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1) INTRODUCTION
Overview
The single particle motion is given by external
guide fields (dipoles, quadrupoles, RF), initial
conditions and synchrotron radiation.
Beam with many particles induces currents in
vacuum chamber impedance and creates self
fields acting back on it. This collective action
by many particles can: give synchrotron fre-
quency shift due to modified focusing; increase
initial disturbance, instability; change particle
distribution, (bunch lengthening).
Multi-turn effects driven by narrow-band cav-
ity with memory build up instability in many turns
with small self-fields treated as perturbation.
Start a small disturbance from a stationary beam,
calculate fields it produces in impedance, check if
they increase/decrease the initial amplitude, give
growth/damping rate. Check this for orthogonal
(independent) modes of disturbances.

Bunch induces fields in passive cavity, they os-
cillate and act back next turn, in- or decrease
initial disturbance depending on phase.
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Single traversal effects driven by strong
self-fields from broad impedances change
distribution, modify oscillation modes and
can couple them. Self consistent solutions
are difficult to get, bunch lengthening.
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Mechanism of single bunch, multi-turn instability
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oscillating bunch, Qs = 1
4

εk = ε̂ sin(2πQsk) phase-

τk = τ̂ cos(2πQsk) space
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Ip [cos(pω0t)+
pω0τ̂
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)



ω±
p = (p ± Qs)ω0.
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4) IMPEDANCE, WAKE FUNCTION
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Beam induces wall current Iw = −(Ib − 〈Ib〉)
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Cavities have narrow band oscillation modes
which can drive coupled bunch instabilities.
Each resembles an RCL - circuit and can,
in good approximation, be treated as such.
This circuit has a shunt impedance Rs, an in-
ductance L and a capacity C. In a real cavity
these parameters cannot easily be separated
and we use others which can be measured di-
rectly: The resonance frequency ωr, the
quality factor Q and the damping rate α:

ωr =
1√
LC

, Q = Rs

√√√√√√
C

L
=

Rs

Lωr
= RsCωr

α =
ωr

2Q
, L =

Rs

Qωr
, C =

Q

ωrRs
.
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Driving this circuit with a current I gives the
voltages and currents across the elements
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VR = IRRs

VC =
1

C

∫
ICdt

VL = L
dIL

dt

VR = VC = VL = V

IR + IC + IL = I

Differentiating with respect to t gives

İ = ˙IR + ˙IC + İL =
V̇

Rs
+ CV̈ +

V

L
.

Using L = Rs/(ωrQ), C = Q/(ωrRs) and
α = ωr/(2Q), ωr = 1/

√
LC gives diff. eq.

V̈ +
ωr

Q
V̇ + ω2

rV =
ωrRs

Q
İ

The solution of the homogeneous equation
represents a damped oscillation

V (t) = V̂ e−αt cos


ωr

√√√√√√√1 − 1

4Q2
t + φ




V (t) = e−αt


A cos


ωr

√√√√√√√1 − 1

4Q2
t




+B sin


ωr

√√√√√√√1 − 1

4Q2
t






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Wake function – Green function
Response of RCL circuit to a delta pulse
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I(t) = qδ(t)

ωr =
1√
LC

Q = Rs

√√√√√√
C

L

α =
ωr

2Q

V̈ +
ωr

Q
V̇ + ω2

rV =
ωrRs

Q
İ

Charge q brings the capacity to a voltage

V (0+) =
q

C
=

ωrRs

Q
q using C =

Q

ωrRs

Energy stored in C = energy lost by q

U =
q2

2C
=

ωrRs

2Q
q2 =

V (0+)

2
q = kpmq2

with the parasitic mode loss factor
kpm = ωrRs/(2Q), given usually in [V/pC].
Capacitor discharges first through resistor

V̇ (0+) = − q̇

C
= −IR

C
= − 1

C

V (0+)

Rs

= −ω2
rRs

Q2
q = −2ωrkpm

Q
q.

