Introduction to Transverse Beam Optics

II.) Particle Trajectories, Beams & Bunch

e & f
... don't worry: it's still the "ideal world”

Teilchenbahnmnen und Enve

100



Phase Space Ellipse

particel trajectory: x(s) = \/;\/ p(s) cos {1// (s)+ ¢}

X
max. Amplitude: )AC(S) =, /g/j x " at that position ... </

... put X(s)into € =y(5) X’ (s) +2a(s)x(5)x'(s) + B(s) X'*(s)  and solve for x’
e=y-eB+2a,eB X + x>

X' =-a-\elf

3. A high p-function means a large beam size and a small beam divergence. /
... etviceversa !!!

% In the middle of a quadrupole f = maximum,
a = zero
... and the ellipse is flat



Phase Space Ellipse

£ =y(s) X*(s) +2a(s)x(s)x'(s) + B(5) X" (5)

_l+a(s)
y(s) 5(5)
2 2.2
e=2 3% Logxx+ x>
p
—a-xx+ef-x"

... solve forx” x =

B

dx=0

A
X
\EY
... and determine X' via:
- /'/

shape and orientation of the phase space ellipse
depend on the Twiss parameters ff a y




Remember:
Beam Emittance and Phase Space Ellipse:

equation of motion:

general solution of Hills equation:

beam size:

x"(s)-k(s) x(s)=0

O.= gﬂ z"mm!'

£ =y(s) x°(5) +2a(5)x(5)x(s) + B(5) X" (5)

* & is a constant of the motion ... it is independent of ,,s “
* parametric representation of an ellipse in the x x ‘space

* shape and orientation of ellipse are given by a, f, y

x’

&y

_a%

/./
.

x(s) =& B(s) cos@(s)+@)




Emittance of the Particle Ensemble:

0.02

A particle ensemble consisting of particles
with small amplitudes and angles will occupy
in phase space only a small area and is called
a “cold” or “high quality beam”

—0.02

1 1 1

—0.1 0 0.1
Xn,1-%n ,2-%n ,3-%n 4




Emittance of the Particle Ensemble:
x(s) = Ve B(s) - cos(W(s) + ¢) #(s) = Ve B(s)

Tallchmnbohnan und Envaelopps 2

1 x
Gaufp _EUTZ
Particle Distribution: p(x) =

Fa

particle at distance 1 o from centre
— 68.3 % of all beam particles

single particle trajectories, N = 10 ! per bunch

LHC:  B=180m

e=5%10"mrad

o=+Je* B =/5%10""m*180m = 0.3 mm

aperture requirements: r ,= 12 * ¢

02 -0.15 01 -0.05 0 0.05 0.1 0.15 02



9.) Ti mnsf er Matrix M ... yeswe had the topic already

x(s) =] B(s) cos{y(s) + ¢}

general solution N
of Hill's equation , —\VE )
f 1 x'(s) = [a(s) COS {1// (s)+ ¢} +sin {1,// (s)+ ¢}]
p(s)
remember the trigonometrical gymnastics: sin(a +b) = ... etc

x(s) = \/;\/?S(COSI/JS COS ¢ —siny_sin q))

—\E : : : :
x'(s) = —[as COSY, COS@—a SINY sSIng+siny  cos¢y + cosy, sin ¢]

VA

starting at point s(0) =s,, where we put ¥(0) =0

COS ¢ = 0 )
= 2
7 . inserting above ...

Ty X

sing = -/ D
0




x(s) = %{cosws + sinz/JS}xO + {« | BB, siny ¢ x,

0

! 1 . /))0 . !
x'(s)= a,—a,)cosy, —(l+aya,)siny x,+ |—-1cosy, —a, sy X
/7/33/50{(0 ) 0 }o /53{ }0

X
which can be expressed ... for convenience ... in matrix form ( ,) =M ( ,)
X
s 0
% (cosws +a, Sil’ll/]s) BBy siny,
0
M =

(ay —a,)cosy, —(1+aya,)siny, B (

W Bs CoOSy, —a, sy, )
5170

* we can calculate the single particle trajectories between two locations in the ring,
if we know the a 8 y at these positions.
* and nothing but the a f y at these positions.

