LONGITUDINAL INSTABILITIES

E. Métral (CERN)

=» The purpose of this course is to explain (theoretically) such

pictures of “longitudinal (single-bunch) instability”
Following Laclare

Observations in the CERN SPS in 2007

stable bunch dipole osc. quadrupole osc.

1 A

profile (norm.)

Courtesy of Giulia Papotti
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SINGLE PARTICLE LONGITUDINAL MOTION (1/2)

. 2 A
T+w,1=0 T=7cos( w1 +1,)
A 12 Time interval between the
eVep h ncosg,, passage of the synchronous

W =2 particle and the test particle, for

a fixed observer at azimuthal
position 9

2xf° E

total

e = elementary charge

R = average machine radius RS, =v=[Fc c=speed of light

P, = momentum of the synch. particle Poc=PE,.
Vir = peak RF voltage n=a, - iz _ if [ fo _ slip factor
h = RF harmonic number 4 D/ D,
1
¢., = RF phase of the synch. particle &, =—=mom. comp. factor

Vi
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SINGLE PARTICLE LONGITUDINAL MOTION (2/2)

dt ) . dt df dp

€ Canonical conjugate variables (r, T=—

dt dt fo Do
.2
2 T A2
T -+ — = T
a)sO Ap
2|n| =~
€ Linear matching condition W, = Po T, = 2 %max
T,
p - pO —

& Effect of the (beam-induced) electromagnetic fields T=1 7

T+, T= N Z’IZ= ne [E+\7x§] (t,ﬁ=£20(t—1:))
Po Po /4
@en following the particle along its traject@
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SINGLE PARTICLE LONGITUDINAL SIGNAL (1/3)

¢ Attime ¢=0 ,the synchronous particle starts from ©¥ =0 and reaches
the Pick-Up (PU) electrode (assuming infinite bandwidth) at times tl?

Q t, =0 +2km, -wo=<ks+ox

¢ The test particle is delayed by T . It goes through the electrode at times 7,
to=1 +T

€ The current signal induced by the test particle is a series of impulses
delivered on each passage

k= +o
0 2kx
0 ) = o| t—1- —
SZ( ) ek=2_oo i g20 g20 )

Dirac funct@
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SINGLE PARTICLE LONGITUDINAL SIGNAL (2/3)

2kn) Q'S i,a..
4 Using the relations E 5(u—— —0 e’ ™0
= 20
= (0.0] p_ 0.0]
M= +00
e—J”TCOS(wso“‘U}o) — E]—m Jm( l/l%) ejm(wsof"‘l/)o)
m=—00 \
@function of mth @
p.m= + 0 . ,'9‘
= s (1,0)= 2 FTT (p Q) el mi )
p.m=~o
Fourier / transform ®,, = P& + Moy
‘l AN ( )
-m A -j(pO-my,
s, (o, 2] o T)e T 5(a)—a)pm)
p,m=-
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SINGLE PARTICLE LONGITUDINAL SIGNAL (3/3)

€ The single particle spectrum is a line spectrum at frequencies
w,, = pQ,+mw,,

¢ Around every harmonic of the revolution frequency p€2, , there is an
infinite number of synchrotron satellites m

¢ The spectral amplitude of the mth satellite is given by J ( P, %)
€ The spectrum is centered at the origin

¢ Because the argument of the Bessel functions is proportional to 7 , the
width of the spectrum behaves like %‘1
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DISTRIBUTION OF PARTICLES (1/2)
W(7,1,,t)=particle density in longitudinal phase space
€ Signal induced (at the PU electrode) by the whole beam

S, ( =N, foo%_fzﬂw (T,9,.1)s.(2,9) T dT dy,

@ber of particles per bunch

€ Canonically conjugated variables derive from a Hamiltonian H(q,p, t)
by the canonical equations

_H(qp.t) o H(q.p.1)
ap dq
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DISTRIBUTION OF PARTICLES (2/2)

€ According to the Liouville’s theorem, the particles, in a non-dissipative
system of forces, move like an incompressible fluid in phase space. The
constancy of the phase space density

the equation

d¥(q,p,t)

¥ (q,p,t)

dt

IS expressed by

where the total differentiation indicates that one follows the particle while
measuring the density of its immediate neighborhood. This equation,
sometimes referred to as the Liouville’s theorem, states that the local
particle density does not vary with time when following the motion in

canonical variables

€ As seen by a stationary observer (like a PU electrode) which does not
follow the particle => Vlasov equation

