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1876 Vyshnegradskii   independently analyzed
stability of steam engine 
governor stability

1868 Maxwell                 published an analysis of Watt’s centrifugal governor
mathematical analysis of a feedback system 

1788 Watt                        adopted an automated regulation mechanism using a
centrifugal ሺfly‐ballሻ governor to control a steam engine,
using the angular speed to manipulate a valve for the steam
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Feedback systems in 
engineering

Feedback is a mechanism that influences a system by looping back an output to the input

a concept which is found in abundance in nature
and essential to regulate the processes in any form of life
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What is a system, what means feedback ?

What are the purposes of feedback systems ?

recap the mathematical tools to analyze system behavior 

criteria for the stability of closed loop feedback systems

steps in designing feedback systems
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System input System output

Gሺsሻ

)()()( sXsGsY )(sX

)(tx )(ty

characterized by a fixed rule determining an evolution in time of the output

deterministic, output can be calculated from input and initial state

non linear systems can be linearized in the vicinity of a “working point”

Linear‐Time‐Invariant systems ሺLTI systemsሻ

Laplace domain

time domain

Gሺsሻ called transfer function 
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input
Plant

Gሺsሻ

)()()( sXsGsY )(sX

)(tx )(ty

control theory tells us how

to influence the output of a system referred to as plant

Laplace domain

time domain

output
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plant can be: steam engine,  living cell,  your home ሺtemperatureሻ,
ship crossing a river, particle beam trajectory 
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input
plant

open loop
ሺsimpleሻ

ሺbutሻ requires
precise knowledge of plant

FF

output

plant
feed forward anticipate,  requires 

alternate means of 
influencing output

൅

FB

plant
feedback ‐

new system !
new properties ?

feed back means 
influencing the system 
output by acting back on 
the input
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FF

tube
amplifier

H. S. Black, working at 
Bell labs in the 1920’s
on looking for a way to 
improve the linearity and 
bandwidth of vacuum tube
amplifiers

൅

FB

tube
amplifier‐

Black patented a 
feed forward 
scheme in 1928

patent for negative 
FB amplifier in 
1932 ሺH. S. Blackሻcontributing to feedback 

control theory at Bell labs: 
Nyquist,  Bode
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dynamic system
“plant”

system input system output

actuator sensorcontroller

purpose of feedback control:
cancel plant imperfections
precise tracking of reference parameters
stabilize a ሺpotentiallyሻ unstable system
reduce the effect of disturbances
render output insensitive to model uncertainties

model 
uncertainties

plant 
disturbance

sensor 
noise

‐

൅

൅

tracking
error

control
signal

reference
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system input system output
Gሺsሻ

open loop transfer function

)(sY)(sX

feedback

Fሺsሻ

plant

)()()( sXsGsY 

)()()()()()( sYsFsGsXsGsY output of closed loop

closed loop transfer function

without feedback

)()(OL sFsGG 

feedback

)()(1
)(

)(
)()(CL sFsG

sG
sX
sYsG




negative feedback ሺsign conventionሻ

‐ or ൅

‐ or ൅ depending on sign convention
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LTI  systems described by differential equations ሺcontinuous‐time domainሻ
or difference equations ሺdiscrete‐time domainሻ

solving equations subject to initial conditions using 

Fourier t

 

ransform, continuous and discrete

description in frequency domain by the response to a sinusoidal input
concept of transfer function F ሺ

 

amplitude and phase, 
for purpose of system characterization by measurement 

Laplace transform, transfer function F ሺsሻ in s ‐domain
complex frequency s ൌ 

 

൅j

 

for continuous‐time domain signals and systems

z‐transform for discrete‐time domain signals and systems

1952 Ragazzini & Zadeh
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




 ttfF tj de)()( 






 


 de)(
2
1)( tjFtf

)cos()( 0ttf   )()(
2
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ttfsF stde)()(
0





)cos()( 0ttf  2
0

2)(



s
ssF

ssFtf tsde)(
j2

1)(
j

j










t

......
0j

0j

j



s

0t

 js

complex frequency

functions are zero for t൏0

pole

zero
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)( atf  )(e sFas

)(atf

0a








a
sF

a
1

)(e tfat )( asF 

)(tf )0()(  fssF

)(tf )0()0()(2  fsfsFs 

 d )(
0

t

f )(1 sF
s

)(t 1

1
s
1step function

delta function

scaling

),(tu

integration

differentiation 1st derivative

differentiation 2nd derivative

1st

 

shift rule ሺfrequencyሻ

2nd

 

shift rule ሺtimeሻ

0a

…
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0

2  YYsYs 

14

02 2
0  yyy  

 ty t 22
022

0

sine1 


 