O

« o Agquivalenz der Matrizen



10.) Periodic Lattices Bs (cosy. +ay siny, ) JB B siny,
0
M =
(aO — as)cosws B (1 + CZOCIS)Sinl/js /))0 COS :
ws —-Q SlIll/Js
v ﬂsﬁo /))S ( )

Hadronenphysik-
Experimente larisio

Crystal Barrel A
(im

rrrrrr

Stretcherring
0,5 - 3,5 GeV

Experimente

0,5-1,6 GeV

Booster- \
Synchrotron

% £ —
N ey

ELSA Electron Storage Ring

ﬂs Sin z/jturn

COS’/’mm - as Sin'l/)turn

COS l/’turn + as Sinz/jturn

M(s) =
(S) a }/S Sinz/jturn

Tune: Phase advance per turn in units of 2

\& Synchrotronlicht:

s This rather formidable looking
matrix simplifies considerably if
we consider one complete revolution ...”

s+L

o= [ i

| ds
=£f

B(s)

W e = Phase advance
per period




Stability Criterion:

h
Question: what will happen, if we do not make too _ | /' — =L R
many mistakes and your particle performs PP s - - %;
g y =7 J L/ .

one complete turn ? . TW
pr.. e iR Oy
4 i
Matrix for 1 turn: ( x' J =M mm*( x' J
X Xt
/ i
cosy, +a sin sin 10 a
- l'Uturn s wlurn ﬁs Ujmm _ COSZ/J . s Sinz/j ﬁ
-y sy, cosyy, —a siny, 0 1 -y -a
—— ——
1 J
Matrix for N turns:

MY =(1-cos¢+J-sim,v)N =1-cos Ny +J -sin Ny

The motion for N turns remains bounded, if the elements of MN remain bounded

pera o ol = (2 )



stability criterion .... proof for the disbelieving collegues !!

i ' 1 0
Matrixfor 1 turn: M - COS?/Jmm + as Smwtum ﬂs Smwturn ) = COS@U (0 1) + Sinl/J ( ¢ /)) )
Y

e Sinwtum COS'IPW n = G Sinl/jmm
—— —
I J

Matrix for 2 turns:

M? = (I cosy, +JSim//1)(I cosy, +Jsin1//2)

= I’ coswp, cosy, + 1J cosy, siny, +JI siny, cosy, +J° singp, singy,

r=1I
17 1 0)*(61 B a B
0 I} -y -«a -y -«

TR ,8*10=a B
-y —-a \0 1 -y -a

J? = a p «f & p _ a’ -y af-Pa _ -1 0 -
-y —a) \-y -a) \(-ya+ay &’ -yB 0 -1

M’ =1 cos(y, +y,) +J sin(y, +¢,)

1J=J1

M? =1 cos(2y) + J sin(2yp)



11.) Transformation of a, [, y

consider two positions in the storage ring: s, , s

(o)1)

c s
M= ! !
o sl

since € = const (Liouville):

p/e+ . alzz, ht02_8, Stondord Lumi-Opiik 920 GeV /27.5 GeV
G T T T T

Betafunction in a storage ring

£=Bx"+2a.xx' +y.x’

2 2
&= ﬂoxé + 2aoxox(,) + VX0

... remember W= CS’-SC" =1

S
X _ - X
x') x') x, =8x-Sx'
> — , C'x + Cx' ... inserting into &
' == +
. ¢ g X, x+Cx
- C ) J

£=B,(Cx'-Cx)* +2a,(Sx - Sx)Cx' - Cx)+y,(S'x - Sx')’

sort via x, x ‘and compare the coefficients to get ....



B(s) = C* gy =28Cax + 57,
a(s)=-CC'B, +(SC'+S'C)a, - SS'y,
7(s)=C" =28 C'ay + 5"y,

in matrix notation:

B C? -25C  S* )\ (B,
al| =|-cC'" sC'+cS' -SS'||aq .’
vyl \c* 228 Cc 87?7\ ”r

1.) this expression is important

2.) given the twiss parameters a, f§, y at any point in the lattice we can transform them and
calculate their values at any other point in the ring.

