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A=A.+ A, B = yugHg + curl A,

1 1
curl — curl (A; + Ag) — grad — div (A, + Ag) =J
j ju

1 1 1
curl — curl A, — grad — div A, = J — curl — curl Ag
n i n
= curl Hy — curl @HS
i
= curl (HS — Jlu’{)HS)
14
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Advantages: No meshing of the coil, no cancellation errors,
distinction between source field and iron magnetization
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i@ii The FEM Part (Vector Laplace Equation)
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1
— —V?A =J4+ curlM

Mo

A-n=20
1.
—divA =0
Ho

nx(Axn)=0

1
E(curlA) xn =20

[i div Aa] —0
o ai

1 1
— (curl Aj — poM)x nj +—(curl Ay)x n, = 0

2]

J0

[A]ai =0
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in Q;‘,

on 'y,
onl'p,
on I'pg,

on 'y,

on I'y;.

on Iy,

on I'y;.
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1 1 OA

— erad (A - e, ) - grad w, d€}; —|— ( — quni)*wudFai:

Ho Joy { ) Ho STy, on; (n )

M - curl w, d2;
£y

OAPEM HAFEM 4 ABEM
— al 1 - . a — ,
Qr,, : . . (poM < n;) + . 0 only;

L (curl APEM M) +—(curl APM)sm, =0 on Ty
fo o

1 1
— grad (A - e, ) - grad w, d€ — — Qr,, -wedl'y = M - curl w, d};

HO Sy 1o Sy, Q4

K {Act = [THQe} = {F(M)}
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Vector Laplace Weighted Residual

VZA = —poJ . in €2, / V2 AwdQ, = — / 110 Jw dQ,
Qa Q,

From Green’s second theorem:;

9 DA
/ AVZ0dQ, = — / 10w A, + f A Ar,, — / wdTa;
Q.

dn, n,,
Qa ]-_‘a,i Fa,i
1
w (r,r') = w = ;
4’}T|I‘—I‘| V2w:_5(|r_rﬂ'|)
£ () = du* _ Jw __(r—r’) n;
ong  Ong A |r — 1|
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/ A(r)VwdQ = f A(r)o(jr — v|)dQ2 = A(x')
Q)
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—A(r) + /Qrai u*(r,r’) dTq + /AFa,i ¢ (r,r') dTy = fggJu*(r, r') dQ..

Fai Fai ﬂa

"»
| A),. : 2 E ;/ s
| = R

oS s

90°corner | 90° cone inner | half space | 90°cone outer

i (2 —V2)m 27 2+V2)7

o 1 22 1 24+/2
4 2 4
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BEM
Coul
lﬁr {GHQE} + [H]{Az} = {Az,s}
BEQFTVIjen
| 1 FEM
S AR
i | K{A} - [THQ.} = {F.(M)}
lﬁreduced j‘soume
Aperture

(Q} = —[C)  HNAY + [G){A)

([K] + [T][G] [H]) {A} = {F (M)} + [T][G]H{As)
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[K[{A} = {F(As, M)}
yields an iteration scheme

{Apn} = [K]7H{F(As, My)}
Subtracting { Ay } from both sides yields:

{AA} := {Ara} — {A} = [KI7H{R}
where the residual is defined by

{Re} = {F(As, My) } — [K[{ Ay}
Introduce a relaxation parameter w.

{Aki1} = { Ak} + w{AAL}

with wg = 1 and

Wr—1

| _ BAT{8A 1}
{84 1}

Wy =
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1. Set iteration index k = 0, and initialize vector potentials {Ay} = {0}.
2. Fork=0,1,2,..., unit convergence Do:

3. Compute the force vector { F(As, M)} and the residual {R}.
[{Rg}
4 T (A ooy < € Goto 8.
5 Calculate the step sizes {AA;} = [K] 1 {R:}.
B. Choose the relaxation parameter.
7. {Ars1} = {Ak} + w{AAL}
8. End Do.
Advantages

e If direct solvers are used, the stiffness matrix needs to be inverted only
once.

* The method is globally convergent

* No derivative of the M(B) curve is required.

and disadvantages

* The number of iteration steps is high.
* Evenin the case of linear media the M(B)-iteration is necessary.

