u"llll III' LYY,

¥
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Probability Distribution Functions

a. Sguare wave

b. Sine wave

d. Random noise
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The Normal Distribution

R
Plx] = f_ 20'9
( ] 3 2T
Gault function
Y R Y normalized =20

raw sha::en ! I'(-‘f] =T o —

: 0.2 +

0.50

55 0.1

I t 0
4-3-2-10 1 2 3 X *

0 5 10 15 20 25 30 35

mPI{x]dx =1

I
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Underlying Process

-

typical error:

ON

TN

& gy s an estimate of the standard deviation of the underlying process by
N samples (e.q. extracted from the histogram).

Ampiuds

zhenging maan

.w

L‘\ U W”h

Amdiuge

2

o

-

R

o

A,

=] 400

Sunph rl.l'nlu

100 =on aon 400 =i

Sample rumbar

& Extract the most information about the underlying process out of the

sampled signal.
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Propagation of Error
in general: _l

a function of (model) parameters o; with corresponding errors Ad;.

f =
3y 3
=|Af = \'.'IE (a—iam)

Example:
x(t)=v-1+x

o Y (2 VL (Y
AT e ) e ) Tla

= 1,III."'I|:ﬂ.1'-!:]E + (Axp)
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Accuracy and Precision

mean — e value _l
—r

x| x)
- ..: : - ACCUTACY
g :
E : # measure, estimate,
g om0 ; predict
4 precision ) N N
H -— 2 "frue value
b e
& measured value
o & cystematic error
(=1 0] i 100 1304 1400
Ficld smplitde [mi'] B random noige
# agccuracy is a measure of calibration
& precision is a masasure of statistics
Cuestion: measuring with 100 different devices. — accuracy or precision?
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The Central Limit Theorem

# generation of randum numbers (noise) {x; = RNE} —05
# white noise RND := [0;1] | o= 'I_ 72 0.29
& gaussian noise: t
“the sum of random numbers (any 0 -
distribution) becomes gaussian o 1 2
distributed" ¥ = RND+RND
better: X i=1
! : 1t =L =04
=y —2log,,|[RND) ) - cos [ 2T RNDz) v
- ﬂ _
=0 a=1 0 1 5 X
# pseudo-random:
x=END+---+END (12 =)
RND = (as+b) modc 1pix) =6
o=1
seed
ﬂ -
0 6 12X
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Chi Square Distribution
)

e
X; are & independent, normally distri-

w) "
buted random variables with }E’; =0, ] :
o. = I:

k
0:=Yx
i=1

is distributed according to ,,Chi Squa-
rell

O~

k: rumber of degrees of freedom

k
Xz
For k = 1: () becomes Gaussian dis- flxk) =
tributed.
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Chi Square Test

=your model j
Null-hypothesis: is true if your alternative hypothesis cannot be supported.
Statistical Test: falsify the Null-hypothesis!

y°-Test: the statistics of samples of data {derived from model) has a
xzdistributicn if the null-hypothesis is true.

——
Cr gausz orany, if the pra-
papilty dizirbulion appra-

simaies large # of samples pm;?hlll'_.' thalx i in § -
Theory:n g = Folx);- N
A7 distribubed,
m

.
2 Eﬂj_’!_fl:l_]_ m— | degrees of freedom
s

mllopg R

— . If f is larger than a slgnificance level oL'
hizsmg?am‘i SR e hypothesis will be rejected. mrtabiag

-

{oul of the scop=)
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4. Advanced Concepts



Power Spectral Density

averaged power levels related to intervals of noise frequency j

l;:r.-er:ge aver many time inbervaks T

palv) = lim )z|fr ™ di|*)  power spectrum of X (1)

Unit: [712], (452, [$o2], or [%] {phaze naise). Amplitude:[?’__“i]

Hz Hz Hzx

Wiener-Khinchin theorem:
p.(v) = Fourier Transformation of Autocorrelation function of X(r)

pelv) = f Ex [r:]eg""wd'c fourier transform of
g.lr) =1 f N x(t)x(r+t)dt) average autocorrelation function
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The Fourier Transformation

time domain frequency domain
s(1) — S(w)
signal spectrum

Given f: D — C, where 3 C |, the

Fourier tansformation of f is: and the back transformation

# Note: We use o = 2mv to getrid of the constants.
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Fourier Transformation Examples

s(t) time domain S(f) | frequency domain|s| L
S 1)

1 B — 8(/) J%

FJ —H—

3(t) 1, —

| | l[1]| !

g = S g 4L

N {Fz A (1)

2cos(2nFt) : B(f+F)+ J——I—-

B f—F) F
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Calculation with Fourier Transforms

-

FT T
x(t) — X (@) — x(—1) For a real input, the trans-
Symmetry: formation produces a complex
FT: Ix(t)} = x(—t) spectrum which is symmetri-
) cal:
Linearity: | X(w) = EM]
FT{ C1X] |:-f:| + I’.'E.'L"jl:f:l } =X [mj + a2 le:m] comple.-:Loniug:\le
Scaling: X(cos-lke] = real
1 o X sin-like — i f
FTxiit — — x (o (sin-like) imaginary
Time-Shift: _
Convolution: FT{x(t+i)} =X ()
FT{x (1) xxa()} =Xi(0) - Xa(@) :  FT{x()-xn()} =X (0)X(o) |
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Autocorrelation

