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Robinson Instability



Robinson Instability

It is an instability arising from the coupling of the
impendence and longitudinal motion
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The coupling of two effects

via the longitudinal dynamics

P

Energy Change of revolution
loss due to frequenc
impedance | !

~

because of the impedance Z(w)
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Below transition
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Below transition

i

Wy

To
Energy lostinoneturn W, = / I(t)V (t)dt
0
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Below transition

i

Wy

Where V(t) is given by the impedance Zr(w)
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Below transition

Wy

26 —
energy lost per particle for non oscillating bunch U = A Z IZ%ZT (pwo)
0

1
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Below transition

cavity
frequency

S~

|

Wy

In one turn energy is lost but compensated by the RF

G. Franchetti 10



Below transition

cavity revolution
frequency frequency
changes
T larger
()  smaller
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W
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Below transition

S~

W W

Energy lost = decrease w = increase Z, = increase energy loss !!!
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Below transition
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Below transition

/

Wy
Stable
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Below transition

W
Stable
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Below transition

"
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Wy

Unstable
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Below transition

S~

Wy
Unstable
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Summary of the reasoning

below transition above transition
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More complicated

No Energy Loss:

E<E; RF give the same
energy lost by
A € the impedance

v

o
N
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set the cavity
frequency here

Remember that energy lost is V*I
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Source of difficulty

E<E,

Aw >0 Ae Aw < 0

.
—

Impedance effect »  Energy gain Energy lost
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time domain

A 1o
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Still we neglect something

E< ET position of the bunch at
turn “k”

T €
/ T = 7 cos(2mQ) k)
Q; is the synchrotron
T tune
K// T = 7 cos(wst)

>
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time domain

I}((tﬁ < e sl ~

fxf(f — 2Th — 7m2) f'\f[f — 3To —73)

(; To 2Ty 3, 1
frequency domain, w > ()
f(uu)r Ow _
[.IJHH] HH]H]H”M].IMm}
0 he ~wo” w

t—t+7cos(wst) mmp Li(t)= Y LeeoltrTeostest)

p=—00
11/10/ 16 G. Franchetti 24



Current

I (t) zzz I, [COS(pwot) + pa;m' sin((p + Qs)wot) + pWQOT sin((p — Qs wot)}

The bunch current can be described by 3 components with frequency very close

side band side band this component

€ is out of phase
(because is a sin)
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That means that the energy loss due to the impedance has to be computed on
the 3 currents...

Voltage created by the resistive impedance

©.@)
Main component V=2 Z 1,7, (pwo) cos(pwot)
w>0
1%t sideband V= Z IppwoT Zy (W;) Sin(”;t)
w>0
>nd sideband V=Y ILpw?Z(w,)sin(w,t)

w>0



Prosthaphaeresis formulae

sin(w,, t) = sin(pwot) cos(wst) — cos(pwot) sin(wst)

sin(w ! t) = sin(pwot) cos(wst) + cos(pwot) sin(wst)

But

11/10/16

~
cos(wgt) = z
2
T = 7 cos(wst) E> < |
sin(wgt) = — _
\_ Tws
,7'_

— cos(pwot) o
S

| 3

sin(w, t) = sin(pwot)

sin(wp_t) = Sin(pwot)g + cos(pwot) oy
S
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Voltage created by the resistive impedance

o
Main component V=2 Z Ier (pr) COS(prt)
w>0
oo . ,7'_
15t sideband V= Z IpypwoZy (w;)[sm(pwot)T — cos(pwot) —]
w>0 5
o B - 7-_
2"d sideband V = Z IpypwoZy (Wp ) sin(pwot) T + cos(pwot) —|
w>0 5

Therefore the induced Voltage dependson T, 7'



Energy lost in one turn

E, = /0 VI

2
energy lost . 2e | o Ippwo 4 _
per particle U= [_0 IpZT(pw ) — 9 (Zr(wp ) — Zr(wp )
per turn

this term can give rise to
a constant loss, or a constant
gain of energy



In terms of the energy of a particle

2€ _ I>pwy _ .\ Me

U = I I?Z,.(pwo) — p2 (Zr(w) = Zp(w, ))w—s
oU e > pwy NN/
A p2 (Zr(w;f)—Zr(wp))w—
w>0 5

This is a slope in the energy, and the sign of the slope depends on

Z,(huj:l — Ly (W) and 7]



The longitudinal motion now!