 

1)0(
0)0(




y
y


differential equation
ሺfree oscillationሻ

initial conditions ሺfor exampleሻ

)(tf )0()(  fssF

2
0

2 2
1

 


ss
Y

)(tf )0()0()(2  fsfsFs 

un‐damped oscillation for  0

solving differential equations using the Laplace transform
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poles

poles in right half plane ‐൐ unstable
a small disturbance will grow

2
0

2 2
1)(

 


ss
sG

02 2
0x

2
x   ss 22

0x j  s

22
0j  

j



s

22
0j  



)(2 2
0 txyyy   

)(t 1

 ty t 22
022

0

sine1 


 


 

The transfer function Gሺsሻ describes 
the response of the system to a ሺtሻ signal input

)()( ttx 
System input System output

Gሺsሻ

)()()( sXsGsY 
)(sX

)(tx )(ty
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dynamic system
“plant”

System input System output

actuator sensorcontroller

“Feedback”

)(ty)(tx

model 
uncertainties

plant 
disturbance

sensor 
noise

)(te
‐

൅

൅

tracking
error

)(tr

)(tw )(tn

control
signal

)(td

identify plant what are input & outputs ?objective ?
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beamൌ dynamic 
system “plant”

beam:
synchrotron oscillation of the 
centroid of a bunch in a bucket

sensor

controller

cavity, longitudinal kicker

identify plant

what are input & outputs ?

What do you want to achieve ?  damp longitudinal instability 

How to sense output ?

Let’s try !

phase pick‐up

actuatorHow to act on input ?

What type of controller ?
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)(2 2
0 txyyy   

differential equation

2
0

2 2
1)(

 


ss
sG

0KKssF )(

  2
0

2

2
0

2

2
0

2CL 2
1

2
1

1
2

1
)(1
)()(




 



























sKs

ss
KsssKssG

sGsG

example: 
beam ሺbunchedሻ longitudinal instability
plant: model of beam synchrotron motion ሺcentroidሻ

choose a feedback transfer function ሺeducated guessሻ

“velocity” feedback
feedback proportional to differentiated output
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poles

poles in left half plane if K/2 ൐ 
stable, damped oscillation

  2
0

2CL 2
1

 


sKs
G

  02 2
0x

2
x   sKs  22

0x 2/j
2

KKs  

 22
0j,  

j



s



 22
0j,  

  





  22

0 2/j,
2

KK 

  





  22

0 2/j,
2

KK 

poles of resulting transfer 
function moved by feedback
into left half plane for K/2൐

closed loop transfer function

note: feedback does not 
influence the zeros of the 
transfer function

amount of damping can be 
adjusted by the gain of the 
feedback K
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)()( txKty  )()( tKty 

differential equation step response

Gሺsሻ

)()()( sXsGsY 
)(sX

)(tx )(ty

KsG )(

impulse response

)()( tuKty 

transfer function

)()( Ttxty 

P

Delay sTsG  e)( )()( Ttty   )()( Ttuty 

PT xy
T

y 
1


TtTty /e)(   TtTty /2 e1)( 

1
)(



sT
TsG
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Very often plant and feedback can be characterized 
or approximated by transfer functions which are 
rational functions of  s.
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differential equation

Fሺsሻ

)()()( sXsGsY 
)(sX

)(tx )(ty

transfer function

D )()( txKty  sKsF )(

I 
t

xKty
0

d)()( 

PDT xKy
T

y  
1

1
)(



sT
sKTsF

K
s

sF 1)( 

W. Hofle ‐

 

feedback  systems



22

Fሺsሻ

)()()( sXsGsY 
)(sX

)(tx )(ty

transfer function

P‐I‐DT
1

1)( 321 


sT
sTKK

s
KsF

1K

2
1 K
s

13 sT
sTK
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precision, but over shoot

basic control, but offset

reduces overshoot
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poles:

sTKG
GG 


e1CL

closed loop transfer function

sTKsF  e)(

.constG 
System input System output

Gሺsሻ

)(sY)(sX

feedback

Fሺsሻ

plant

   
T
nGK

T
sx

21jlog1 




j



s
1GK

T
j

1GK

1GK
poles on
imaginary axis

T
j

feedback transfer function

 OLRe G

OLG1GK

1GK1

 OLIm G

Nyquist plot

0T
 



‐

K
G 1

CL 

1GK
0Tand

if
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locus of open loop transfer function for sൌj



