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Outline:

. Free Electron Laser by finger physics

. Free Electron Laser: Low Gain

. Free Electron Laser: High Gain, Start-up from noise (SASE)
. Experimental realization, technical challenges, future plans
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Peak (instantaneous) power of accelerated charge q
1s Lorentz-invariant:

o y*
2 =%
q )2 * >
=T (v) =P () . v
ome,C V
* means: in co-moving instantaneous rest frame — 7%

i) remember: V' depends strongly on y if expressed in lab-frame quantities:

. 3. . 2. q 4.2

B Wy B = = 57 Vy
67,
0,2
i1) consider g=N-ey—> P, = Nz 452
677&,C
P7/ 802 4.2 10 .. "
— power per electron = N -y*Vv, ‘"stimulated emission

N  6rs,c’

- assumes point-like charge q -
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Free-Electron Laser:

Provides mechanism to concentrate electrons into bunches of length <1,
-> recovers factor N in power !

Schematic of a (single-pass) free electron laser (FEL)

laser

experiment

beamdump
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Basic principle of a
Free-Electron Laser (FEL) slekiron

laser
beam

elektron
absorset

unduletor——

A) Due to oscillation in undulator field,
electron velocity receives
(transverse) component parallel to
electric field vector of e.m. wave

—> electrons may loose or gain energy,
depending on relative phase between
electron oscillation and e.m. wave.

- For a certain combination of
parameters, this effect is stationary
within the electron bunch =

Resonance wavelength:

ﬂ 2
Aemw = =75 1+K—
2y 2

mugneﬁc poles
of the undulator

elektron frajectory %y
in the horizontal
plane

elekiromagnetic
wave

lower magnetic

poles of the S N S N

undulitor

direction of maotion

-
L

B) Modulation of electron energy leads

bunch of electrons

to longitudinal density modulation of wih increcsng  —— <@@iiE®

density modulation

Y,
/ AR
direction of motion
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electron bunch at the optical
wavelength. Thus, radiation starts to
scale ~ N2, eventually leading to
exponential growth of rad. power.

radiation power on
legarthmic scale




Basic theory of free electron laser
1) Low gain approximation =

we assume an initial, external e.m. field that changes only slightly
(few % in power) during FEL process

Step 1: electron motion in undulator

-sin (k,z)
field of helical undulator with period A,: B =B| cos (k,z) |+ O(r2 ) [using k, = E)
0 u
X X -z-cos (k,z)
electron motion: my| y [=q| y [xB=qgB -z-sin (k,z)
z z x-cos (k,z)+y-sin (k,z)

exp(i-x)=cosx+i-sinx

One solution (prove it!) is a periodic, helical motion:

longitudinal motion: v, =const., z= v, t= ct

(1)
: : X(t K| -sin (k,z : L . :
transverse motion on a circle: ( .( )j =Cc— ( ) , Or, using w = X +1y, w = 1c5exp(1kuz) -S> W= K exp(lkuz)
y®) v cos (k,z) Y vk, v,
er,B . : : : . . v, K 1
K = is called undulator parameter. It is typically K 1 — opening angle of helical motion — = —~ —
2nm,c c 1 ¥

2 2
We can now determine 3, =Yz B, =l\/v2—x2—y2 :\/BZ—LEJ :Jl—%—(gj zl—%<1+K2)
c c Y YO\Y 2y
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External electromagnetic wave moving parallel to electron beam (i.e. in z-direction):
cos(o t—k, z—q,) _
E, =E,| sin(o,t-k,z—¢,) | ; B.=—E, ;
0

again:  complex notation:E, =E, +iE  — E =E expi(ot-k z-9,)

Change of electron energy in presence of undulator and wave:

dE  ,d . = . - | | - KE, .
E:mc E:V.F:q.v.EL :q(xEL,X+yEL’y):qﬂ%(WEL):—qc yOSIn{(ku+kL)z—mLt+(p0}
KE, . , O, Z :
=—qc sin¥ with |¥ =(k, +k, )z—-o, t+9,|=(k, +kL)z—[3 +¢, (usingz= v, t=Bct)
Y ,C
dE:_qEOKsian 2)
dz vB,

The energy dE is taken from or transferred to the radiation field. For most frequencies, dE/dt
oscillates very rapidly. A significant energy transfer will only be accumulated if the
phase difference ¥ between particle motion and e.m. wave stays constant with time.

Y = const. - d—LP: (k, +k, Oy, Using o, =ck, yields k +k, —k—L: 0
dz B,c .
o . I_Bz }\'u 2
- Resonance condition: AL =4, 5 A (1-B,) = 2 (1+X7)

The same equation as for undulator radiation!
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We have seen what happens on resonance.
For particles slightly off resonance energy, the phase W will slip. By how much?

InY=(k, +k, )z— % +@, only B, ~1- 2%(1 +K?) depends on energy. Writingy =y, + Ay we get
Y

z

d¥ ® ® o, 1+K? o, 1+K? 2
d_:(ku+kL)_ - zku+kL_ 2 +— 3 AYZ_L 3 Ay:ku Ay (3)
Z 1 1 + K2 BZ (’Yres) ’ C C erS C yres Yres
C —
2(Y, +AY)
d’¥ dy _ _qE K

—=k, 2 &y . Now using :
dz Y. dz dz moc B,

Deriving once more with respect to z yields: sin¥ (see Eq. 2)

veet [y 2q E. Kk 2q E. Kk
— = q2 02 “sin¥ = -Q’sin¥ with Q? = qz 02 u
dZ In0C yresBz In0C yresBz

This is a pendulum equation in the
Ay - phase space:

electrons with little deviation from
synchronous phase or from resonance
energy perform periodic oscillation.