P+ 20,7 + wiyT =0

1 wo OU _ Wo oU _ Ws Zplg(zr(w;_)_zr(w

ST 9% OE  ArE 9 2I,hV cos o,

Robinson Instability

If g > (0 thereisadamping

If a4 < ( thereisan instability
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below transition

Robinson Instability

G. Franchetti

above transition
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Longitudinal space charge and
resistive wall impedance



Space charge longitudinal field

V><E+?—B:G %E-df:—% Bda

QOO |
R IT

| 00Q00 —y

]{E dl = /Er(z)d’r + By, Az — /Er(z + Az)dr — E,Az



For a KV beam p )\(z)

r if r<mrg
Electric Field E, =< 2€0
Az)ré 1
— i r>mrg
\ 260 T
w "Xz " N(z)ré 1
/ Er(z)dr:/ ( )rdr+/ (%) 0 —dr
0 0 260 0 260 T
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Therefore

/Er(z>d”’—/Er(Z+Az)dr —

2
_ "o

460
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Magnetic Field

)
A
HoY (Z)r it r<nrg
B, = ¢ )\(2)21
HOT=Z)T0 2 g r > T
\ 2 r




(Ew
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Law

Maxwell-Faraday %E_’ cdl = _é /Ed(i

~

e rw \ | ON(2) B pov.Ta Az w \ | OA

)AZ_4—€0[1+21n<7“0)] 9, Az =+ 1 [1—|—21n(r0>] 5
O\ ox

from the equation of continuity o + v, 9 0

2
E.=Ey,— i [1+21n (”‘“)] 1 oA

€0 ro V2 0z

!

again we find the factor 1/7% |
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Space charge impedance

L

Wy = MW

)\(9’ t) _ Z )\nez’(ne—wnt) 9 — 27_‘_3

Local density ——>
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Vio =27RE., —i )

n

1, 2mn

ey Bery?

o

Perfect vacuum chamber E, =0

Z||sc:
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Resistive Wall impedance

Do not take into account B
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skin
depth

G. Franchetti

Beam

Beam
on axis

Wall currents are related
to the electric field by Ohm’ law

E,=0c"1J,

)
Vo

The thickness of the wall
currents is called skin depth

2
by = ) ———
MO W
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Impedance of the surface (pipe) Longitudinal impedance (beam)

144 2R 1 +1

00

Zsurf —
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Summary

Re(Z,/m) Im(Z,/n)

resistive wall resistive wall

narrow band space charge’

broad band

/‘}rrowband
0- o U \/ o

From H. Widemann book

broad band
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Transverse impedance



Beam passing through
a cavity on axis

\L
v




Beam passing through
a cavity off-axis




But the field transform it-self |
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Effect on the dynamics

The dynamics is much more affected by B, than E because

—

F=qFE+qix B

T

this speed is high



The beam creates its own dipolar
magnetic field !

PODD 0101010
CDDD QOO
PR 20DD
PEEG OO
IARWAVYAYR — __-_%W _____
———006§t:>* TEDE
PEEE OO
PEEE DODD
PR DODD
SDLDD O0JOJ0JO

CODD QOOO

(dipolar errors create integer resonances.... we expect the same...)



Transverse impedance

Definition of longitudinal impedance (classical)

I — feiwt $ iHII“I $ V _ Veiwt

Impedance

Z(w)=V/I
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For a displaced beam

source of the effect
:> S
Lxg E

this field acts on a single particle

It means that in the equation of motion we have to add this effect

dQQf q —

7 9 kac — 95 Ew U X x

2 T KX m,yvg[ + (U X B)g]
G. Franchetti
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therefore for a weak effect or distributed we find

d2£E Qac 2 q 1 2T R .
I (o £ E, + (7 x B),]d
d32+<R>x mwg%R/O o+ (0% B)alds

In the time domain

d?x
dt?