3.) the transfer matrix is given by the focusing properties of the lattice elements,
the elements of M are just those that we used to calculate single particle trajectories.

4.) go back to point 1.)
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Remember: Beam Emittance and Phase Space Ellipse

£ =y(s) x°(s) +20(5)x(s)x'(s) + B(s) x"* (s)

B
L

Liouville: in reasonable storage rings
area in phase space is constant.

// A = w*e=const

& beam emittance = woozilycity of the particle ensemble, intrinsic beam parameter,
cannot be changed by the foc. properties.
Scientifiquely spoken: area covered in transverse x, x” phase space ... and it is constant !!!



13.) Liouville during Acceleration

£ =y(5) X*(s) +2a(s)x(s)x'(s) + B(5) X" (5)

Beam Emittance corresponds to the area covered in the

x'

Jer ..

e

[

X, x " Phase Space Ellipse

Liouville: Area in phase space is constant.

But so sorry ... &% const!

Classical Mechanics:

phase space = diagram of the two canonical variables
position & momentum

X Px




According to Hamiltonian mechanics:
phase space diagram relates the variables q and p

Liouvilles Theorem: f pdq = const y = = 5 ==
c

f p.dx = const

for convenience (i.e. because we are lazy bones) we use in accelerator theory:

X A
, _dx _dxdt B, p,
ds dtds B p
= >
p S
'\ = f p,dx . _const , 1 the beam emittance
fx *= D myc - yp = &=[xdxx /),— shrinks during
Y " / acceleration &~ 1/7y

&



B (m), B (m)

Nota bene:

1.) A proton machine ... or an electron linac ... needs the highest aperture at injection energy !!!

O600.
550.
500.
450.
400.
350.
300.
250.
200.
150.
100.

50.

0.0

as soon as we start to accelerate the beam size shrinks as y "7 in both planes.

o=.¢&b

2.) At lowest energy the machine will have the major aperture problems,
/3’ > here we have to minimise

5000 LHC Error Analysis ~ MAD-X 3.00.03 03/12/08 10.32.07
| B B

4500.{ " | ]
4000. 1 |
3500.
3000. -
2500. -
2000.
i 1500,
] f : ] 1000. -

3.) we need different beam optics a
A Mini Beta concept will only be

00 &0l | 1602 2403

Momentum offset = 0.00 %
s (m) [*10%%( 3)]

LHC mini beta
optics at 7000 GeV

oo T T 81 T 7 7T 162 T 7 243 LHC injection
Momentum offset =  0.00 % s(m) [$10% 3] optics at 450 GeV



Example: HERA proton ring

injection energy: 40 GeV y=43
flat top energy: 920 GeV y =980

emittance ¢ (40GeV) =12 *107
£(920GeV) =5.1 *10"°

Magnet—qr

Anzahl Sigma 7

Magnet—qgr

Anzahl Sigma 7

7 o beam envelope at E = 40 GeV

...and at E =920 GeV



The ,, not so ideal world “

14.) The , Ap / p z O Problem

ideal accelerator: all particles will see the same accelerating voltage.
>Ap/p=10

,nearly ideal “ accelerator: Cockroft Walton or van de Graaf

Ap/p=10-

Vivitron, Straffbourg, inner
structure of the acc. section

MP Tandem van de Graaf Accelerator

\&:;\ - at MPI for Nucl. Phys. Heidelberg



RF Acceleration 1928 Wideroe

Quelle, N _ Dﬁfs;éhren B . .
Energy Gain per ,Gap“: F’Hﬁ—l 1> it : = “t+ l | —
W=qU,snw,.t
(Ay) | HF-Sender

drift tube structure at a proton linac
(GSI Unilac)

500 MH? cavities in an electron storage ring

* RF Acceleration: multiple application of
the same acceleration voltage.
brillant idea to gain higher energies




Problem: panta rhei /!