Identical to synchrotron oscillation,
but ,,bucket* length is now the optical wavength! ) 2
Particles within separatrix get bunched — ¥




\

|

[rrwy

N7

L
w2 "

: : Ay =
Gain (or loss) in field energy vy
. 1es
per undulator passage,depending
on where to start in phase space ‘
Interpretation of separatrix:
Finding first integral:
Multiply ¥" = —Q* sin¥ by 2%’ on both sides and use 2¥"¥" =di(‘P')2 —
V4
[2wnwrdz=(w) =2[-Q" sin¥P'dz = 2[-Q" sin Pd¥ = 20" cos ¥ + const
Eq.(3) 2
With ‘i’“\; k, iAy this reads (ku iij =20’ cos ¥ + const , thus
yI‘CS yres

E K
(Ay)2 — qz—ocos Y = const. | with const. determined by initial conditions.

ulrz

E, K
B ' NN Ay=\/const.+

m,c’k

qE, K

m,c’k

Case 1: const.< cosV¥Y

u ulrz

has real solution only for limited range of phases — rotation within separatrix

E K E K
Case 2: const. > q2—0 —> Ay = [const. + qz—ocos‘P
m,ck 3, m,c°k

ulrz

all phases possible, but Ay = 0 cannot be reached — libration outside separatrix

E,K E,K 2qE, K
Separatrix: const=—1—""_ (Ay)2 = qz—oB(1+cos ¥) — height of separatrix is Ay, — AYmin = /—q 212 5
ulMz rnOC ukz

2
m,ck f3, m,c 'k




Gain calculation: |g - gain of field energy produced by electron i _ —mc” (vi(z=L,) -, (O))

total field energy 820 E2.V

—mcy (W' (z=L. )=-¥'(0
_~me Yres( I(Z u) 1( )) (remember Eq. 3: Ay:;{:g

g, Ec- VK,

— requires solution of pendulum equation for W (z).

Y

u

d’y

dz’

Solution by iteration: Ansatz: ¥ (z)=¥, + ¥, -z+8¥(z) ,where 8% (z) is the higher order term.
Step 1: 8¥(z)=0

=¥ =-0’sin¥

g -y —szsin(‘l’o +¥, z)dz =¥, -0’ %[cos‘l’o —cos(‘PO +¥, z)]
0 0

p

Average gain of the total beam (N particles): GZZ G, = <Gi >\P_ ‘N

0 ’
0

(@ —‘Pg>w = <—Q2 \PL[cos ¥, —cos(¥, +¥, z)]> =0 In first order, avg. gain is 0.

Yo

1 7 N P 1 . | , |
Step 2 (use result of Step 1): 8¥(z) = -Q ‘P—év([[cos‘l’o —cos(¥, + WV, -2) |z =-Q ‘P_E[Z -sin¥, —\P—(,)sm(‘l’O +¥) ~z)+\P—(,)sm‘P0

PO ) = - [sin(W, + W -7+ 8%(2) )iz ~ -Q° [[ sin(¥, + ¥, -2)+ cos (¥, + ¥ -7)8¥ () |42 (note:3W (2)[] )
0 0

Plugging in ¥ (Z) and averaging yields:

Lu
<‘P"2) —‘P(’)>\P =Q* ‘;,2 <I[Z‘P5 cos’ ¥, -cos(¥( -z)—sin’ ¥, -sin( ¥, Z)]di> (having used <cos(a+B)sin(a+B)> 0)

o
0 0 \o
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Q4

1(2) _ 4 _ ' !~ '
(¥ \PO>‘PO o7 “z‘l’ cos(\W; -z)-sin(¥;-z)|dz
4
=g L, sin(‘PgLu)—Zj sin(W}-z)dz | (by partial integration)
0
4 Lu Q4 1
= L sin(WY,L )-2|sin(¥,-z)dz |= L sin(VY,L )+2—(cos(¥,L, )1
2\{,{)2 u ( 0 u) J‘ ( 0 ) 2\{,{)2|: u ( 0 u) \P(r)( ( 0 u) )
Ar~2 0u
' ' ' sSin
1 Y, L 2 . L,Y¥Y,L d :
=Q' — L, sin—*cos—*+-—_sin’ 4 |=Q' — —£ ¢ (prove it!)
Y, 2 Y, 2 d¥, ¥,
Remember: W, = —=Ay is determined by the initial off-resonance energy
2 5 sin2 IP(,) ) Lu
G=N e yres(\yi (2=L,)-¥ (0)) __Mmerel, o d 2 Now use |&= Po Ly n =Np L =N A
P e, E;- VK, e, El-Vk,  d¥) L 45 R A
nq’NoA2K?n, d [sin?¢ | | »
— =— ONE — (assumptions: helical undulator, perfect overlap electron/radiation field)
g,mc”y d¢| &
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To first order in the iteration, there is no net gain (G=0), because motion in phase space is
(almost) symmetric: As many particles move up as down.

