Introduction to Transverse Beam Optics

Bernhard Holzer, DESY-HERA
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Optics error caused by a detuned quadrupole lens



|.) Dipole Errors: Closed Orbit Distortions

consider field error of adipole: 6B
located at s=0

driving term to the equation of motion:  Az” = Az’ / As
144 1
" = K(s) -z + —
Yo,

* general solution: solution of the homogeneous equation - f-tron oscillation
& special solution of the inhomogeneous equation

* gmall displacements, small orbit kicks = linear approximation still valid

A

X5(S)

w(s):a:d—kwﬂ i/\

-

- kick on the particle Az =

S

(

v



Problem: * closed orbit = trajectory that closesitself after 1 turn
(... theonly closed trajectory)
* the picture above isnonsense

ST~

|ocation of the kick

distorted orbit:  x(s) = a/B(s) cos(y(s)— 1) a, ¥ = congt.
require: x(s+ L) = x(s) (i)
:13'(3+L)+%:a:'(s) (ii)

Gretchen Frage: 1.) rigoroustreatment =2 lengthy, boaring, nasty
(... Goethe) 2.) not so rigorous treatment - nice, easy to understand

make your choice.....



2(s) = aJB(s) cos(¥(s) — V)

/ a . 5,
r(s)=— SN s)— 19 a cos s)— 1

condition (i): x(s+ L) = x(s)
pd
a B L) cos(1p(s) + 2mQ — V) = a(s) = a%)[ cos((s)— )

deliberately: location of the distortion s,=0, ¢(0) =0

cos(2rQ — 9) = cos(—7V) — ¥ =7Q

condition (ii): x'(s + L) + As = z'(s)
P

Bl +1) a cos( (s — As _
2 /35 + L) (¥(so+L)—9)+ p

a

- JB(s, + L)

sin(y(sy +L)—19)+

_ J% sin(w(s,) — 9) + 2‘;[%)) a cos(1(sy) — 0)




using g(stL ) =p(s) and o(stL) = ¢(s) + 27Q

—mszn(ﬂ'Q)—l—

a

= —mszn(—ﬂ'Q)—l—

- amplitude factor a of the distorted orbit:

:As/po\/FO

z(s) 2sin(mwQ)

+\B(s) c

ACYN cos(m As _
ZVW/( 9+ p

5/(30)
2 J%,ﬂc/os(ﬂ'Q )

As/p-\By
2sin(mQ)

os((s) — Q)
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Example: orbit distortion, deliberately :" B o e o R
applied in a certain section of a e e e e e o
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general error distribution:

L(s) = 6(8 S)COS S S)| — T S
(3) = 5o a7 $ e () eoslle(5) = p(s)| = 7Q)ds

I orbit distortion is proportional to /3 at the place of the error
Ny and at the place of observation
111 distortion travels around the machine with the tune frequency ¢(s)

1111 attention: denominator can become zero

Example: orbit distortion,
applied for the whole
storage ring using

1 correction coil

.. humber of oscillations = tune
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|1.) Periodic Dispersion

closed orbit distortion -2 field error actsas e OB
driving term to the Ax' =
equation of motion: p
144 1
' = K(s)-x+ —
P
particle with momentum error =2 Ap/p actsas
driving term to the
eguation of motion:
1A
" + K(s)x = )
P D
. : : _ Ap
remember the dispersion function D(s): zp(s) = D(s)——
p

Example: Assume weak focusing machine:
closed orbit given by D(s) and 4p/p



solution ... in linear approximation:

where X(S) describes the new closed orbit
x(s) = zp(s)+ z5(s) o Aplg(;é)o:

differential equation for D(s) ... as usual: ... but now it has to be a periodic function:

" 1 D(S +L0) B D(S)
D (s)+K(s)D(8)=E D'(s+ L,) = D'(s)

going through exactly the same calculation asin the case
of the distorted closed orbit we get

D(3) = n(s) = Siocoe [~ B(3) cos((u(s) - w(3) — nQ)ds

So



Eis:

[11.) Quadrupole Errors:. Alignment

B,=—g-x
guadrupole lenses have a linear increasing magnetic field
nyperbolische
Polflachen
offset in magnet alignment: AB =g-Ax
1 B Az
Az’ =1.= =1 =19
p Dp/e p/e
920 GeV /27.5 GeV, Februar 2001

- leadsto a kick angle

p/e+ ., q02c8, ht02_8, Lumi—Upgrade Version lll—4
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again: closed orbit distortion
a:(s)zowg(s)jA os”zp(s)—zp(so)‘—ﬂ'Q]