Stephan Russenschuck, CERN-AT-MEL
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INFO =40:

COMPUTING

INFO =40:

COMPUTING

INFO 240:

COMPUTING

INFO 240:

INFO 240:
INFO 296:

GMREES STEP 23, RESIDUAL=
GMEES STEP 24, RESIDUAL=
GMRES STEP 24, RESIDUAL=
»rErrrerrryr NEWION STEP

THE GLOBAL
GMEES STEF
GMEES STEF
GMEES STEF
GMEES STEF

MaTRIX. ..

25, RESIDUAL=
26, RESIDUAL=
27, RESIDUAL=
28, RESIDUAL=
GMEES STEP 29, RESIDUAL=
GMEES STEP 29, RESIDUAL=
Frerrrerrrer NEWLION STEP
THE GLOBEAL MaATRIXE. ..
GMEES STEP 30, RESIDUAL=
GMRES STEP 31, RESIDURAL=
GMEES STEP 32, RESIDUAL=
GMEES STEP 33, RESIDUAL=
GMEES STEP 33, RESIDUAL=
Frrrererryr> NEWION STEP
THE GLOBAL MATREIXE. ..
GMEES STEP 34, RESIDUAL=
GMEES STEP 35, RESIDURAL=
GMRES STEP 36, RESIDUAL=
GMEES STEP 37, RESIDUAL=
GMEES STEP 37, RESIDUAL=
Prerrre»r»rrx2»>» NEWLTON STEP
Frrrerrrryr> NEWIOHN STEP
SO0LVER INFORMATION
NUMEEER 0OF TIME STEPS

NUMEEER 0F NON-LINEAR STEES
AVERAGE PER TIME STEF

NUMEEER 0OF LINEAR STEPS

0.1014E-05  -59.5Z DE)
0.2402E-06 { -65.78 DE)
0. 2402E-06 ( -65.78 DE)
4, RESIDUAL= 0.3917E-03
0.9083E+00 ¢ 0.00 DE)
0.1915E-04 { -46.76 DE)
0.6527E-05 { -51.44 DE)
0.2510E-05  -55.59 DE)
0.468%9E-06 ( -6Z. 87 DE)
0.468%E-06 ( -6EZ.87 DBE).
5, RESIDUAL= 0.1=299E-03
0.9083E+00 ¢ 0.00 DE)
0.3846E-05 ( -53.73 DE)
0.1670E-05 { -57.36 DE)
0.7543E-06 { -60.81 DE)
0.7543E-06 ( -60.81 DB).
b, RESIDUAL= 0.3413E-04
0.9083E+00 ¢ 0.00 DE)
0.2110E-05  -56.34 DE)
0.1095E-05  -59.19 DE)

0.3836E-06 { -63.74 DE)

0.3836E-06 ( -63.74 DE).

7. RESIOUAL= 0. TE9YE-OS
7. RESIOUAL= 0. TE97E-O5

LER R BE I )

{ -3%.38 DE

-43. 22 0E)

-4%9. 05 OE)

-55.43 OE)
-55.43 OE).

Always check convergence of your computation
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Number of finite elements 60 178 449 787 2799 | 6233
Total scalar potential 65.8 72.1 13.0 | 5.0 3.8 15.7
Vector potential -40.5 | 274 | 74 | 48 | -3.8 25.0
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Pre-processing (Current sources)

Stephan Russenschuck, CERN-AT-MEL
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i@ii Biot Savart's Law for Line Currents

/
Glr,r’) drlr — /| VA = —pod
0 gz
B(r) = curl A(r) Ax?y!z(l‘} = i-:_ﬂ' / |ry_ir|]dvr
S e ( () )dV"
A )y "\r — x|

[0 1 1
= E V(|r_r;|cur1r.](1‘f)—.](r;)>< gl‘adr (W))dv;

Ho J(r’)x(r—r’)dv,'
Am Jy v —r/|3

!
divA(r) = 20 [ aiv (2EL) gy
dm Jyv r—1r'|
=20 [ (3" grad LV h Y aivaen) ) av
4 v T r = r—r/| "
_ Mo 1 ’ o / 1 !
J - grad dV'i=—— [ 1 ~grad,., dv
T 4r (r) - ar 1'(|r—r’|) 471'/ (r') - grad, (|r—r’|)

!
_ _Ho div, J(r’) div, J(r
am Jy r—r/| |r—r*’|

J(r' !
— _@/ divr,( (r') )dvf: Ho J(r ),| ~da'=0. (13.2

41 [y r—r’| dm Jov vt —1

Stephan Russenschuck, CERN-AT-MEL

Current loops have always be closed, must not leave the problem domain
15
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i@ii Biot-Savart’s Law and the Linking Number