Initial conditions V (0+), V̇ (0+) give from

general solution V (t) = e−αt


A cos


ωr

√√√√√√√1 − 1

4Q2
t


 + B sin


ωr

√√√√√√√1 − 1

4Q2
t







pulse response V (t) = 2qkpme−αt


cos


ωr

√√√√√√√1 − 1

4Q2
t


−

sin
(

ωr

√
1 − 1

4Q2 t
)

2Q
√
1 − 1

4Q2



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G(t) =
V (t)

q
= 2kpme−αt


cos


ωr

√√√√√√√1 − 1

4Q2
t


−

sin
(

ωr

√
1 − 1

4Q2 t
)

2Q
√
1 − 1

4Q2


 , ωr =

1√
LC

G(t) is called Green or wake function.
G(t) ≈ 2kpme−αt cos (ωrt) for Q � 1
This voltage induced by charge q at t = 0
changes energy of a second charge q′ travers-
ing cavity at t by U = −q′V (t) = −qq′G(t).
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G(t) is related to longitudinal field Ez by an
integration following the particle with v ≈ c
and taking momentary field value

V = Gq = −
∫ z2
z1

Ez(z, t)dz = −ft

∫ z2
z1

Ez(z)dz.

with ”transit time factor” ft. We use
G(t) > 0 where energy is lost.
A particle inside a bunch of charge q and
current I(t) going through a cavity at time
t sees the wake function created by all the
particles passing at earlier times t′ < t
resulting in a voltage

V (t) =
∫ t
−∞ G(t′)dq =

∫ t
−∞ I(t′)G(t′)dt′ = qW (t)

W (t) = V (t)/q wake potential .
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Impedance
.
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I(t) = Î cos(ωt)

A harmonic excitation of circuit with current
I = Î cos(ωt) gives differential equation

V̈ +
ωr

Q
V̇ +ω2

rV =
ωrRs

Q
İ = −ωrRs

Q
Îω sin(ωt).

Homogeneous solution damps leaving particular
one V (t) = A cos(ωt) + B sin(ωt). Put into
diff-equation, separating cosine and sine

−(ω2 − ω2
r)A +

ωrω

Q
B = 0

(ω2 − ω2
r)B +

ωrω

Q
A =

ωrωRs

Q
Î.

Induced voltage by the harmonic excitation

V (t) = ÎRs

cos(ωt) + Qω2−ω2
r

ωrω
sin(ωt)

1 + Q2
(
ω2−ω2

r
ωrω

)2

has a cosine term in phase with exciting
current. It absorbs energy, is resistive.
The sine term is out of phase, does not
absorb energy, reactive. Ratio between
voltage and current is impedance as func-
tion of frequency ω

Zr(ω) = Rs
1

1 + Q2
(
ω2

r−ω2

ωrω

)2

Zi(ω) = −Rs

Qω2−ω2
r

ωrω

1 + Q2
(
ω2−ω2

r
ωrω

)2.

Resistive part Zr(ω) ≥ 0, reactive part
Zi(ω) positive below, negative above ωr.
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Complex notation
We used a harmonic excitation of the form

I(t) = Î cos(ωt) = Î
ejωt + e−jωt

2
with 0 ≤ ω ≤ ∞.

It is convenient to use a complex notation

I(t) = Îejωt with −∞ ≤ ω ≤ ∞
giving compact expressions. Using the differ-
ential equation

V̈ +
ωr

Q
V̇ + ω2

rV =
ωrRs

Q
İ

with I(t) = Î exp(jωt) and seeking a solu-
tion V (t) = V0 exp(jωt), where V0 is in gen-
eral complex, one gets

−ω2 + j

ωrω

Q
+ ω2

r


V0e

jωt = j
ωrωRs

Q
Îejωt.

The impedance, defined as the ratio V/I be-
comes

Z(ω) =
V0

Î
=

Rs

1 + jQ
(

ω
ωr
− ωr

ω

)

= Rs

1 − jQω2−ω2
r

ωωr

1 + Q2
(
ω2−ω2

r
ωωr

)2 = Zr + jZi

For Q � 1 the impedance is only large for
ω ≈ ωr or |ω − ωr|/ωr = |∆ω|/ωr � 1 and
can be simplified

Z(ω) ≈ Rs

1 − j2Q∆ω
ωr

1 + 4Q2
(
∆ω
ωr

)2.