In second order it 1s seen however that, for positive Ay , the motion of particles with positive
phase goes more rapidly downwards than the motion of the others goes upwards.

sin’ (ZnNu ij ; sin’ (nNu Aw)
®
Using ﬂ=ﬂ, we can write: Gain o C Vres o —— e

2(’Ores Y res dy (A'Y)z do (A(D)z

The line shape function of low gain FEL emission is

Madey-Theorem

the derivative of the line shape of spontaneous undulator radiation

sin’¢ dsin’g 1

2 & g pl s Esin()

.0.997, ' ' 0.6 ' ' '
05 .

08 -
0.6 -
«9)

04 m

02 ]

6947x10°°, | |
10 -5 0 5 10

~ 10, g 9.8, ~ 10, dy 10,
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e.m. field 1s amplified if electron energy is slightly above resonance

—
(ewy
; g o

Phase space simulation of low gain FEL
E slightly above resonance -
See electron bunch losing energy in averave

Radiation energy produced per undulator passage is AE = G - E, (field energy before passage of undulator).

Note that G o« N, like power of spontaneous radiation!

BUT: 1. AE adds to spontaneous radiation
2. AE oc E; 1.e. electrons are stimulated to emit due to presence of E,

3. AE may become arbitrarily large if only E. is large enough
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For applications, a few % power gain (i.e. a low gain FEL) don’t seem to be of interest.
However, with a pair of mirrors, one can multiply the gain, if on each round trip of radiation
there 1s a fresh electron bunch available.

After N round trips, G, ,, = GV, and the e.m. field is so strong that microbunching is almost
perfect. —> saturation

Only few % of radiation

{4 i) mirror intensity is extracted per
.’ electron passage (mirror

o

reflectivity) to keep stored
field high

GapI

electron beam

. -

=~

mirror

courtesy R. Bakker

Very nice scheme.
But what if we want wavelength < approx. 200nm where no good mirrors exist?
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100 i —t—t e

E ]
% ﬁl TN
2 ag k
1 .
8 :
= &0 . S
™ ]
= 3
E 40 7 sic =
= :
£ 20 / H'“"————
L ! E
&E 4 i
d = d 4 5 5 = d 4 5 5

TE TE
100 1000

Photon wavelength {nm)

—h
i I

Reflectivity of most surfaces at normal incidence drops drastically
at wavelengths below 100 — 200 nm.
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2) High gain FEL =

we take into account that the initial, external e.m. field changes during FEL process

. Closely following Ref. 3 Saldin et al.
Maxwell equations
2 ). ~ e.m. fields are generated by charges and currents.
Vi——— |A=—,l
c ot For a purely transverse e.m. field we get:
82 2 2 .
V? - 252 (I):_ﬂ 2 EzL _iz@ EZL:HoaJ—l‘i‘iVLP (4)
¢ € 0z° ¢ ot ot g,
—>E, =—gradp— oA The term 47wV p can be neglected, because its
- ot contribution to radiation generation is small in all

practical cases see Ref. 5, Chapter 4.1.

A) What can we say about the e.m. field E ?
1. Again: Only transverse components = complex notation:

cos(o, t—k, z—q,) |
E, =E,| sin(ot-k,z—¢,) ;ELZC(D E, ;E=E +iE,, — E=E;expi(ot-k z—q,)
O L

2. But now: Amplitude E; and phase ¢,(which we call y, now) may vary with z (though slowly compared to o, ) —
E=E,(z)expi(o, t—k,z—y.)=E =E (z)expi(o, t —k, z) with the slow part E (z) =E (z)expiy, and E (z) its c.c.

Eq. 4 re-written for E,  +iE, = E! (z)expi(o, t — k, z) reads:
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P(E. +iE P(E. +iE : :
( 1xT1 L,y) 1 ( 1x 1 l!Y):;?E(*)(z)expi(O)Lt—kLZ)—%%EZ(Z)&'XF’“(’JL'{_kLZ):

R 7

822 ©
; {E (z)—expl((oLt k, z) + expi(o, t—k z) E (z)} ! ;[E (z)—expl(mLt k, z) + expi(o, t -k, z) — = (2 )}:
—(E*(z)) (—ik )expi(oaLt—kLz)+E;(z)(—ki)expi(mLt—kLz)+(—ikL)expi(mLt—kLz)aéz(z)+exp1(th k z)gE (2)

(o, t—k, z) - LZE; (z)(-of Jexpi(o, t —k, z) + 0 = (neglecting second derivative of slowly varying EZ (z))

2
—{2ikL;E’{)(z)}expi(mLt—kLz)—ki E;‘;(z)expi(mLt—kLz)—( L) g *(z)expi(o, t—k, z) = (using ==k, )=
Z C

- o, +1-]
. {ka iES(z)}expi(a)Lt ey z) = g M P dy) (5)
0z ot
Note: Because of j=pv, we can write Gx +1-Jy)=(vy +i- vy).—Z = (see Eq.1) = iiEexp(ikuz)jZ ~ iEexp(ikuz) i
Vz Vz ¥ Y
Collecting the rapidly oscillation term rewrites eq. 5, using ¥ = (k, +k, )z—o,t:
0 & K 0j : K 0 : 6
—| 2k, —E (2) |= 1, — L expi(k,z+k,z—o t)=p,— L expi¥ ©)
0z v Ot v Ot
Electromagnetic field amplitude 1s generated by time dependent current
17
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Major steps to derive the 3rd order Diff. Eq. for High Gain FEL

Maxwell Eq. Kinematic

Egs. in y/'¥

Vlasov<& Liouville

Space
\ / charge

Evolution of
current density

slowly varying

(6)

(8)

ampl. & phase

axwell Eq.:

Eq. [§OY ft:

self-consistent integro-differential Eq.
For arbitrary inital energy distribution

Cold beam

3rd order differential Eq.