V.) Quadrupole Errors. Gradient

matrix for 1 complete revolution

cos py + o sin By stn
M = : : :
—Yo SN Ly COS [y — O SN LUy location s, of the

guadrupole error

remember:  trace(M ) = 2cos p,

assume: small gradient error at position s,

1 0
M =
errer Akds 1
_ 1 0) (cos py + o sin py By stn
M = .
Akds 1 —Yo ST Ly COS Ly — Oy ST L,




~ cos Ly + oy sin By sin i
M =
Ak ds(cos g + o sin py) — v, sin py Ak dsB, sin py + cos g — o Sin

tune of the distorted optic:

trace(M ) = 2 cos i = 2cos py + Akds(3, sin p,

defining atune shift 1 = o + A and writing 1y = 27Q,

2cos(2mQy +dQ) = 2cos 2wQ, + Akds3, sin 2mwQ),

Akds(, sin 27Q,
2

cos 2mQ), - \cos 27rd612 — stn 27Q), -\sin 271'd6% = cos 2mwQ), +

Y Y
=1 = 2ndQ

for a small error Ak we expect a small tune shift dQ

_ Akdsg,
B A7

dQ



integrating over the length of the quadrupol error:

sO0+1 P2y
nas AN, A
o’ A 1Y o

I thetune shift is proportional to the g-function at the quadrupole
I field quality, power supply tolerances etc are much tighter at placeswhere g islarge
T mini beta quads: g = 1900
arc quads. £~ 80

I pisameasurefor the sensitivity of the beam

Example: measurement of f in a storage ring:

GI06 NR

y=-6.7863x+ 0.3883

0.3050

0.3000 A
> 0.2950 4
(04

.
© 0.2900
0.2850 -
0—0—0—0—0—0—0—0—0—0—9-—0%#0949%0
0.2800 ‘ : ‘
e 0.01250 0.01300 0.01350 0.01400 0.01450
tune spectrum.... kL

tune shift as a function of a gadient change



V.) Quadrupole Errors:. Beta Function

M =

matrix of unperturbed optics _
... pis obtained viam,, my, = Gy sin 27Q

introduce matrix with error:

1 0
—Akds 1

- ’rhll ’rh12
M(SO) p— = . .

-~

my, Moy

we expect a tune shift and an error in g:

my, = (B +dB3)sin2x(Q +dQ)

assume: distortion at s;
observation point: s,

S

\

S1



from the matrix multiplication we get the element m12 as a function of the error

~ ~ bpa, +by(—Akdsap, + ay)
M(s,) = -~

Y

my, = bja, + bay, — bpa,Akds

| 7
v

m,, the element of the unperturbed transformation

equalise (i) and (ii)

By sin 2wQ — b,a,Akds = (B, +dB3)sin27(Q + dQ)
= (B, +dB)sin27wQ - cos 2w dQ + cos 27wQ - sin 27w dQ

\ J \ J
v v

... aswe consider a small error = asmall tuneshift dQ ......... = = 27dQ

=(B, +dB)sin27wQ + cos 2wQ - 2w dQ



B, siwZ2mw(Q — br,a,Akds = 3, sipZwQ + 3,27wdQ cos 27Q +
4+ dfB sin 2nQ + dB27d(Q cos 2w()

—b,a,Akds = 3, 2003 27Q 4+ d3 sin 2wQ

T AkB(s,)ds

the tune shift dQ is related to the quadrupole error by dQ =

=0

47
—b,a,Akds = ’BOA’;’BldS -+ €08 2wQ + d 3 sin 2wQ
—a,b,Akds — 5 B,AkB, ds cos 27Q
d& =
s sin 27wQ)
dB = —1 {2a,,b,, + B3, cos 2nQ} Ak ds

2 sin 270



matrix elements a,,, by,

a,, = /B3, sin Y
b, = B8, sin(27wQ — )

B
0 {2sin ¢ - sin(27Q — ) + cos 2nQ} Ak ds

) —

a5 = =B

- 2sin 2w

g

—

= cos(2¢y — 27Q)

s1+1
AL, = ik(s) 003{2‘1&(3) — ¢o‘ — 27TQ} ds

* the a_ror dmm dS On ﬂ at the | pse+ , qlzz Slicﬂdcrd Lu-ni—-Op2k :I-ptik, sorrigie-e \.":rsl'l:ml' 2004, 0I5, SIZO GV S2TE Dev .

location of the perturbation

... andon g at the
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V1.) Resonances

Remember:
orbit distortion dueto dipolefield errors

\//6(3) ’
x(s) :zc JB(sy) cos”zﬁ(s) — zp(so)‘ — 7TQ]

optics perturbation due to quadrupole gradient errors

s1+1
—3

AL, = —= B(s)Ak(s)cos 2‘1&(3)—1,&‘—277@ ds
* o 2n0D), (afue) =l = 2m)

Tune may not be an integer, or half an integer or ...
including higher multipole terms...