5 q 1 27TR 5
T — Ex J xd
+ (Qrwp)” m'yQWR/O (E, + (U x B),]ds



Now the situation is the following:

e W) - S e

it depends on
frequency
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Transverse beam coupling impedance

[TEIE + @ x Bl Lds
Blxg

ZJ_(CU) =3

now the question is
whatis w ?



Whatisitw ?

It is given by the fractional tune, as this is the frequency seen in a cavity

Example: Q=2.23 fractionaltune q=0.23

beam position
m /ﬂ& seen by the cavity

/
Y W

Cec b o b b e b | turns

0 2 4 6 § 10
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B-field induced by beam displacement

OF,
From 5 klxg |:> E, = klxpx

electric field at the position of beam x, is

Longitudinal impedance

E. [
Z|| = — (ICCO) = —/{JLU(Q)Z




The magnetic field comes
from Maxwell

OB,
Ot

‘CBO = k’[ili‘()

k
) B, =

Transverse impedance

11/10/16

fé[ﬁ’x é]J_dS
(4

/=
+ ICL’O

I$ eiwt _
W

OB

VxE+——=0
ot

taking  [xg = [re'w?

klxo
W

-_—) 7.-

U, dQZ”(w)

2w dx?
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Beam
off axis
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image
charge

11/10/16

rg/m

Therefore the field on the beam is

1 A
= —
2meg 73 b

TP

(for small x,,/r,)

G. Franchetti
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OF
— x Iz

ox

More charges here
9

Less charges here
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Transverse resistive Wall impedance




Transverse instability



Coasting beam instability

Force due to the impedance
(in the complex notation)

e

Equation of motion of one
particle for a beam on axis

L]
[T

Equation of motion of a
beam particle when the beam
is off-axis

qZLIO
F
ol 27TR
i+ Q*wixr =0
2 s qZJ_IO
i+ Qi = ZZ?TRTrw

Ly



Collective motion

On the other hand the beam center is Ty — / T n(x, Y, s)dxdy

/ xndV + / QQw xndV = —
If all particles have the same frequency, i.e. each particle experience a force
Q%*w?x

. qZ 1
then ZCb—|—Q woxb——zq L0

therefore
QZL Iy
277Rm7

Lp

2w Rmyy b



.9/ 1 1
xb+Q2w0xb——zq 0

21 Rmyy b

We can define a coherent “detuning” because this is a linear equation

qz 1 1o

Q°wg T (Q + AQ°)?w;
————
AQC _ 1 qZ 1 1

2Qwg 27 Rmyy
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iy + Q%wizy = —2Qw*AQx;

that is
. 2 2 2 A AC\ e
Ty + (Q°wi + 2QwiAQ )z, =

But now AQC is a complex number !!

Solution  x3, = A exp|—wol, (AQ)t + iwp|Q + Re(AQ°)]t]



-1 c Is the growth rate of the transverse resistive
T = wO]m(AQ ) wall instability

1 qRe{Z, }1o

T ArRm~yQuyg

Instability suppression

This instability always take place > Landau damping



An important assumption

We assumed that all particles have the same frequency so that

/QngxﬁdV = Q%}%/xﬁd‘/ Q wiTy

This assumption means that each particle of the beam respond in
the same way to a change of particle amplitude

Coherent motion

—

drive particle motion, which is
again coherent



Chromaticity ?

What happened if the incoherent force created by the accelerator does not
allow a coherent build up

Momentum spread

> dp/p
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one particle with off-momentum dp/p
has tune

0
Q=67 W Q-Q+Q-Q+¢r
T

chromaticity

If each particle of the beam has different dp/p then the force that the lattice
exert on a particle depends on the particle !