2-9 July 2003

Space charge E, 2 j, 2 E

trans

equation

O approximation step
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B) What can we say about the current density j_i_ ?

] | 1s determined by initial charge distribution and its evolution in presence of e.m. and undulator field.
We know that electron dynamics is governed by Hamiltonian
1/2
H(p,,zt) = [(pzC —qA,) +q* (A, +A,) + m204] +q0
A, describing the undulator field, and A_, ¢ the space charge.

Applying a canonical transformation we can change from canonical pair of coordinates, z/p, to'¥' [y
® ®, . L.
= —- W1y, but = > 1s constant), V' = (ku +k, )Z -t ymoc2 kinetic energy of electron.
m,C m,C
A consequence of Hamiltonian mechanics is Liouville's Theorem,
i.e. phase space density along the particle's motion is constant. In coordinates z,y,¥ this reads:

(actually

df of of o¥ of :
=—+ + at =0 (also called Vlasov equation) (7)
dz 0z oY o0z oyoz
We have seen before (Eq. 2) that dy = —qEZ—OKsin(‘P +y, ) + qEZZ - but now, the electric field strengthE,
dz m,cy,B, m,C

isn't constant any more, and we have included the energy gain due to space charge field E .
o o l+ K?
B.)c ¢ v

Also (Eq.3) C;—\P =k, +k, - Ay, but now we allow for a small deviation of y fromy_
z

2
described by the detuning parameter C(y)=k , +k, — DL e C(y,.)=0. — av —Cc+ 2 L F

,y)-c’ dz cC Y,

Ay

2
Eq. (7) now reads (from now on B, ~ 1): §+ c+ 1+§< Ay of +| - qEOZK sin(¥ +vy; )+ qEzz g=O‘
0z c o¥ oy (8)

m,C v, m,C




Ansatz: f(z,y,'¥) = f,(y) + f,(z,y)cos(¥ + y,) i.e. we assume a density modulation at the optical wavelength,

growing with z (in a way to be calculated).

f (z,y)cos(¥ +y,) =2 ) 4 f—Z‘e_i(w“’O) =LeWe™ + C.C.=1 (z,y)e™ +C.C.

2

Similar for space charge force: E, =E_(z)cos(¥ +vy,) = EZ (z)e' +C.C.

From here on, we keep all expressions on space charge in blue color.

2
E,K
O e 2 ) O (- 90K sin(w 4 yg)+ 92 &
oz 7 o myc~yq mgc” O
s T~k
@el‘y+ﬂe_l\y +(C+ (DLH_K A)(lflel‘y 1f1 )
0z 0z C ’YO
~ T~k
qEOK 1( 1(‘P+\|1E)_e—1(‘1’+\|/E))+ q 5 (Ez el‘P +E; e—l‘I’) %+aiel‘{’ _'_aie—l‘l’ _ (use EO ~E, el\uE)
1’1’10C ’YO 2 1’1’100 &Y 8Y &Y
v | oF < E, K
et 1 oy +1(C+ (DLH_:I%{ Ay)fy + (i 4=0
oz 7 2mycTy
+c.c.=0
of, ® 1+K2 E, K = of
Thus, { 1=0~|ZL+i(C+ 2L 25 A + (i ! +—4 E) oo
0z C 0 0c: Y, mM,C oy
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example density function: f(Z,’Y ,LP)

(r= y") +f, cos¥Y

f =exp

F— 0.5

=10

M+1(C Cul < Ay)f (z,v) + {1 qE (Z)K 4 E Nz )} ot (v) =0 is a diff. eq. in z of the type diz) +iaf(z) = g(z)
0z c v, m,c’Y, moc oy dz
A solution is f(z)= j g(z')expliofz’ —z)]dz (prove it!)
Thus: f (z,v) = sz {1 qE (Zz)K .4 E Nz )} fo (7) exp{ (C +—1+ LS Ay)(z' —Z):| fl*(z,y) = C.C. (9)
2m,c’y, m,c’ C :

We can now calculate the current density 3 3 3 3
i, =pv, ~ pc = qc [ f(zy, W)y = qc[ £, (y)dy + " qc[ £ (z,y)dy + " qc[ £} (z,y)dy = j, + jie™ + e ™

T Y T iy
o . =, 3, OlJy +Je™ +ie ™ ) |
With this definition, Eq.(6) reads — {2kL EEO (Z):| = U, K g, e’ = p, LS ( S : )e‘T =
0z Y, Ot Yo ot
(use ¥ = (k, +k, )z -, t and note that j, is "almost" independent of time)

(DK < o e, . (DK
(L¥W+L)=moy o
0

K
~ Mo Y_[(_I(DL ) je” + (I(DL ) Je :| =1ipy ——
0

o, K~ 0 =
L>5 — 2k —E 10
X LS, O(Z) ( )

and equally: |ip, o1

Yo




0 neK~ . pKqe® -

—E, (z) =1~ =i f (z,y)dy =

5B (@)= i =i = [y
Kqc® ¢ E,(z)K . :

j o4 jdyjdz 4 (ZZ) q2EZ(Z') 0(Y)exp{ (C+—1+K Ay)(z' - z)
2Y 7% 2m,c7y, myC oy C 0