(Heraklit: 540-480 v. Chr.) -

Example: HERA RF: Bunch length of Electrons = Icm
UO A
v =500MHZ
- A =60cm
t C = ﬁu v
— v
~
A=60cm
sin(90?) =1 AU

| == 260107
sin(84°) = 0.994 U

Ap ~1.0 107

typical momentum spread of an electron bunch: e



Dispersive and Chromatic Effects: Ap/p = 0

Are here any Problem 22?2 font colors due o
Sure there are !l pedagogical reasons



15.) Dispersion: trajectories for Ap /p # 0

Question: do you remember last session, page 12 ? ... sure you do

Force acting on the particle

2 2
F = m—(x+p)— =eB v
X+ 0
remember: x=mm ,p =~m ... 2 develop for small x >
d’ X my’
m 2
dt Y P
B,
consider only linear fields, and change independent variable: t — s p
X

x,,_l(1_£)=e B, +exg

P P@@\

p=pyt4p

.. but now take a small momentum error into account !!!



Dispersion:

1 1 A
develop for small momentum error Ap << p, = ~ — g

Po+ApP  p, P

A A
x”_l_l_ x2 ze Bo _ geBo+%—xeg—€
P P Po Po Po Po
w_J H_j —
_L k*x zO
0
x”+ x2 Ap*( eBO)_I_k*x Ap*i_l_k*x
r Do Po Po P
——
1
e,
144 l A l
x”+i2—k.avc=A—pi —_— X +x(—2—k)=—p—
P Po P P Po P

Momentum spread of the beam adds a term on the r.h.s. of the equation of motion.
- inhomogeneous differential equation.



Dispersion:

general solution:

x, (8)+ K(s) x,(s)=0
x(s)=x,(s) @
h Xl(s)+ K(5)x,(s) = % &

Normalise with respect to Ap/p:

D(s) = xglfs)

Dispersion function D(s)
*is that special orbit, an ideal particle would have for Ap/p = 1
*the orbit of any particle is the sum of the well known x; and the dispersion

*as D(s) is just another orbit it will be subject to the focusing properties of the lattice



Dispersion

it for Ap/p > 0

Matrix formalism:

¥s) = () + D(s) W (C S\(x\ ap(D
p - Lle s Jlé s
x(s)=C(s)°x0+S(S).x(’)+D(S).% s XJo P

| I
C= cos(\/Ws) S = WSIH(\/WS)




or expressed as 3x3 matrix

([ x C
x | =|C

A%S 0

Example

xﬁ=1m2mm

D(s)=~1..2m

Al/z1-10-3
p

S

!

S
0

1

D
Dl
1

HERA P-Ring, Lumi—-A-Optik, 7/0.5 m, p/e+ 920 GeV, 1999, qd997z, hts920e+8, A*8 Namen
T T T T T T

Amplitude of Orbit oscillation
contribution due to Dispersion = beam size ,

- Dispersion must vanish at the collision point
[

Calculate D, D’: ... takes a couple of sunny Sunday evenings !

D(s)=S(s) f;:%c(g)dg - C(s) fj;%s(g)dg

(proof see appendix)



Example: Drift

1/
M prip =(o 1) D(s)=S(s) f551%C(§)d§- C(s) f551%5(§)d§
=0 =0

Example: Dipole

1 1
cOS(4 /|K|s) —— Sin(, /|K|s K= _z><
Mfoc = |K| p
-\ /|K| sin( /|K|s) cos(4 /|K|S) o s=1,
[ . D(s)=p-(1- I
COS — 0 sin — =P cos ,0)
M _ Y Y . l
Dipole — ' .
Lant cost Ds) = sm;
P P Y




Example: Dispersion, calculated by an optics code for a real machine

= D(S)Q
D

* D(s) is created by the dipole magnets
. and afterwards focused by the quadrupole fields

psS=+ , Protonan Luminceatasts Ogkik oz htD2_B, 920 Gav
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Mini Beta S.'ection, D(s)~1..2m
= no dipoles !!!