1 ds’
J(x)dV' = J(r')da’'ds’ = Ids’ Alr) =102 j£
v

faaH'dSZfaJ-da:NIWhereF:: Oa

K K
NI=TI link(T,y) =1 int(a,v)
k=1 k=1

: 1 ds’ x (r—r’')-ds
link(I", vx) = A ﬁﬁ — I“'|3
k

r

Stephan Russenschuck, CERN-AT-MEL
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A _pod S B ol b dz’
B A e I N R N P
_ —hol L 2, 3 — 3\’
- 2 (o= )|
pol . z—a+\/r2+y? + (2 —a)?

z
2
b i z—a++/r2+ 32+ (2 —a)? ) —a + |af 1"‘_+2y_
lim In = = = = lim In
Faip z—b+\/$ +yi+(z-0) P —b+ b\ /1+ :r2+y=’

—a—a(l—l—:‘H_y + )

= lim In
am—m b b(l )
9
— lim In - e
T b
_dab
— lim In———
e Y

Caution: Infinitely long line currents have infinite energy

Stephan Russenschuck, CERN-AT-MEL
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i@ii Vector Potential of two Line Currents
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. ol —4ab
A, =1 —— In
Z .;15—1}1}100 4?_1_ . T2 + y2
| ,LLQII ( —4ab ) 1ol (3?2 + yZ)
= lim —In — —In
i 47 sr:% + yg 4 3‘% + yg
oy % + y? ol r
AT e T T MRS

Problem solved, but reference radius has physical significance:
Return path for sum-currents
18
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Field in the Plane
@]

_ R R _ - |
TPQ T cosa’ dS ~ cos? adﬂf: E]: X EQP = COSs QEB

B = fﬁ; [sin ag — sin ] e
tol cosag 4 cosay sinap — sin ag
T R COS (v9 + COS (v] °B
ol 1 1 sin(ag — aq)
T 4r (\rl\ \rg\) 1 + cos(ag — ay) °B
~ pol 1 1 sin(ag — aq) ry X ro
4 (\rl\ \rg\) 1+ |rr11|'|1;_22| Ir1] [ra|sin(as — ay)
_ pol  |ri| + |ro ry X Ira

A7 |r1||re| + 1112 |r1| ||

Stephan Russenschuck, CERN-AT-MEL

Easy to program equation. Still remember: Closed loops
19
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Harmonic Analysis

| O
Wi\ i

— Silli=

B 2tk

Pk="N k=0,12,.,N-1 Discrete Fourier Transform
2 N1 o
An(ro) = N Z B, (ro, i) cos ngy By(ro, @) = Z(Bn{rg} sinng + Ay(ro) cos ng)
k=0 n=1

2 N-1
B,(rg) = N Z B, (rp, @) sin ngy.
k=0

Don’t bother with the Fast Fourier Transform, but consider to use the vector-

potential directly o
Az(ry, @) = Z{Fn{rn}cns ng + Eq(rp) sinng)
n=1
- —nFy  néy And please: Never use
Bu(ro) = ro An(ro) = 70 holomorphic continuation, it's

just to Inaccurate 20



Accelerator

The Case of Solenoids & Technology

Department

PR
MR EPFFAAS }Th
AAAAd P rr R

R —— TTrrer L p——

Br(Ro,8) = ) AuP,(cos )

n=1

M1 7
A (Ry) = %fu Bg(Ro, 8) Py (cos @) sin @ d9

M n—2m)!
Pa(x) = Z_;U(_l)m?r!(rgz— m')zl(ﬂ)— 2r)!xn_2m

To derive this result would take 5 pages. So take it from the
“horse’s mouth” (and don’t do Fourier series analysis).

Stephan Russenschuck, CERN-AT-MEL
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Separation in Cartesian Coordinates Technology
Xp(x) = Ap cosh px + By sinh px m (%) = i X, (%)Y, (1)
Yy(y) = Cpcos py + Dysinpy, p=0
By(—x,y) =By(xy) —  Xp(x)=Xp(—x)

By(x,—y) =By(xy) — W T di;’}f}’) -
By = i Uy sinh px sin py By(x,+h) = 0, p d:' %

p=1

Bx(x,y) = ﬁiun sinh (%x) sin (%y) ,

By(x,y) = Uy -|-§1uﬂ cosh (?x) cos (?y)