0t

8‘P(q,p,t) .

qallj(q,p,t) .

dg

oW (g, p,t
5 (g, p.1)

Jp

0
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STATIONARY DISTRIBUTION (1/5)

2 2

€ In the case of a harmonic oscillator H =w 9 "z'p

JH

q=—"—"=pw
Jp .
= g+w qg=0
p=-Ce—qo
dq
g=7rCcosg
4 Going to polar coordinates ,
ooP p=-rsing

L ) )
J1 r 3¢
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STATIONARY DISTRIBUTION (2/5)

& Asrisaconstantof moton = r=0

oW oW

= —+w—=0 with p=wt
dt Jd¢
oW o ¥ oV ¥
= —=—-@W—= = = =0
dt d¢ ot Jar  J0¢

= ‘P(r)

A stationary distribution is any function of r, or equivalently any function of
the Hamiltonian H
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STATIONARY DISTRIBUTION (3/5)

A

r=1T

g=T ~ <
& Inour case bt =1, 1}!0(1—,1/;0,1‘)=g0(t)
p=+
= |S,(w9)=2xl, Eoo(p)é(a)—on)e”pﬂ
P

Amplitude of
the spectrum

with  [0o(P)= [ Jo(PpRT)g(T)tdt
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STATIONARY DISTRIBUTION (4/5)

A 2 A
¢ Let's assume a parabolic amplitude density | 89 ( < ) = > (1 -z )

T/(t,/2) E(T;)

Z

€ The line density )\.( T ) is the projection of the distribution g, ( T ) on the
T axis

Mr)=fal)

s0

[ A(r)dr=1 _ MZ):M(@) (1-2)"

z=t/(7,/2)
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STATIONARY DISTRIBUTION (5/5)

¢ Using the relations f] )u'du'=ul (u) J o (x)+ 7, (x) 2n
X

fx ] dx X [2]2(x)—x13(x)]

B=t,Q,/2x

-jp¥ ]2(pﬂB>
(pB)

a
= GO(p)=.TL'(pJ'EB)2J2(pnB)

and Szo((l) ﬁ 8] E (5 w — pQ )
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LONGITUDINAL IMPEDANCE

2nR[E \7xl§] wfooZ S(w,9)e’" dw

W= —00

All the properties of the electromagnetic
response of a given machine to a passing particle is
gathered into the impedance (complex function =>
in Q)
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EFFECT OF THE STATIONARY DISTRIBUTION (1/9)

%+wfor=FO=M[E+\7x§]

, A 9=9,(1-1))

[E+17><I§]ZO(t,ﬁ=§20(t—r))=_2nLRw=+le(w)Sz0(w 0=Q)(1-7)) e’ do

= |T+w,1=F, = ZAEI’?(USO EZ,(p)GO(p)e“’Q”
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EFFECT OF THE STATIONARY DISTRIBUTION (2/9)

€ Expanding the exponential in series (for small amplitudes)

@hronous phase shift

Incoherent frequency shift
(potential-well distortion)

Nonlinear terms introducing some
synchrotron frequency spread
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EFFECT OF THE STATIONARY DISTRIBUTION (3/9)

€ Synchronous phase shift

27 1, 0y '_
t+a)s0r— s Re| Z,(p)|o,(p)
RF h COS ¢sO p=z—oo [ ]
= t -1,
t,=0
Test particle Synchronous particle 50

p= +4 CO

. 2w l, w,
= tp+ws20tp=wszotm+QOVRcmoqu ERe[Zl(p)]ao(p)

s0 p=-
= [+l =0yt
21 'S
ith At =t —t, = ~ b Re| Z
wi Pl S QOVRphCOS(Psop:E_OO e[ l(p)]GO(p)
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EFFECT OF THE STATIONARY DISTRIBUTION (4/9)

¢=wRFt wRF=hQO

Only for the small
amplitudes. For the power
loss of the whole bunch an
averaging is needed!