Caution: sometimes I(t) = Îe−iωt instead of
I(t) = Îejωt is used, this reverses the sign
Zi(ω).
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Properties of Green functions and impedances
.
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Z(ω) = Rs

1 − jQω2−ω2
r

ωωr

1 + Q2
(
ω2−ω2

r
ωωr

)2 = Zr + jZi

The resonator impedance has some
specific properties:

at ω = ωr → Zr(ωr) max., Zi(ωr) = 0

0 < ω < ωr → Zi(ω) > 0 (inductive)

ω > ωr → Zi(ω) < 0 (capacitive)

and any impedance or wake potential
has the general properties

Zr(ω) = Zr(−ω) , Zi(ω) = −Zi(−ω)

Z(ω) =
∫ ∞
−∞ G(t)e−jωtdt

Z(ω) ∝ Fourier transform of G(t)

for t < 0 → G(t) = 0,

no fields before particle arrives, β ≈ 1.
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Typical ring impedance
.
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Aperture changes form cavity-like objects
with ωr, Rs and Q and impedance Z(ω) de-
veloped for ω < ωr, where it is inductive

Z(ω) = Rs

1 − jQω2−ω2
r

ωωr

1 +
(

Qω2−ω2
r

ωωr

)2 ≈ j
Rsω

Qωr
+ .....

Sum impedance at ω � ωrk divided by mode
number n = ω/ω0 is with inductance L

∣∣∣∣∣∣∣

Z

n

∣∣∣∣∣∣∣0
=

∑

k

Rskω0

Qkωrk
= Lω0 = L

βc

R
.

It depends on impedance per length, ≈ 15
Ω in older, 1 Ω in newer rings. The shunt
impedances Rsk increase with ω up to cut-
off frequency where wave propagation starts
and become wider and smaller. A broad band
resonator fit helps to characterize impedance
giving Zr, Zi, G(t) useful for single traversal
effects. However, for multi-traversal instabil-
ities narrow resonances at ωrk must be used.
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5) LONGITUDINAL DYNAMICS

A particle with momentum deviation ∆p has
different orbit length L, revolution time T0 and
frequency ω0

∆L

L
= αc

∆p

p
=

αc

β2

∆E

E
∆T

T
= −∆ω0

ω0
=


αc −

1

γ2




∆p

p
= ηc

∆p

p

with momentum compaction αc = 1/γ2
T , slip

factor ηc. At transition energy m0c
2γT the ω0-

dependence on ∆p changes sign

E > ET → 1

γ2
< αc → ηc > 1,

∆ω0

∆E
< 0

E < ET → 1

γ2
> αc → ηc < 1,

∆ω0

∆E
> 0 .

For γ � 1 → ∆p/p ≈ ∆E/E = ε, ηc ≈ αc.
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V (t)
^V

Us=e

ts �

tbunch

RF-cavity of voltage V̂ , frequency ωRF =
hω0, SR energy loss U the energy gain or
loss of a particle in one turn δε = δE/E is

δE = eV̂ sin(hω0(ts + τ )) − U

ts= synchronous arrival time at the cav-
ity, τ= deviation from it, synchronous phase
φs = hω0ts. For hω0τ � 1 we develop

δE = eV̂ sin(φs) + hω0eV̂ cos φsτ − U.
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For δE/E � 1 use smooth approximation
Ė ≈ δE/T0, τ̇ = ∆T/T0 = ηc∆E/E

Ė =
ω0eV̂ sin φs

2π
+

ω2
0heV̂ cos φs

2π
τ − ω0

2π
U.

Use T0 = 2π/ω0, relative energy ε = ∆E/E

ε̇ =
ω0eV̂ sin φs

2πE
+

ω2
0heV̂ cos φs

2πE
τ − ω0

2π

U

E
.

Energy loss U may depend on ε and τ

U(ε, τ ) ≈ U0 +
∂U

∂E
∆E +

∂U

∂t
τ

giving for the derivative of the energy loss

ε̇ =
ω2

0heV̂ cos φs

2πE
τ − ω0

2π

∂U

∂E
ε − ω0

2π

∂U

∂t
τ

τ̇ = ηcε

where we used that for synchronous particle
ε = 0 , τ = 0 we have U0 = eV̂ sin φs