general condition for the working point:

mQ, +nQ, = I



V1.) Resonances

HERA working diagram
Tune Indicator Tune Controller
—) Howizemtal Verlical Horizontal Yortical
Q=325 T Tuner sapom: sepam- | iNCluding resonance lines
r— | —— resskie— | 9909 ks h
=] I] WYalue - ) IJ Value : ) |,=::::]|[:“;}| |_=:—_:]|[::-_:=_| up to 5 Order
:Exc. Amp.: :E:r.c. Amp.: rNew Setpnin!: .
| | |
| oher. OFF | Caor. OFF |
HorVert ON | Hor,Vert OFF|  HorVet ON | Hor, Vert OFF QX = 31.292
-- S Q, = 32.297
Zoom Zoom [~ Auto Tracking
IN : ouT
E‘;;:: IE l%' _ Center 2
QZ:320 i Order: | 5 I%‘ _ Redraw _; SATELLITE
—) i CH,:.\HT| Indicator ‘ Q-Phase Stages

Qx = 31.0 315

Example: qualitatively speaking ...

guantitatively: - Oliver Bruening




VI1l.) Chromaticity:

villain ...: thequadrupolelens
L= &9
Po

consider a small momentum error:

R SR

Po + Ap Po

we get a focusing error: Ak =

which leads to a tune change: aq

integrating over all quadrupole lenses: AQ =



sample trajectory

AQ =2 P f(s)B(s)ds -

Figure 29: FODO cell

* thetune changeis highest for strong quadrupoles
* ” , , atplaceswherep ishigh

Definition of Chromaticity:

_AQ _ -1
_A%0_47r§k(8)/6(8)d8

¢ i1sanumber that characterizes the chromatic focusing error of the quadrupole magnets
typical values: ¢ = -701n large machines
Ap/lp=10-3
40Q=0.14



Correction of &:

Ap
1.) sort the particles acording to their momentum zp(s) = D(s) ?

2.) apply a magnetic field that rises quadratically with x (sextupole field)

B, = gzz . .
0B, 0B, - linear rising
1 . = = gr ,gradient”:
Bz:— (mz_zzj 0z ox g
2
Sextupole Magnets:
,Z 7 normalised quadrupole strength:
Y Eisenjoch Spulen
Eisenjoch -
g
N S ksemt — — Mot L
p/e

IR S N _ Ap
Spulen *4} ‘S” - che n ksemt - msemt.D p

corrected chromaticity:

—1
¢= "¢ {k(s) —mD(s)}B(s) ds



Chromaticity

1
§ = § k(s)B(s)ds

guestion: main contribution to &in alattice ...
beam optics used for collision mode in a typical storagering

hpliddle+
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VII1.) Momentum Compaction Factor:

The dispersion function relates the momentum error of a particle to the horizontal
orbit coordinate.

Ap Ap

w//+K(S)*w:%7 w(s):wﬂ(s)—kD(s)

But it does much more; particle trajectory

ooooooo
oooooooooooooo
.
oo ®
e

particle with a displacement x to the design orbit % :
- path length dl ...

design orbit

it _p+= —>dl:[1+
ds P

x

p(s)

ds

circumference of an off-energy closed orbit

l€=§d1=§[1+p(z)

ds

remember: z_(s) = D(s)ﬂ
p



A D
ol. = P f (s) ds particlesis given by the dispersion function
p p(s) and the bending radius.
L ol Ap 1 D(s)
Definition: c — . =2 — o, = —0[—|d
L P p P L f p(s)
For first estimates assume:
i = const ldipoles ’ <‘D >dipole — f _D(S)dS
P dipoles
1 1 1 27 (D)
&, = L dzpoles <D>_ f 27Tp <‘D>; — &, ~ —<‘D> ~ ?

* The lengthening of the orbit for off-momentum

¢, combines via the dispersion function
the momentum spread with the longitudinal
motion of the particle.



IX.) Luminosity

R — L * a-react. //

production rate of (scattering) events
Isdeter mined by the

Cr 0Ss section o,

and a parameter L that isgiven
by the design of the accelerator:
... theluminosity

ZEUS detector: inelastic
scattering event of et/p




Luminosity: p-Bunch

7*10"10 particles
e-Bunch

3*10710 particles

L nb*Np*Ne*j-‘O

o 2 2 2 2
2r% (02 ,+02,) * (0, +02,)

comment: ... oh my goodnes... or in other words
. can we do a Iittle bit easier ?




small p required at the collision point

2

... do you remember Liouville ? B(s) = /@* 4+ S*
I
Find the g at the center of the drift that |eads to the lowest maximum £ at the end:
df (2 _
9 - —=0 - K=t
dg, Ps
- /8 = 2/80
< I » o I »
U 5 U

|f we choose f#, = ¢ we get the smallest # at the end of the drift and the
maximum f isjust twice the distance ¢