For our assumption on the space charge field: E, =E, (z) e + C.C., long. component of 1st Maxwell Eq.reads

o 0 : 0 0 : = in,c” ~

(note a—X=g=0) (VxH) =0= _]+805EZ or 8tE (z)=-p,c*j, thus: E, (z)=- o;)L ji-

: . ~ : 2y0 0 ¢ = 2y,¢ 0 =
With Eq. (10), this is related to the transverse e.m. field: j, = —E ( ) thus E (z) = — —E, (z)

MOCK oz o, K 0z
n,q°K*c* ¢ dyic O = of, (v) 1+K?
9g (z)_lo—jdyjdz iE, (2)-—= T E (z) |22 exp| i(C+ 2= Ay)z' - 2)
0z 4yim,c’ o, K” 0z oy c v,

This 1s an integro-differential equation for the complex amplitude of the e.m. field.
Only for few non-trivial model functions of the initial energy distribution f,,
the solution can be found analytically, using Laplace-transform technique.

Most simple case: monoenergetic (,,cold*) beam:

o0

f,(y) =n,0(y—vy,), i.e. Ay=0, with charge density n, i.e.j, = ch n,0(y —v,)dy = qen,
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Integration over energy can then be executed, using partial integration:

[ dp)0y = 3R]

1

IS(y yo)ﬂdy, thus:

K2 z 0 2 2
iE (2)=1 j Hoflod & dzjdyS(y Yo) iE (Z') - 4yc 8 0) 1+K (z' —z) |lexp 1(C+—1+K AyNz'-2) | =
oz 4y0 ) LK 0 c 0
212 2 z
uon,q K (1+ K)o, e, 4yc 0 , g
- dz'| iE S A —z)exp|iC(z' - z)| =
g I o(2)=— 5B, () | (2~ 2)exp[iC(z' )]
. 5 2 o
—Fﬂdz'{iEo (z')--= ’):|(Z’ —z)exp[iC(z' - z)]
0
with abbreviations:
s B’ KP(1+ K)o,  mj, K (1+K*)w, 4nm c
" = : = - L= = 17kA "Alven current”) I 1s called gain parameter.
4y m,cC RG9S 1.9
4mj, (1+K° 4y . o o
k= do ) _ o k_is wave number of longitudinal plasma oscillation.
p T 3 K2 p
NG Oy
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We have ended with an ordinary integro-differential equation:

d - ‘ = k;
EEo(z) = —F3£dz’ iEO(z')—F—g

~ Eo(z'):l(z' —z)exp[iC(z' - z)]

Deriving one more time: | Prove it, using 4 J dz'g(z)h(z') = 4 g(Z)I dz'h(z") _d g(z)j dz'h(z")+g(z)h(z)
dzy dz ) dz 0

4’ = d = ‘ = ki d -
d?EO =-iCEEO+F3 j dz’ iEO(z’)—F—ian(z’) exp[iC(z' - 2)]
0

and once more:

3 2 k2
d E -1Cd—E +I° {1E (z)——
7’ dz*

2

d - : T
EEO(Z):I—ICIG.([(].Z {1E0(z 3 e

d E,(z }exp[iC(z’—z)]

L d? -z . d le & e d? o d = d 2
=-1Cd7E0+1“3 {1E0(Z)——d—E (Z)j|—1C(1C E +dZ E,)= 21Cd—E +I° {1E (z)——EEO(z)}+CzaEO

or rearranging:

4 g raic S B (2 -2) LE, =irE, ()
dz* " dz2 ° \? dz o (11)

A linear third-order differential equation for the complex field amplitude.
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d3 — . d2 — 2 2 d — . 3E
EEO'leCd?EO +(kp —C )EEO =1I O(Z)

Ansatzz E=Aexp(Az) —> characteristic equation: A*+2iCA’ +(k§ -C? )A=il”3

A(A+2CA-C* +K; ) = A| (A+iC)’ +K; | =il (12)

This equation has 3 roots, and the general solution of Eq.(11) is constructed from three independent partial solutions:

E(z) = A, exp(A,z)+ A, exp(A,z)+ A, exp(A,z)

The amplitudes A ,, are determined by the initial conditions.

4, (1+ K?)
LY

most simple case: No detuning C = 0, and negligible space charge kf, =

i, i

3:2r

— 0 (i.e. very high beam energy v, ):

A =il = A, =—iT3A,

The general solution is thus: E(z) = A exp(-i['z)+A, exp[

i—3 J

+ A, exp [T I'z

All contributions to solution oscillate or vanish, except for:/

For an undulator much longer than 1/I", this part of solution dominates.

The most practical ways to specify the intial conditions (in fact we have to determine 3 independent conditions!)