Combining these into a second order equation

τ̈ +
ω0

2π

∂U

∂E
τ̇ +


ω2

s0 +
ω0ηc

2πE

∂U

∂t


 τ = 0,

ω2
s0 =

−ω2
0hηceV̂ cos φs

2πE
, αs =

1

2

ω0

2π

∂U

∂E

ω2
s1 = ω2

s0 − α2
s +

ω0ηc

2πE

∂U

∂t
≈ ω2

s0

τ̈ + 2αsτ̇ + ω2
s0τ = 0

τ = τ̂e−αst cos(ωs1t) , ε = ε̂e−αst sin(ωs1t)

From τ̇ = ηcε we get ε̂ = ωs0τ̂ /ηc.
To get real ωs0 we need cos φs ≤ 0 above
transition where ηc > 0 and vice versa.
To get a stable (decaying) solution we need
an energy loss which increases with E

αs =
ω0

4π

∂U

∂E
=

ω0

4πE

∂U

∂ε
> 0.
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7) ROBINSON INSTABILITY
Stationary bunch
Spectrum
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Symmetric bunch, I(t) = I(−t), circulates
with turns k of duration T0, is a periodic cur-
rent and expressed by a Fourier series

Ĩ(ω) = 1√
2π

∫
I(t) cos(ωt)dt, I(t) single

Ik(t) =
∞∑

−∞
I(t − kT0) =

∞∑

−∞
Ipe

jpω0t multi

= I0 + 2
∞∑

p=1
Ip cos(pω0t) traversal

Ip = 1
T0

∫ T0/2
−T0/2 I(t)ejpω0tdt

= 1
T0

∫ T0
0 I(t) cos(pω0t)dt = ω0√

2π
Ĩ(pω0).

With I(t) = I(−t), real Ip, cosine terms only.
At low frequencies Ip ≈ I0

Gaussian bunch:

I(t) =
q√
2πσt

e
− t2

2σ2
t , Ip =

q

T0
e
−p2ω2

0
2σ2

ω , σω =
1

σt
.
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Voltage induced by a stationary bunch
Stationary bunch induces voltage in im-
pedance Z(ω) = Zr(ω) + jZi(ω)

Use Z(0) = 0, combine positive/negative frequen-
cies with Zr(−ω) = Zr(ω) , Zi(−ω) = −Zi(ω)

Ik(t) =
∞∑

p′=−∞
Ipe

jp′ω0t = I0 + 2
∞∑

p′=1
Ip cos(p′ω0t)

Vk(t) =
∞∑

p=−∞
Z(pω0)Ipe

jpω0t = 2
∞∑

p=1
Ip [Zr(pω0) cos(pω0t) − Zi(pω0) sin(pω0t)]

Energy loss of a stationary bunch

Energy lost by the whole bunch with Nb par-
ticles per turn in impedance Z(ω) is

Wb =
∫ T0
0 Ik(t)Vk(t)dt

Wb = T0

∞∑

p=−∞
I2
pZ(pω0) = 2T0

∞∑

1
I2
pZr(pω0)

has only Zr. Loss U = Wb/Nb per particle is

U =
2T0

Nb

∞∑

1
I2
pZr(pω0) =

2e

I0

∞∑

1
I2
pZr(pω0).

This contains integrals
∫ T0
0 cos(p′ω0t) sin(pω0t)dt = 0.

∫ T0
0 cos(p′ω0t) cos(pω0t)dt =

T0
2

for p′ = p
0 for p′ 6= p
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Robinson instability
Qualitative treatment
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ZR(ω)

ωωrhω0

Important longitudinal instability of a bunch
interacting with an narrow impedance, called
Robinson instability. In a qualitative ap-
proach we take single bunch and a narrow-
band cavity of resonance frequency ωr and
impedance Z(ω) taking only its resistive part
Zr. The revolution frequency ω0 depends on
energy deviation ∆E

∆ω0

ω0
= −ηc

∆E

E
.

While the bunch is executing a coherent di-
pole mode oscillation ε(t) = ε̂ cos(ωst) its
energy and revolution frequency are modu-
lated. Above transition ω0 is small when
the energy is high and ω0 is large when
the energy is small. If the cavity is tuned
to a resonant frequency slightly smaller than
the RF-frequency ωr < pω0 the bunch sees
a higher impedance and loses more energy
when it has an energy excess and it loses
less energy when it has a lack of energy.
This leads to a damping of the oscillation. If
ωr > pω0 this is reversed and leads to an in-
stability. Below transition energy the depen-
dence of the revolution frequency is reversed
which changes the stability criterion.
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Oscillating bunch

time domain
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frequency domain, ω > 0
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Bunch executing synchrotron oscillation with
ωs = ω0Qs and amplitude τ̂ modulates pas-
sage time tk at cavity in successive turns k

Ik(t) =
∞∑

k=−∞
I(t − kT0 − τk)

with τk = τ̂ cos(2πQsk) ≈ τ̂ cos(ωst)

giving current without DC-part

Ik(t) = 2
∑

ω>0
Ip cos(pω0(t − τ̂ cos(ωst))).