22
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Inductances
@]

oL oL
dL ﬁdf a—df
L(t) = (%%I—FL)-§£4_I%%
=/ﬂm}%1d1—[;m Ld1di,

Stephan Russenschuck, CERN-AT-MEL

I(t) 1
I(t)% Jo 0

25
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@ Differential Inductance
i

— 0.012

1 mHfT

— 0.01

L o008

| 0.006

—10.004

0 0.5 1 1.5 2.0 2.5 3 T

B —

Stephan Russenschuck, CERN-AT-MEL
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Sign conventions
& s

LI1 uI
- - -—
—0
L ] L ]
Ue
+
. —_—i —i
U, =RI U, =RI
. d Faradays law

Generator case ul U = Uy = — £¢'(ﬁf)

Load case Uy = Ux — Uy = —U; = %@(.ﬁf}

Stephan Russenschuck, CERN-AT-MEL
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Maxwell stresses

Fm=/ L (curlB) x BdV
7 Ho

(curl B) x B = div S, — BdivB

B2—1B|>  B.B, BB
Sm := (0ij) = ByBy By —3[B]*>  ByB:
B.B, B.B, B? - J|B)?
1 1
Fm=/ —divS,,dV = —S,, ‘nda
M a1 Mo

1
Sm-n=(B-n)B-— E\B\Qn

1 1 ..,
F,, = —(B-niB— —|B d
A{,(FD( mB - |n) p

Stephan Russenschuck, CERN-AT-MEL
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i@ii Mathematical Formulation of Optimization Problems
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X C R"” (1, 29,....,20)) € X
min{ f(x)} f: X—=R Subject to
gi(x) <0, i=1,2,...,m,
hJ(X)ZD? j:]'?QT"'?p?
Tl lower < Tl <X Tl upper; [=1,2,...,n

M = {X S X‘QE(X) < 0: hj(x) = 0: Tl lower < Tl < T upper:

Yi=1,..m;j=1,...,p;l=1,..n}.

min{ f(x)|x € M}

Stephan Russenschuck, CERN-AT-MEL
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Pareto Optimalit
@ _pareo opimaiiy

MIN {£(x)} = MIN {f1(x), f2(), .., fxc(x) }

A Pareto optimal solution X* is given if there exists no solution with

fe(x) < fe(x7) vk e [l, K]
fr(x) < fr(x") for at least one k € [1, K]
“f(x) f,

£, “ /
f1

s 2

f2 3 Pareto-optima

£ £

Pareto-optima

Stephan Russenschuck, CERN-AT-MEL
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i@ii Real World Optimization Problems

Stephan Russenschuck, CERN-AT-MEL
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= There are only Pareto-optimal solutions
— Decision making
— Treatment of nonlinear constraints
— Optimization algorithms

= The objective conflict is the characteristic of real world optimization
problems

= Fuzzy objectives in the concept phase

32
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Objective Conflict
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min { f;(x)} st fr(x)—rp, <0

Stephan Russenschuck, CERN-AT-MEL
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i@ii Treatment of Constraints
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(x) f(x) no bound violated
X)) =
P f(x*) 4+ r(x) bound violated
(-TE - mﬂ,upper)2 ifx > Il upper
a f(x) r(x) = Z Tl (-T:!,lower - 933)2 if ) <2y jower

! 0 otherwise

7

!

-,

L

Stephan Russenschuck, CERN-AT-MEL
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@ Penalty Transformation
)| penaiy

'y ﬂ]‘i],Z[H,q]

m—+K—1 p
2% p.@) = fi(x) + D pe-max*{(0., gi(x) —dp)} + > qi(hi(x) — ;)
k=1 j=1

Stephan Russenschuck, CERN-AT-MEL
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Optimization Algorithms
@) _ovimizaion A

Stephan Russenschuck, CERN-AT-MEL

Search methods
Direct search Gauss-Seidel
EXTREM Jacob 1982
Rosenbrock Rosenbrock 1960
Powell Powell 1965
Flexible Polyhedron search | Nelder-Mead 1964
Hooke-Jeeves Hocoke-Jeeves 1962
Gradient methods
Steepest descend Cauchy 1847
Newton’s method Newton 1700
Levenberg-Marquard Levenberg Marquard 1963
Conjugate gradient (CG) | Fletcher-Reeves 1964
Quasi-Newton Davidon-Fletcher-Powell | 1959
Stochastic and neural computing
Evolutionary Rechenberg 1964
Genetic algorithms Fogel-Holland 1987
Neural computing (ANN) | Aarts-Korst 1989

AV
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