6 2
Fx: QO"‘g?p w2$



Incoherent motion damps x,

without impedances

. . ) op\?
Equation of motion P (QO +€Ep> W2r =0

Motion of center of mass has an effect on the spread of the frequencies of
oscillation

The momentum compaction also provides a spread of the betatron oscillations



N. particles =5










AN o{ I»'W a

Example:
N. particles =5 0 C |
dg/q = 2.5E-2 - |
B |
S| ‘
s |
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But incoherent motion reduces x,

2

these are 5 sinusoids
with amplitude linearly
growth ]

I ST,
vvvvv
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Example:

- il \\II

'\v///\vv v\v
VY ‘:“0’/\\

oscillations of the center of

G. Franchetti



Situation

Growth rate Damping rate

TT TD
The faster wins
21 Ry| — nn + &vg|
V3NTo8z7
Stability condition (Chao)

1 qRe{Z, }1o

— Z | (nwy + w < /4
T  ArRmyQuwyg 171 (e 2 ’

A(Sl/z
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instability of a single bunch

Example beam position at the cavity

No oscillations =

W =

11/10/16 G. Franc hetti 84



M |

|

side band
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behavior of the field in the cavity

T, = time of oscillation of the field in the cavity

t=( t="1T,/4 t =1,/2
-' Y -'

Y
~ L. ~ L.
\\\ x\\ EZ
/) Et_f.){_’] \\“’}

T
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Cavity tuned upper sideband

Example with
q=1/4

f —_ :_))I;-rll.'f—_l:

YA
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Cavity tuned upper sideband

Example with
q=1/4

f —_ :_))I;-rll.'f—_l:

YA
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For chromaticity equal to zero, as for the Robinson Instability

0 = % X Z[g[ZJ_(CU;) _ZJ_<wp_)]



Negative mass instability

X
Above transition A
Example with
2 particles !
Repulsion Repulsion
forces from forces from
Coulomb Coulomb

e O > 2

reference frame
of synchronous particle
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Negative mass instability

Above transition

Example with
2 particles !

11/10/16

X
A
Repulsion Repulsion
forces from forces from
Coulomb Coulomb
hV—H, ) Z
lose speed gain speed
revolution time revolution time
shorter longer
reference frame
of synchronous particle
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Negative mass instability

X
Above transition A
Example with
2 particles !
—_—

reference frame
of synchronous particle
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Negative mass instability

Above transition

X X
A ' 'T‘
perturbation perturbation
\ growth

repulsive forces attract particles as if their mass were negative

) nwy | @nelelo (1+21n2x)
;neg mass N ﬂC’}’ ,BEO
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Head Tail instability (fast)

Wake field act on the tail

Effect is taken
linear

G. Franchetti
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Head Tail instability (fast)

Wake field act on the tail

e,
T o0

>

The tail makes betatron . 9 L
oscillation perturbed by Lt + wﬁxt — ()th
the head



Head Tail instability (fast)

After half synchrotron oscillation head and tail swap

Wake field act on the tail

.
S

x| =

>

The tail makes betatron . 9 L
oscillation perturbed by Lt + wﬁxt — ()th
the head
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Head Tail instability (fast)

In one synchrotron oscillations the situation is repeated

x1(ts) _ olwste 1 —a? —ia x1(0)
$2(t5) —1a 1 :B*Z(O)

o“u_n”n

a” is a quantity function of the wake potential

4
Stability I, < “rd7«0 V5 Vs
Z)
re felm{ - }
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Head Tail instability (fast)

Wake field act on the tail
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Summary

Robinson instability

Longitudinal space charge and resistive wall impedance
Transverse impedance

Transverse instability

Landau damping

Single bunch instability

Negative mass instability

Fast Head-Tail instability



References

Lectures of Albert Hofmann, CAS

Physics of collective beam instabilities in high energy accelerators - A.W. Chao, 1993
Theory and Design of Charged Particle Beams - M. Reiser, 1994

Particle Accelerator Physics - H. Wiedemann