Given two functions f.g: D —
where [} C R, the cross correlation
of " with g:

(fog)(1) ==K [ f(gle + T)ar

Autocorrelation
Alt) i=gog =K [ g(e)g(r+e)dn

Detect a known waveform in a noisy
background, e.g. echoes.

correlation fime

Symmetry:

Convolution: )
fln]=g[n] = f[n] £ g[— n]

Peak: 14,(1) < 4.(0)

Periodicity:
glt)periodic < A, (1 )periodic

=fpiv) fcurrelatiuns

-_II' mit)
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Power Spectral Density (2)

& Spectrum of the autocorrelation function: _l

s(t) s s(—1) 5 S(w) - §* (o) = [S(0)]* = p(o) [W/Hz=1]

Energy specirum

# we |oose information about phase (or time/shift/location), Time imariancs

»

white noise part is contained in g,(0)

# relation to the variance and RMS of x(1):

V: N N N -]
() = [PV = P = (RMS.)? =: g = v,

Wiener-Khinchin:
mean square value in time = mean square value in frequency

# analog and digital measurement technigues possible.
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Complex Noise
(Amplitude & Phase Noise)

carner frequency

Harmonic Signal with Noise: (1) = Ag (1 +8aur) ) &*™V0 +O0(r)

camier Bpeak ampliude noise phase nose

p(v) = A2 (8(v — Vo) + palv — Vo) + palv — Vo) + 6" (P o))

El{‘b" —‘l.-'n]

Y -
=
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Phase- and Time JlttEF
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Noise Propagation
& Adding noise sources: ]

: AR
|

»
g U,
v @ | ntH;eEE:Iﬂﬂ ||

B U
"

v

'
.

Gy LI
OR

Bl
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Noise Propagation (2)

& Amplifier/Attenuator:

b
B, '\-f-:"\'l.."-..h aU x
X -y d

y(t) = gx(t)
H\.‘ = ._[sr:P'l:
Ua.'l'l'.y =Eg" E{"r.'r

pv) = gpalv)
Pas(V) Pa(V)
Pasv] = paslv)

The power of the phase noise is
not(!) amplified!

AEI
— Hal
g = .
H(s)
X .-"'"‘11 =Y
& LTI-Filter: n_~

y(e) = hit)*x{t)

trancher function

Py(v) mﬂllp.v (V)

H(V+Wvg) ;
p'I-.‘-'l:V:I - | H[V[]j | pl:t..l'[v]
) Hiv+wval .
Pos(v) = | polv]
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Quantisation Noise

_ & Quantisation-Error j
Transfer-function of ADC: |,J1| = 0.5LSB
output 4 L ’
o }‘ RMS(AA) =~ /12LSB
011 _ /] \\ & missing codes
v & code transition noise
L Quantization
e ——
|- Error

¥ output
0] —
000 - T T T T -

imput

For a full scale sin( J-signal: f
SNR = 6.02n+1.76dB+ 10 log (—) — -

2BW
increases with lower BW.
—doubling the sampling frequency increases SNA by 3dB (same signal BW)

—"oversampling”
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Quantisation Noise Spectra

fs
= 2 .
SNR =6.02n+ 1.76dB + 10 log (EBW')

it is azsumed that the noise is equally distributed over the full BW.

!This is often not the case!

Mostly the noise is correlated with the input signal!

# The |lower the signal, the more correlation!

& |n case of strong correlation the noise is concentrated at the various
harmonics of the input signal, just where you dont want them.

& dithering and broad input signal spectrum randomizes the quantisation
noise.
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S. Applications



Stochastic Signals in Accelerator Diagnostics
Apply additional and/or artiﬁccial_|

Use the noise which is there anyway »

o

# Tune measurements from
shottky noize of the beam itself
(witout increasing the »
emittances), esp. hadron beams)

# Synchrotron light emmission —
noise source, beam exitation ™

»

ipseudo random ) noise

dithering methods

beam size blow ups (nbunch
lengthening)

decorrelate signals to avoid
& systematic errors,

# interference and

= resgonnant excitations.
transfer function
measurements

Stochastic cooling

in many other cases the stochasic part of the signal is unwanted (noise)

— Noise Filtering Techniques
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Fighting the Noise
How can we reconstruct a signal to which noise has been added? j

Cne Idea is to use a Low-Pass Filter:
nojse

Froblems are: latency, dissipation, high frequency cut-off and still noise
in the low frequencies.

— solution to this: the Kalman Filter

— other solution: (non-causal)

noisy Signal | — | Transformation | — remove noise —
[irwerse Transformation ] — | Signal
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Measurements, Statistics and Errors
N

The art of measurement is always also the art of error treatment!

The End
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