Dispersion is visible

era
- HER dard Orbi
= A Standard Orbit
Har_| i
[o]f*."
Injekton™ ()
T |
W"ﬁ‘ -
10 s
. E— : HERA-p WL197 MX
 orbit [ Orb-Ref CIRef Mittelwert RMS-wert || Energie  39.73 Ablage (mm) [~ 0.348
Closed Orhit | [seratcnt ] || %/ hor. ] g Strom 44 Status [3
BunchNr 222
: Zivert.[ 7 A 14 [077700
hpi4On Ep=39.726 vert. | 0001 0893 |\t hine. hpMDn B/¢ [ 107.77.00
Jan 28 15:30:16 2004 2004-01-28 15:28:12 dp/p  dpip Aus 0.110 [geladen]  hpidOn
Closed Orbit -+

Closed Orbit /Inj Trig ‘ | standig_[injMode | [iReinl| Less | tmal lesen | Bereic hl’ Save Orbit | ‘

‘-FEC Betriebsmode Setzen - - - Orbit->OpticServer,

oA D : :
dedicated energy change of the stored beam HERA Dispersion Orbit

> closed orbit is moved toa  ElETIEIEDS -

Printing Optionen Korrekturen Offsets Save File Select File Set Optics  Set Bunch  Spezial  Orbit View  Expert

dispersions trajectory o=

xD=D(s)*Q
p

Dy

Attention: at the Interaction Points T C D || Misher Ruswer || Enirge 3873 || Ablags (o) [ 2
. N [closedorbit ] [ scratcna [ 20538 | 23572 e Y Status [ wrong tu
we require D=D =0 i Epares | 2 [ooos [ | ho A o [TEmaes

Feb 08 23:09:16 2006 2006-02-08 23:07:15 dpfp Aus | I -1.482 [geladen]  hpidDn Release {E




16.) Momentum Compaction Factor: a,

particle with a displacement x to the design orbit particle trajectory

= path length dl ... “ ............. .. ..............
dl  p+x
d B design orbit
s P

— dl=(1+ i )ds
P(s)

circumference of an off-energy closed orbit

_ _ XAE .
N —fdl f(l + o(s) ) ds remember:

xap () = D(s) 22
P

Ap f D(s) * The lengthening of the orbit for off-momentum
Olpp = f ( ) ds particles is given by the dispersion function
p p(s) and the bending radius.



Definition: ol, = &
p

f D(s)ds =

IZ(dipoleS) . <D>dipole

dipoles
1 1 1 1 2 < D>
ap =Z lZ(dipoles) <D>;=Z Zﬂp <D>; g apzT <D>zT
Assume: V=C
oTf ol Ap a, combines via the dispersion function
— T - Lg =Q, ? the momentum spread with the longitudinal

motion of the particle.



Resume’:

X X
transfer matrix in Twiss form ( x') =M ( x’)
s 0
b (COSI/JS +a, sinz/;s) BBy siny,
Po
M = .
(ay—a,)cosy, —(1+aya,)siny, B (COS’(/J - )
'ﬁsﬂo /))S S S S
oS +a, sin sin
... and for the periodic case M(s) = Vi o Vi A, 1/’@,
- }/s Sml/}turn Cosz/}turn - as sz/jtum

beam emittance during acceleration £ X L

By

x;(s
dispersion D(s) = &f )
7




Appendix:

Dispersion: Solution of the inhomogenious equation of motion

Ansatz:

511 511
D(s) = S(s) f ;C(§)d§—(](s} j E5(§)d§

So So
D'(s) =S fj;%Cdg +%4— C’ f:;%Sd %c

C S
D'(s) =S’J—d§—C’f—d§
p p

R et R RS
Rl T ey L LY (O Ya)
p A N

=detM =1 \

remember: for Cs) and S(s) to be independent
solutions the Wronski determinant W=

has to meet the condition

c S
c S

=0



aw d

and as it is independent 2 (CS'-8C)=CS"-SC"=-K(CS-SC)=0
of the variable ,,s “ ds ds

we get for the initital Co=1 ¢ =0 W = C’ S{ ~1
conditions that we had chosen ... Sy=0, ;= (G