2 ~ ~ ~ ~ ~
is to specify E, (z =O),%EO (z=0),§7éo (z=0), or (using Eq. 11: %EO oc jl): E,(z=0),j, (Z:O),%j1 (z=0)
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With these initial condition, the amplitudes A, , ; can be calculated as follows:
We write E(z) = A, exp(A,z) + A, exp(A,z)+ A, exp(A,z) in the form
E(z)=A,E (2)+A,E,(z)+A,E,(z) with E, (z)=exp(A,z), etc. and write dié —E’, etc.
zZ

The general solution is written in the form

E) (E E E) (a
E'| =|El E, E,|-|A,| Since A, , 5 are known from characteristic Eq., all matrix elements are known..
EH Elu E;I E;r A3
~ ~ ~ ~ -1 ~
E A, E, E, E E
Using initial conditions | E' | , we can determine | A, |=|E, E, E,| -|E . Thus
E" Zzo A3 El” E;r E;r » E" ZZO
~ ~ ~ ~ ~ ~ ~ -1 ~
E E, E, E, E, E, E E
E'|=|E E, E,|-|E E, E;| -|E | ,orusingE (z)=exp(Az), E(z)=A exp(A,z), etc.
EII Elll E;f E;I Elfl E;l E;’ y EI’ y
E E, E, E, 1 1 1Y'[(E
E'| =|El E, E!|-|A, A, A,| |FE
EH Elu E;/ Egr Alz A; Ag En .
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Thus the General Solution is

E E,
E'| =|E
E" E

For the simple case C=0, k, =0 we got A, =—i[;A, =

2-9 July 2003

1 1 1
A Ay Ay
AT A3 A3

m m

! exp (izj
3r? 3

J. Rossbach: CERN acc.school, Brunnen: Linac FELs

AA, - A, +A, 1
(AI_AZ)(AI_A3) (AI_AZ)(AI_A3) (AI_AZ)(AI_A3)
. AA, - A, + A, 1 .
(Az_Al)(Az_A3) (Az_Al)(Az_A3) (Az_Al)(Az_A3)
ALA, ~ A, +A, 1
(A3_A2)(A3_A1) (A3_A2)(A3_A1) (A3_A2)(A3_A1)
ﬂr;/g - 1_2*/5 I, thus
1 1 _ 1
3 3r 3r’ E
|1 Lexp(—iﬁj ! exp(—iEj | E’
3 3 6) 3I 3 -
EN
l z=0
3

(13)

I me

~

z=0
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First example: Seeding by input e.m. wave E E
In this case: E(z=0)=E_,,j (z=0)=0, di i (z=0)=0 (i.e. no current modulation at the beginning) — | E' | =| 0
Err 0
z=0
1 e | e
E E, E, E) |3 3T 3r e\ (E E E) |37 E +E,+E,
=X =T =L =X 1 1 T 1 T . =1 =L =X 1 1 = = ’
Thus FH = %1” ?'2’ ?f' : g Ee p(—lgj 3F2 EXP(—IEJ : 0 = %1” %i ??, gEext :g ext ?1”"'%?,4‘%?’ =
E') \E B E) |, n - o) |E Ey EY) 1 E'EV+E
RETREARIWE e
3 3r 6 3r 3 ) Jiuse 1+i/3 = 2expi§ )
exp(A,;z)+exp(A,z)+exp(A;z
| (A12) + 0xp(As2) + exp(As2) T . e 5
gEext A, exp(Az)+A, exp(A,z)+ A, exp(A,z) |; explicitly: |[E(z) =—E_, | exp(-il'z)+exp 5 [z |+exp 5 Iz
A exp(Az)+A; exp(A,z)+A; exp(A,z)
= 1 1++/3
forz 1T : E(z):§Eext exp( ZIFZJ (14) ¢ | | | |

The power gain 1s given by (prove it!)

\E\ ¥E

—|1+4cosh \/25 Fz(coshTFz + cos%l‘z}

ext

— (forz[ 1/T): |G

éexp \/§Fz

The factor 1/9 describes the coupling of

the incoming e.m. field to FEL gain process
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log(((T'2)))
log(h(T'z))

[z
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P = épin exp(+3rz) .
P

1 1 I[,cy’ . 4mey’ . I
L, = — . 2Ay2 or, using ®, = V2 and j, ~ —,
Jar B3 mj K21+ K)o, A, (1+K7) no:
1
1 (Ly'ooh, % : :
L, = - is called power gain length.
Y31 4nlK
. AT
Also widely used : p=—"— "FEL - parameter" p = LA, ] ! (15)
47‘[ 47T\/3_LG 4n\/3_NGain
Saturation
"jl‘ b LG . Bunching at SASE FEL
Our treatment was based on the assumption — [ 1. Sigg)ph'as;g?:; seen in y/z coordinates
Jo

When m approaches j, (full modulation), e.m. field cannot further grow and our linear approximation breaks down.

— needs numerical simulation

Electrons lose quickly so much energy that, due to particle motion in phase space,
e.m. field may even pump some energy back to electron beam.

Also, the energy spread of the electron beam increases (thus the frequence spread).
Potential cure: undulator tapering

Detailed numerical analysis needed. Phase space simulation

; of SASE FEL
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Very rough estimate of saturation power:

We assume m=j0 (full modulation). Using Eq. (10) diéo (z)=1y, 2C—K31 , we estimate
z

0

‘EO (z = Lg) ~ diéo (Lg ) xL, = 1, ;—KjOLg 1.e. major part of radiation is generated in last gain length.
Z Yo
Plugin L, and get
- %
5 80C‘E‘2 « Ares ~ £,CO; EOP o MC LKA, || ae6)
sat 2 2 sat 120 Gr

Note: P, does not depend on beam energy!

typical numbers:
1=1000 A, K=1, A, =0.03m, 6, =0.1mm > P_=2 GW

What is the power efficiency? Use Egs. 15 and 16 to see:
P P

sat — sat ~ p
2’\
Poeam  y,m,c?l/q

Note: This is the gain of the amplifier, it is NOT the gain compared to the spontaneous emission power.