¢s = Wgp L

A¢s = ¢s o ¢SO = wRF AZLs

=
]
M+
3

2 1
— A¢s=¢s_¢s0=" :

Ve COS P, Re[Z,(p)]oy(p)

()p/

Can be used to probe
the resistive part of the
longitudinal impedance
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EFFECT OF THE STATIONARY DISTRIBUTION (5/9)

€ Incoherent synchrotron frequency shift (potential-well distortion)

271, o
4wl 7= —t b D EZ (p)ipQt
2, Vir h cos¢

sO0 p=-

= T+ 1=0

2ml,
1 - Z,(
Ricosqb E] P)po(p)

. 2 2
with ;=

sO0 p=

= |f the impedance is constant (in the frequency range of interest)

p=+
(1)S2=(1)s20{1—,\ 2nl, E pzao(p)}

VRF h COS ¢SO const p=—®

]-ZI(P)
P
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EFFECT OF THE STATIONARY DISTRIBUTION (6/9)

p=+x p=+x
2 8
€ Using the relation E Jz(pX)=; — 2 ngo(p)=n4B3
p=- p=-
For the parabolic
amplitude density
w’ -w’ 161 Z,(p)
— A — S s0 - _ b ] l p
wSZO ‘753 B3 VRF h COS ¢s0 p const

The change in the RF slope corresponds to the effective (total) voltage
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EFFECT OF THE STATIONARY DISTRIBUTION (7/9)

¢ Bunch lengthening / shortening (as a consequence of the shifts of the
synchronous phase and incoherent frequency)

ﬂlibrium momentum spread
= Electrons is imposed by synchrotron radiation

\

bp _( ap B _o,

— —
pO pO 0 BO Wy

cos g,
COS .

Neglecting the (usually small) synchronous phase shift

3
B
—) +A, with Ay =A,_p
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EFFECT OF THE STATIONARY DISTRIBUTION (8/9)

/@gitudinal e@
= Protons \IS iInvariant

2
A B
‘L’b%=1’bo - = (—) =ws0\/

COS ¢s0
COS Q.

B, W

S

Again, neglecting the (usually small) synchronous phase shift

3
B B
= — — | +A,
BO BO

-1
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EFFECT OF THE STATIONARY DISTRIBUTION (9/9)

" General formula

+ for electrons
and - for protons

B/B,

A

Protons

/

Electrons

04

0 0.2 0.4

€ Conclusion of the effect of the stationary distribution: New fixed point

= Synchronous phase shift ¢ , = ¢, (]b )

= Potential-well distortion

A

VRF:>‘,}T (Ib)
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PERTURBATION DISTRIBUTION (1/2)

—Around the
€ The form is suggested by the single-particle signal new fixed point

p.m=+x

E ]_m A ) ¢ j(wpmt—p19+m1p0)

p.m=—

s, (2,9)=

= Low-intensity Alp(%,qjo,t)= gm(%)e'jm% 050wt =0

A

Aw, =0, —mw, <<,

Coherent synchrotron
frequency shift to be determined

Therefore, the spectral amplitude is maximum for
satellite number m and null for the other satellites
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PERTURBATION DISTRIBUTION (2/2)

p=+%
nd ASZm(CO,ﬂ):Q’EIb E O'm(p)((jl:a)_(pge()-I-’/na)s-l-Aa)cm):Ie_jp19

p——OO

with |0, (p)=i" [ 1. (pQt)g,(%)tdt

Amplitude of

1/2

w =0 |— eV hncose, the perturbation
% 2ap*E,,, spectrum

" High-intensity AW(%,wO,t)= E gm(%)e‘f’""’o o 1 APant
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EFFECT OF THE PERTURBATION (1/10)

lp(%a%,t) \P+A\P gO Egm % —Jm%ejAw t

¢ Vlasov equation with variables ( T, Y, )

oW (dsy, AW dE OAW dy,
0t dt Jdt ) dt O0dvy, dt
o | 9W__dg, dt
—> Linearized Vlasov equation Py 4 di
AN - dg, dt
= ] T)e /"0 Aw e /0! = - 220
i 2 8(%) om di di

m
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with %+a)szr=Fc=M[E+\7xl§]c(t,ﬁ=£20(t—

with

EFFECT OF THE PERTURBATION (2/10)

dz

dt

d Jz i
=—|.|T +
dt 00,

2
s

F, .
=——Csm(a)st+lp0)
W

A)

Po

r))

F

C

2], o’

) QOVT h cos¢,

o 0t EZ o IPQ0T (p

p_—OO

)