DI/=SII*f£d'§_ C”*fédg/.kl
P P P
remember: S & C are solutions of the homog. equation of motion: §T+K*§5=0
C'"+K*C=0
1
D//=_K*S*f£d§+ K*C*fﬁdgf_i__
p PP
" 1
D =—K*{Sf£d§+€f£d§}+—
p P P
R )
Y
=D(s)
" 1 " |
D"'=-K*D+— .. OF D'+ K*D=—
P P

qed




1.) Dipole Errors / Quadrupole Misalignment

The Design Orbit is defined by the strength and arrangement of the dipoles.
Under the influence of dipole imperfections and quadrupole misalignments we obtain

a “Closed Orbit” which is hopefully still closed and not too far away from the design.

Dipole field o _dl [ Bal

ipole field error: ==Y

Y P Bp

Quadrupole offset: g= aB — Ax-g =Ax f;—B N
X X

misaligned quadrupoles (or orbit offsets in quadrupoles) create dipole effects that lead to a
distorted “closed orbit”

e 8 1 x | [ O
normalised to p/e: Ax-k=Ax g—g ( ‘ ) —(

R on 0
—— __i ‘ _i"'—-{?\

/
--“-‘-

In a Linac — starting with a perfect orbit — the misaligned quadrupole creates an oscillation that

is transformed from now on downstream via ( X ) u ( x )
! - !

f i



... and in a circular machine ?2?

we have to obey the periodicity condition.
The orbit is closed !! ... even under the influence of a orbit kick.

Ox' = Ax-k

Calculation of the new closed orbit:
the general orbit will always be a solution of Hill, so ...

'x(s) = a ) \/E COS(?)U(S) + (p = YASP DV LHCRING / INJ-TEST-NB / beam 1
We set at the location of the error s=0, ¥(s)=0 l l l ” T H l l
and require as 1° boundary condition: l”'[dll]lfn l'”!‘llh”lw"f 'fn'l”J !
periodic amplitude il s S

x(s+L)=x(s)

G JBGEFL) - cos(p(s) + 210 - ¢) =a JBES) - cos((s) - ) Bls+L)=B(s)

Y(s=0)=0
cos(2Q — @) = cos(—¢) = cos() Y(s+L)=2mQ
— @ =m0




Misalignment error in a circular machine

2" boundary condition: x’ (s+L) + 6x’= x’(s)
we have to close the orbit

~__~ D %

boundary condition: x’ (s+L) + ox’= x’(s)

Y(s) = f R

W(S)—m

Nota bene: s refers to the location of the kick



Misalignment error in a circular machine

Now we use: B(s+L) = p(s), o=rQ

B'(S) a

+ 2[5(5)«/[5(5) a-cos(nQ)+%§ = m(sin(nQ)+ p5)

26G) VB(S) a-cos(mQ)

\/% (sin(2Q)

2y sin(;tQ) _ As _ - JBG) —— ! this is the amplitude of the orbit
pE p 2 sm( Q) oscillation resulting from a single kick

inserting in the equation of motion

. ! the distorted orbit depends on the kick strength,
Hs)=a \/ECOS(I/)(S)-F 4 ! the local p function
! the p function at the observation point

A5 JBG)\B(s) cos(y(s)- @)

Y 2sin(Q) /1! there is a resoncance denominator
= watch your tune !!!

x(s)=




Misalignment error in a circular machine

For completness:

if we do not set Y(s=0)=0 we have to write a bit more but finally we get:

C08(\!/!(5’) ~y(s)| 1Q)ds

X(s)- ﬁ B

Reminder: LHC
Tune: Q.= 64.31, Qy=59.32

Relevant for beam stability:
non integer part

avoid integer tunes _Jﬁm

— ¥YASP DV LHCRING / INJ—TEST-NB / beam 1 [
(& views | B |m| = 88| 3= EH|| More | g5 &S
FT - P450.12 GeY/yc — Fill # 827 INJDUMP - 10709708 10-41-349 [~
H
= 1 ]
s L I
=
-10+ , T T T
o 100 200 200 400 500
Monitor H
FT - P450.12 GeYj;/c — Fill # 827 INJDUMP — 100908 10-41-34 2~
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