Develop for pω0τ̂ � 1
cos(pω0τ̂ ) ≈ 1, sin(pω0τ̂ ) ≈ pω0τ̂

Ik(t) ≈ 2
∑

ω>0
Ip [cos(pω0t) + pω0τ̂ sin(pω0t) cos(ωst)]

= 2
∑

ω>0
Ip


cos(pω0t) +

pω0τ̂

2
(sin((p + Qs)ω0t) + sin((p − Qs)ω0t))


 .

The modulation by the synchrotron oscillation results in sidebands in the spectrum.
They are out of phase with respect to carriers and increase first with frequency pω0.
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Voltage induced by oscillating bunch

Abbreviate: ω+
p = (p + Qs)ω0 , ω−

p = (p − Qs)ω0

Ik(t) = 2
∑

ω>0
Ip


cos(pω0t) +

pω0τ̂

2
(sin(ω+

p t) + sin(ω−
p t))


 .

We restrict on resistive impedance Zr and get voltage

Vkr(t) = 2
∞∑

ω>0
Ip [Zr(pω0) cos(pω0t)

+
pω0τ̂

2

(
Zr(ω

+
p ) sin(ω+

p t) + Zr(ω
−
p ) sin(ω−

p t)
)



Vkr(t) = 2
∞∑

ω>0
Ip [Zr(pω0) cos(pω0t)

+
pω0τ̂

2

[
Zr(ω

+
p ) (sin(pω0t) cos(ωst) + cos(pω0t) sin(ωst))

+Zr(ω
−
p ) (sin(pω0t) cos(ωst) − cos(pω0t) sin(ωst))

]]
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........

........

........

........

........

........

........

....................

............... Ṽr(ω)
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.. ........ ..
ω

pω0

Synchr. motion, smoothed:

τk = τ̂ cos(2πQsk) →
τ = τ̂ cos(ωst)

τ̇ = −ωsτ̂ sin(ωst) = ηcε

Vkr(t) = 2
∞∑

ω>0
Ip [Zr(pω0) cos(pω0t)

+
pω0

2


Zr(ω

+
p )


sin(pω0t)τ − cos(pω0t)

τ̇

ωs


 + Zr(ω

−
p )


sin(pω0t)τ + cos(pω0t)

τ̇

ωs









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Energy exchange
Express factors differently, use τ̇ = ηcε

IK(t)=2
∑

ω>0
Ip [cos(p′ω0t) + p′ω0 sin(p′ω0t)τ ]

Vkr(t)=2
∞∑

ω>0
Ip [Zr(pω0) cos(pω0t)

+
pω0

2

[
(Zr(ω

+
p ) + Zr(ω

−
p )) sin(pω0t)τ

−(Zr(ω
+
p ) − Zr(ω

−
p )) cos(pω0t)

ηε

ωs0







The energy per particle and turn exchanged be-
tween bunch and impedance

U(τ, τ̇ ) =
1

Nb

∫ T0
0 IK(t)VK(t)dt, Nb =

2πI0

eω0

Neglect higher terms in τ, ε, use integrals

∫ T0
0 cos(p′ω0t) cos(pω0t)dt =

T0
2

if p′ = p
0 if p′ 6= p

∫ T0
0 cos(p′ω0t) sin(pω0t)dt =0.

U =
2e

I0

∞∑

ω>0
I2
pZr(pω0)

− e

I0

∞∑

ω>0
I2
ppω0(Zr(ω

+
p ) − Zr(ω

−
p ))

ηε

ωs0

∂U

∂ε
= − e

I0

∞∑

ω>0
I2
ppω0(Zr(ω

+
p )−Zr(ω

−
p ))

η

ωs

Discussed stability of phase oscillation τ̈ + 2αsτ̇ + ω2
s0τ = 0 , τ = τ̂e−αst cos(ωs1t)

αs =
ω0

4πE

dU

dε
=

−ω2
0ηcheV̂ cos φs

2πE

∑
I2
pp(Zr(ω

+
p ) − Zr(ω

−
p )

2I0hV̂ cos φsωs0

.