Example: HERA
px =2.45m, - ideal size of the detector: some*“cm”
py =18 cm



ZEUS detector at the
HERA collider
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Lattice Design of a high energy storage ring:

Arc: regular (periodic) magnet structure:
bending magnets - define the energy of thering
main focusing & tune control, chromaticity correction,
multipoles for higher order corrections

Straight sections. drift spaces for injection, dispersion suppressors,
low beta insertions, RF cavities, etc....
... and the high energy experiments if they cannot be avoided



1X.) Résumé:

Orbit distortion due to dipole error:

() = 5 s 2 [0 con(lo(5) — () — mQ)

2sin(mQ)
Tune shift due to quadrupole error:
AQ= Szl —Mfr (5) 4s Akﬁf;“dﬂ
Beta beat due to quadrupole error:
_3, s1+1

ABy =

2 sin 27Q fﬂ(S)Ak(s)cos{Z‘zb(s) gbo‘_zﬂ-Q}ds

Natural chromaticity of a lattice:
—1
= — P k(s s)ds
i k(s)B(s)

Momentum compaction factor:

o= L§

D(S)]ds . (D)
p(s)






APPENDI X:

periodic dispersion: closed orbit for a particle with Ap/p # 0

particlewith ideal energy: =" + K(s)z =0

- betatron oscillations with respect to ideal closed orhit.

Assume weak focusing machine;
closed orhit given by D(s) and 4p/p

particle with momentum error:

w”—l—K(s)a::i&
P P

solution:
where xD(s) describes the new closed orbit

w(s):mD(s)—Fmﬂ(s) for Ap/p;éO:

wp(s) = D(s) 2P
p



differential equation for D(s) ... asusual: ... but now it has to be periodic:

D’ + K(s)D = = D(s + L) = D(s)
P D'(s+1I,) = D'(s)
general solution of, starting from position s,=0
D(s) = D, - C(s)+ Dy-S(s)+d(s)
C5) 45— c(s)- f 5(5) 43
p(8) ) p(8)

d(s) = S(s)-]

consider 1 turnfroms, 2§+ Ly=5

Dy = DyC, + Dy’ S, + d, (i) . .
boundary conditions for periodicity
D} = D,C] + D,'S] + d] (i%)
solve (ii) for D7 and put into (i) to get D,
/ /
pr — DoCi1 +df D, = DC, + 85, 2%t 4

1— 8! 1-5



vefor D
SOVETEN Bo Sd +d(1—58)  Nom

0T (Cc,—1)(8! —1)— 8,C! ~ Denom

Denominator:
Denom =C,S] —C, — 8] +1— 8,C]
=1+ (C,S; —8,C;)—(C, + S71)

h 4 D4
=detM =1 = traceM
2 MK

=2—2cospu = 4sin >

Nominator:

S s

where d(s):S(s)-figj))dé—C(s)-figjdé

d’(s)zs’(s).f(;gj dg—c'(s).figj ds

remember the trigonometric

gymnastics

a
cos 2a = cos? E — 8

. 2 Qa
m —



st Ot [l st - fs [ S s [ 5

- Slf C6) 45 — ¢, - f 56) g5 + (Cls1 - slc{)] iij ds

p(3) p(8) .
=detM =1
fO(5) " S(3) .
:Slsfo e ds-l—(l—Clj-[p(g)ds

now, remember that the matrix elements C, S are related to the Twiss parameters by

C(s) = 6;8) cos(P(s) — ) + g sin(P(s) — 1)

0

S(s) = \/5(3)50 sin(¥(s)— vy)

and considering oneturn C, =cospu+ oy sin p S, = B, sin p



Nom = 3, sin Mf 5 (3) (cos A + oy sinA v )ds +

sl
(1— cospu — o sin /L)IT]}S,)«/B(:S')BO sinAyds
s0

sl
Nom = 2,/13, sin%;{'pé)«/ﬁ(é’) cos(Y(s) — iy ——)ds

In the end and after all ....:

D(s,) = —vom__ JB(%) Of JA(3) cos (w(s) — () — £ )d3

Denom 2 szn p(8)

or in general

D(s) = St [ () cos(lu(s) = v(5)| - x@)ds



Closed Orhit Distortion:

remember: particle with momentum error " + K(s)x = 1lap

defining thefunction D(s)  zp(s) = D(s)ﬁ weget D” + K(s)D = 1
p

assume: driving forceis not Ap/p but a dipole field error:

1_e.p

P Do

we can go through the same calculation — but for the periodic closed orbit x, (s) instead of D(s)
and get:

(s —LS)SOHJOL s) cos $)—Y(s) —m S
(3= Ssimag J 53y VB cos(lv(s) = #(3) —mQ)d

Sp