The total power of spontaneous radiation may be almost as big as P, !!

The typical saturation length is approx. 22 * (power gain length).
Peak power 1 GW

For L, =0.1 nm, L, may be as long as 200 m.
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SASE FELs: w1
State of the art | | -

LEUTL

101 APS/ANL
: : iy 385 nm
ﬁlll observatltortl_s aglree with by Septetmber 2000
eor. expectations : T e =z
computer models Distance (m)
v 1073 TrlF FEL sat\;ration ] | | | I
. September 10, 2001
o j“;—" 10°+ i9:=91§§5n;n
E_=90p
: S DESY
o 80-120 n
' ; ) TP
. 20003 || “17 " "/  September 2001
o 2 3 : 0o 2z 4 6 & 10 12 14
* lml z [m]
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TTF FEL

LEUTL —°“+I}027 3
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mm? - 0.1% bandw.)]

mrad

Peak Brilliance [Phot./(se

Peak brilliance

[S=1

e
=53
o

[
o
[E5]
w2
I

j—
o
)
e
I

1029 (3. . \

*
*

10° |-
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TESLA o

SASE FELs o

/
LCLS =1

TESLA
spontaneous
Undulators

Spontancous Spectrum
SASE FEL - =y
-
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Second example: NO seeding, but density modulation at undulator entrance

E(z=0)=0, j, (z=0)# 0 (current modulation at the beginning), diil (z =0)=0 (modulation is stationary at beginning)
z

E 0 0
—/ —/ CK ~ —rr — cK ~ —/
— E'(z=0)=E; =ip,—j (z=0), E"(z=0)=0 E = 1;,t02—J1 =| E,
0 E” 0
=0 0 z=0
1 i | 1z,
~ ~ ~ ~ o o - 2 ~ ~ ~ _EO
E E E, E) |3 3T 3r 0 E E, E, 3T
= - I 1 T 1 T = - T\ g
E'| =|El E. E.| .|— —exp|-i—| —exp|-i—||-|E! =|E E! E!|[] —exp|-i— |E
=/ Nlu ~?r ~?r 3 U p( 6j 3r2 p( 3] OO Nlu ~?! ~?r 3 p( 6) ‘
=) BEE 1 _—lexp ir ! exp| il o BEE) —iexp iL|E
3 3r 6 302 3 3r 6) "

- E(z)z%ﬁ(’) {iexp(Alz) + exp(—i%) exp(A,z)—exp (1%) exp(Azz)}

again: For z [ %, A, —solution prevails: E'(z 0 %j oc exp(A,z) .

i.e. We don't need any input ("seeding") e.m. wave, current modulation at optical, resonant wavelength is as good!

33
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Resonance width

Analysis of Eq.(12) with k' =0, but C # 0 is straight-forward algebra. It is seen that

1. Maximum gain occurs for ON-resonance operation (i.e. for C=0) - in contrast to low gain!

Ay

2. Gain drops significantly when ‘C‘ 1s increased to values corresponding to — =p
1 Zxxvh Z&y
Because of A ; oc —, this means the bandwidth of a High-Gain FEL is X =2—=2p
Y ph y

zsaidics

1400

\

1200

1000

800

600

Intensity (a.u.)

400 -

200 -

SASE

H
H
!
H
H

Simulations
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107 108 1 09
A (nm)

110

111

112

All particles outside this energy
window don‘t contribute to the gain
process constructively

- (uncorrelated, slice) energy spread

should be 27
Y

= Serious challenge for short 2, low p

- High-Gain FEL acts as a narrow-band
amplified with bandwidth 22 <5,

(O
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Start-up from noise =
SASE (self-amplified spontaneous emission

Assume a perfectly smooth initial beam current, i.e.
* 1o initial current modulation

* Bunch longer than slippage of radiation w.r.t. electrons per gain length, i.e. o, >> o
If, in addition, there is no initial e.m. field, Eq. (13) tells us that E = 0 forever, P
because there is nothing to be amplified.

BUT:

There is still current modulation in the electron beam, because 1s consists of
many individual electrons randomly distributed in space and time.

PROOQF: Intensity of spontaneous synchrotron radiation.

Equvalent current modulation at undulator entrance is given by that

. . . : Exponential growth of
part of current noise spectrum that falls into the FELamplifies bandwidth. power at SASE FEL

N
electron beam current in time domain: I(t) =q, z 6(t — 1, ) (N = number of electrons)
k=1

N 1.0 .
In frequency domain: I(®) = q, >_exp(ot, ), i.w. white noise. (=)
k=1 08r
Thus, within the FEL bandwidth, there will also be a white noise of %
. . . . . — 08¢
current modulation frequencies. FEL amplifier is linear =
s : : 3 |
— all frequency components within bandwidth will be g o4y A )|
= it i
amplified in parallel (linear superposition). 3 ol ::::! Ml ';‘": .
_ ' Y LR
— We expect noisy spectrum at output. | \lﬂ A ‘I‘ ey
0.0 a l:.\i.LIJ.“j] w : il "-l i : :h hu.“lh il LS
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What 1s the frequency width of spikes?

A
While the radiation is amplified, wave packages develop of length 1_, = o (coherence length).
np

They add up with arbitrary phases, but the correlation length remains 1, .