αs =
ωs0

∑
pI2

p(Zr(ω
+
p ) − Zr(ω

−
p ))

2I0hV̂ cos φs

> 0 stable
< 0 unstable
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Narrow impedance, only one harmonic p
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Zr

ωωr

ωs

pω0

Damping if αs > 0, instability if αs < 0

ε = ε̂e−αst sin(ωst)

αs =
ωs0pI

2
p(Zr(ω

+
p ) − Zr(ω

−
p ))

2I0hV̂ cos φs

> 0

Above transition: cos φs < 0, stability if:
Zr(ω

−
p ) > Zr(ω

+
p ) Damping rate proportional

to difference in Zr between lower and upper
sideband. Important narrow-band impedance
= RF-cavity:p = h, Ip ≈ I0.

αs

ωs0
≈

I0(Zr(ω
+
p ) − Zr(ω

−
p ))

2V̂ cos φs

∝ ∆induced V

VRF slope
.

Qualitative understanding

turn k
......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ............... ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

T0

Oscillating bunch
(Qs = 0.25)
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.
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τ
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6) POTENTIAL WELL BUNCH LENGTHENING
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dz
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V (t)
V̂RF

t

bunch

We take a parabolic bunch form

Ib(τ ) = Î


1 −

τ 2

τ̂ 2


 =

3πI0

2ω0τ̂


1 −

τ 2

τ̂ 2




dIb

dτ
= −3πI0τ

ω0τ̂ 3
, I0 = 〈Ib〉,

V = V̂ (sin φs + hω0 cos φsτ ) +
3πI0Lτ

ω0τ̂ 3
, Lω0 =

∣∣∣∣∣∣∣

Z

n

∣∣∣∣∣∣∣

V = V̂


sin φs + cos φshω0


1 +

3π|Z/n|0I0

hV̂ cos φs(ω0τ̂ )3


 τ




ω2
s0 = −ω2

0hηceV̂ cos φs

2πE

ω2
s = ω2

s0


1 +

3π|Z/n|0I0

hV̂RF cos φs(ω0τ̂ )3




∆ωs

ω0
=

ωs − ωs0

ωs0
≈ 3π|Z/n|0I0

2hV̂RF cos φs(ω0τ̂0)3
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V (t)
V̂RF

t

bunch

ω2
s

ω2
s0

= 1 +
3π|Z/n|0I0

hV̂RF cos φs(ω0τ̂ )3

ωs − ωs0

ωs0
=

∆ωs

ωs
≈ 3π|Z/n|0I0

2hV̂ cos φs(ω0τ̂0)3

Only incoherent frequency of single particles
is changed (reduced for γ > γT , increased for
γ < γT ), but not the coherent dipole (rigid
bunch) mode. This separates the two.
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V (t)
V̂

t

bunch

Reduction of ωs reduces longitudinal focusing
and increases the bunch length

τ̂ = ε̂ηc/ωs , τ̂ 2 = τ̂ ε̂ηc/ωs = Esηc/ωs

rel. energy spread ε̂, long. emitt. Es = τ̂ ε̂
Protons: Es= constant, τ ∝ 1/

√
ωs

small:
∆τ̂

τ̂0
≈ −∆ωs

2ωs0
≈ − 3π|Z/n|0I0

4hV̂ cos φs(ω0τ̂0)3
,

or:


τ̂

τ̂0




4

+
3π|Z/n|0I0

hV̂ cos φs(ω0τ̂0)3



τ̂

τ̂0


− 1 = 0

Electrons: ε̂= const. by syn. rad. τ̂ ∝ 1/ωs

small:
∆τ̂

τ̂0
≈ −∆ωs

ωs0
≈ − 3π|Z/n|0I0

2hV̂ cos φs(ω0τ̂0)3
,

or:


τ̂

τ̂0




3

− τ̂

τ̂0
+

3π|Z/n|0I0

hV̂ cos φs(ω0τ̂0)3
= 0
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