=S o, (p

Spectrum amplitude
at frequency p QO + .
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EFFECT OF THE PERTURBATION (3/10)

€ Expanding the product sinqj e JP0T (using previously given

relations) W=+
= Wy 0

siny e /707 = E jre MY pgo%Jm(pQO%)

m=—w

—> Final form of the equation of coherent motion of a single bunch:

A Contribution from
wcm = wc —m a)s the modes m

2nl, mw, dg," E
Q7 VT hcos¢p, dt

Z(p)
., D

all
J pQO%)a(p)

jAw,, j" 8. (T)T=
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EFFECT OF THE PERTURBATION (4/10)

€ Coherent modes of oscillation at low intensity (i.e. considering only a
single mode m)

2nl, mow, dg, pioo Zz(P)
Q2V._ hcos¢g. dt D

jAw,, j " g.(T)T= J,(pQT)o,(p)

Multiplying both sides by J,, ( [€, %) and integrating over T

Twofold infinity of
coherent modes

p=+
= Aa)cmq qu(l)= EKZ’Z qu(p)

p=—> Ao()cmq = wc)zé —m Cl)s

2al,mo, . Z(p) " dg 5 A\
K'=—-_—2"0 s l 0 J QT)J (IQ.T)d
g QéVThcosqu] D 7;[0 dt (PRT)J,(19,7)d
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EFFECT OF THE PERTURBATION (5/10)

€ The procedure to obtain first order exact solutions, with realistic modes
and a general interaction, thus consists of finding the eigenvalues and
eigenvectors of the infinite complex matrix whose elements are K’

€ The result is an infinite number of modes mgqg ( —%<m,q<+® ) of
oscillation (as there are 2 degrees of freedom (%,% ) )

The imaginary part
tells us if this mode is

¢ To each mode, one can associate:
stable or not

= a coherent frequency shift Aa)cmq =0,,, —Mao, (gth eigenvalue)
= a coherent spectrum O g ( P ) (gth eigenvector)
= a perturbation distribution .. (T)

€ For numerical reasons, the matrix needs to be truncated, and thus only a
finite frequency domain is explored
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EFFECT OF THE PERTURBATION (6/10)

€ The longitudinal signal at the PU electrode is given by
qu(t’ﬁ)= SzO(t’ﬁ)+ ASzmq(t’ﬁ)

p=+o
Szo(t,ﬁ)=2nlb E O’O(p)ejpgole—jpﬁ
p=—OO
p=+ |
ASqu(t,ﬁ)=2j[[b E Umq(p)ej(pQOerwsJ’chmq)t e‘fpﬁ
p=—OO

€ For the case of the parabolic amplitude distribution

p=+
80(2)= : 2(1—22) Sz()(t,ﬁ)=8]b E g /PRl omiP? ]2(197532)
n(ﬂg’) p==x (pﬂ:B)
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EFFECT OF THE PERTURBATION (7/10)

on_ 1281, mo, .Z,(p)f=f*°° A A
lp_QZV hcos¢, T, p 2.
=0

€ Low order eigenvalues and eigenvectors of the matrix can be found
quickly by computation, using the relations

}J ax xdx —X—Z[J'(aX):|2+l Xz—m—zfz(aX)
A 2L 2 a|"

[ 7 (ax)J (bx)dr=—>—Tas (bX)J, (aX)=bJ (aX)J, (bX)
/ [ ]

0 a —-b

€ The case of a constant inductive impedance is solved in the next slides,
and the signal at the PU shown for several superimposed turns
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EFFECT OF THE PERTURBATION (8/10)

011 013 022

Signal obs m
at the PU electry
S22

T g % T
g11 @ 813 822
A
T

A
T \/ T
DIPOLE mode QUADRUPOLE mode
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EFFECT OF THE PERTURBATION (9/10)

024 033

A N AN

€ The spectrum of mode mq

+1

Sas Sis is peaked at |/, ~ Z .

b

and extends |~ =T, ‘

\/ T 7 T |lg=m+2k| Osk<+
224 233 € There are g nodes on
these “standing-wave”’
N patterns

N - T \/ ‘/I\'
SLXTUPOLE mode
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EFFECT OF THE PERTURBATION (10/10)

Observations in the CERN SPS in 2007

stable bunch dipole osc. quadrupole osc.

profile (norm.)

(Laclare’s) theory

S1
/\T m y T
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