Lyunen (FWHMbunchlength )

— In time domain, we expect M wavepackages, with |M =

= number of long. modes

1coh
: : 2mc
— We expect M spectral spikes of width Aw = 20
bunch
15 2
The effective input power of shot noise can be estimated £
{10 &
3 2z
at (Ref. 5, Eq. (6.95)): P, = pP,....- o
" N.{/mInN, i 15 £
with N_ 0.5 x number of electrons within coherence length.
Thus, the SASE power gain is 94 %5 %6 97 08 o5
P P | Wavelength [nm]
sa p beam
G="2 = ~—N /mInN_, :
P, P, 3 ° : TTF FEL with
it is roughly given by the number of electrons in the cooperation length. | M=6 modes Trad ~ 100 fs

The total power of spontaneous radiation may be almost as big as P, !!

Note: This is the gain of the amplifier, it is NOT the gain compared to the spontaneous emission power.
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We can equivalently say, (a coherent part of) the spontaneous radiation from
the first part of the undulator serves as input signal.

= Self-Amplified Spontaneous Emission (SASE) mode of operation

—> Most attractive for (short) wavelengths where no mirrors and no
good (= powerful and tunable) input laser are available.

If you want to seed by external source (e.g. in order to improve
long. Coherence, 1.€. to avoid spikes), make sure your input
power exceeds the equivalent input power of shot noise!

Present world record w.r.t. short wavelengths (100 nm):
Power gain P_, /P, = 10® demonstrated at DESY
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3D-Effects

Key 1ssue: Permanent, perfect overlap of e.m. wave and electron beam

. . < LR = pet® ="
A) Diffraction
Opening angle due to diffraction is described by Rayleigh-Length: Gr “” 20
r
2
2
L; = KL/ N o, ® °r ~ A Diffraction less critical for short wavelengths.
Xph LR 20 . g, -
N

o h
Alternative approach: Transverse phase space volume of coh. source: 6, -6, = %

P
20,

Example: LCLS: A, ~ 10"m, 5, ~30 um, — o, ~2 prad

— o, =

Note: This is much smaller than ! ~ 30 prad!
Y

Reason: FEL-radiation is no single-charge radiation but has directional characteristics like array of antennas.
For SASE, transv. coherence develops during gain process:

It starts with many transverse modes, but the axial one has highest gain and reaches saturation first.

At saturation, "normally" almost full transv. coherence.
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B) 3D-properties of electron beam

1)  Electron trajectory straightness must be perfect
to ensure permanent overlap with e.m. wave.

Very challenging due to small beam size. Tolerance for XFEL: few microns
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11) Emittance introduces longitudinal velocity spread, much like energy spread does.

So in terms of FEL gain emittance 1s equivalent to additional energy spread:
2
Ay ~ y—82 (B 1s the Twiss parameter of electron focusing)
Yl B(1+K?)

Ay

We know the condition — < p which keeps all particles inside amplifier bandwidth.
Y
B(1+K* B(1+K?
Thus: € = ( > ) Ay < % P . (factor 2 makes sure the emittance contributes max. 50% of budget) (&)
Y Y Y

eff
From the diffraction effect there comes another condition:

Maintaining complete overlap AND maximum possible gain requires

nG. _ nfe 1 A

iy

L,~L, - L (®®)

7\’ph B 7\"ph 47‘5\/§ p

ph 7\“ ph

Eliminating p from (®) and ( ® ®) yields € < ~

\/RTC 4m

& < ——| is a rather challenging condition for A ; in the nanometer range.

: : : . : 1
What helps (a little) is that gy is conserved in linac acceleration, so € oc — .
Y
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What are the challenges?Overview

Electron beam parameters needed for Self-Amplified-Spontaneous Emission (SASE)

Energy:
A K?
Apy =— | 1+ —
2y 2 2
fir A, =1A: E ~ 20 GeV
Energy width:

Narrow resonance > O/E < p~10-4
< Small distortion by wakefields

= super conducting linac ideal!

N

[>1kA
Straight trajectory in undulator: feasible only at ultrarelativistic energies,
ultimately < 10 um over 100 m otherwise ruins emittance = bunch compressor
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What are the challenges? RF gun

TESLA FEL photoinjector for small and short electron bunches

waveguide
m P—

bucking coil

Oomg =
electron
' beam
Z
a mirror
photo

cathode

coaxial laser
coupler beam

main solenoid L L
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Layout of integrated injector/compressor for TTF2 and TESLA FEL

RF-Gun
1 1/2 with doorknob

input coupler

3rd harm onic
accelerating section

X

@ TESLA 8-cavities cryomodule

Tune-up dump

45 meters

1st stage compression

Triplet to
control CSR
coupling to
transverse plane

3 X FODO cell
45 deg ph. adv.

-—-

TESLA 8-cavities
RS o cryomodule

matching
section

' matching section

Multi-monitor based

Tune-up dump Emittance measurement

2-9 July 2003

J. Rossbach: CERN acc.school, Brunnen: Linac FELs

44



What are the challenges? Bunch compression

Beware of
coherent synchrotron radiation (CSR)

Magnetic bunch compression

very powerful microwave radiation
with A >~ bunch length if
bunch length << size of vacuum chamber

o Tail particle, more momentum

° Head particle, less momentum

radiation from

tail goes straight and
Bending Magnet Quadrupole Triplett can catch up with head of bunch

Beam dynamics simulation must take into account combined
space charge and e.m. radiation in near-field.  e.g.: TRAFIC4 by A. Kabel/SLAC
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