poles: transcendental equation  look at plot of 
open loop transfer function

1e
1

11
2

CL
sTKG

sT

GG







closed loop transfer function

1e
1

1)(
2

sT

sT
KsF 




System input System output
Gሺsሻ

)(sY)(sX

feedback

Fሺsሻ

plant

feedback transfer function

‐

.constG 

GF
GG



1CL
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1e
1

1

2
OL

sTKG
sT

G 








 

unstable

1e
1

1

2
OL

sTKG
sT

G 




closed loop 

OL
CL 1 G

GG



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Nyquist plot:

open loop transfer function
for sൌj

0




0d
0








5GK
11 T
12 T


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stable

1e
1

1

2
OL

sTKG
sT

G 




closed loop 

OL
CL 1 G

GG



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Nyquist plot:

open loop transfer function
for sൌj

0





0d
0








5GK
11 T
42 T

For stability the point ሺ‐1, 0ሻ must 
always lie left of locus when followed  


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x

x’

area J

Bunch on
turn n=0

Bunch on
turn n=1

x

x’

area J
Bunch on
turn n=0

Bunch on
turn n=1

at pick-up at kicker

x’

x’
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Pick-up 

Kicker

Signal 
processingbeam

signal



K

PU

gain g
… …

rev/ ff

spectrum )1( qn 
nq

q fractional tune

each line is a harmonic oscillator

n 1n
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2

2
111

2

2
111

2

/
/

/
/

1
)(







 










sQs
sQs

sQs
sQs

s
KssF
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Nyquist plot:

open loop transfer function measurement by 
network analyzer –GሺsሻFሺsሻ, SPS vertical TFB
ሺsweep from 19.5 to 19.6 MHzሻ

GFG  OL

due to sign definition 
in measurement the 
unstable point to avoid 
is here in right half plane



 

stable

Gሺsሻ
)(sY)(sX

feedback

Fሺsሻ

model of beam 
ሺharmonic oscillatorሻ

‐

Exact treatment for high gain requires z‐transform ሺsampled system, once per turnሻ

two second order all‐passes
as correctors ሺelectronicsሻ
extend stable region to 20 MHz

choice of pick‐up/kicker location

kicker transfer 
function 

 

ൌ35.4 ns
‐3 dB @ 4.5 MHz

NWA

open loop, insert 
network analyzer
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RF cavity
impedance

System input System output

power 
amplifier

probe to 
measure 
cavity field

delay ൅
compensating
networks

purpose of above feedback control for cavity:
precise setting of accelerating voltage
reduce the effect of disturbances ሺbeam induced voltageሻ
Render the system insensitive to small model uncertainties 

ሺresonant frequency of cavity, shunt impedanceሻ

)(acc tV)(tI

model 
uncertainty:  
cavity tune

plant 
disturbance

)(te
‐

൅

൅

tracking
error

)(r tV

)(tw

control
signal

)(B tI

)(G tI

W. Hofle ‐

 

feedback  systems



31

Cavity feedback equivalent circuit ሺCERN PSሻ

plant 
disturbance

plant

reference

actuator, gain G ሾampère/voltሿ

feedback controller

LLrefLB GZVGZVZIV 
G

G
L RZ

RZZ




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L
ref

L

L
B 11 GZ

GZV
GZ
ZIV

 




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Beam impedance reduction 
by cavity feedback ሺCERN PSሻ
ሾshown on a relative scaleሿ


11

refB V
G

IV 

1L GZ
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L

L
ref

L

L
B 11 GZ

GZV
GZ
ZIV

 





In the limiting case of large feedback gain
beam impedance only depends
on feedback and amplifier gain !
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magnet current regulation

DC beam current transformer

direct RF feedback around accelerating cavity

orbit, tune, chromaticity feedbacks

transverse and longitudinal coupled bunch feedbacks

Feed forward also used to control and reduce the effect of disturbances in accelerators:
adaptive trajectory control in a transfer line ሺpulse to pulseሻ
RF cavity feed forward from measured beam current, turn‐by‐turn

Existing poles of a system response are not influenced by feed forward, 
only by feedback ! 

RF control loops ሺbeam phase and radial feedback loopሻ

feedback loop closed around equipment

feedback loop closed around beam

W. Hofle
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What is a system, what means feedback ?

What are the purposes of feedback systems ?

mathematical tools to analyze system behavior 

criteria for the stability of closed loop feedback systems

steps in designing feedback systems

examples, feed forward versus feedback
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