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Purpose of the lecture
n Introducing aspects of non-linear dynamics

q Mathematical tools for modelling nonlinear dynamics
nPower series (Taylor) maps and symplectic maps.

q Effects of nonlinear perturbations
nResonances, tune shifts, dynamic aperture.

q Analysis methods:
nNormal forms, frequency map analysis.

n Employ two types of accelerator systems for 
illustrating the methods and tools
q Bunch compressor (a single-pass system)
q A storage ring (a multi-turn system).
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Aim of the 2nd Lecture
nDescribe some of the phenomena

associated with nonlinearities in periodic 
beamlines (such as storage rings)

nExplain significance of symplectic maps, 
and describe some of the challenges in 
calculating and applying symplectic maps

nOutline some of the analysis methods that 
can be used to characterise nonlinear beam 
dynamics in periodic beamlines.
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Example of a periodic 
system: a simple storage 

ring
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A simple storage ring
n As example, consider the transverse dynamics in a 

simple storage ring, assuming:
q The storage ring is constructed from some number of 

identical cells consisting of dipoles, quadrupoles 
and sextupoles.

q The phase advance per cell can be tuned from close 
to zero, up to about 0.5×2π.

q There is one sextupole per cell, which is located at 
a point where the horizontal beta function is 1 m, 
and the alpha function is zero.

n Usually, storage rings will contain (at least) two 
sextupoles per cell, to correct horizontal and 
vertical chromaticity. To keep things simple, we will 
use only one sextupole per cell.
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Reminder: chromaticity correction
n Sextupoles are needed in a storage ring to 

compensate for the fact that quadrupoles have 
lower focusing strength for particles of higher 
energy:

n The change in focusing strength with particle 
energy has undesirable consequences, especially in 
storage rings: it can lead to particle motion 
becoming unstable because of resonances

A reminder: correcting chromaticity with sextupoles

Sextupoles are needed in a storage ring to compensate for the
fact that quadrupoles have lower focusing strength for particles
of higher energy:

The change in focusing strength with particle energy has
undesirable consequences, especially in storage rings: it can
lead to particle motion becoming unstable because of
resonances.

CAS, Budapest, 2016 5 Nonlinear Dynamics: Part 2
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Reminder: chromaticity correction
n A sextupole can be regarded as a quadrupole with 

focusing strength that increases with horizontal
offset from the axis.

n If sextupoles are located where there is non-zero 
dispersion, they can be used to control the 
chromaticity in a storage ring.

A reminder: correcting chromaticity with sextupoles

A sextupole can be regarded as a quadrupole with focusing
strength that increases with horizontal o↵set from the axis.

If sextupoles are located where there is non-zero dispersion,
they can be used to control the chromaticity in a storage ring.

CAS, Budapest, 2016 6 Nonlinear Dynamics: Part 2



N
on

-li
ne

ar
 D

yn
am

ic
s, 

C
ER

N
 A

cc
el

er
at

or
 S

ch
oo

l, 
Se

pt
em

be
r 2

01
9

8

Linear dynamics in a storage ring
n The chromaticity, and hence the sextupole strength, 

will normally be a function of the phase advance
n However, just to investigate the nonlinear effects of the 

sextupoles, we shall keep the sextupole strength
fixed, and change only the phase advance

n We can assume that the map from one sextupole to 
the next is linear, and corresponds to a rotation in 
phase space through an angle equal to the phase 
advance:

n Again to keep things simple, we shall consider only 
horizontal motion, and assume that the vertical co-
ordinate

✓
x
px

◆
7!

✓
cosµx sinµx

� sinµx cosµx

◆✓
x
px

◆

<latexit sha1_base64="23Os2LLn/D4kha/Nq9rC0w6TFW4="></latexit>

k2L
<latexit sha1_base64="ZMKZkZhcOLYOdZj16ohub8fUKto=">AAAB7nicbVA9T8MwEL3wWcpXgZHFokViqpIwwFjBwsBQJPohtVHluE5rxXEs20Gqov4IFgYQYuX3sPFvcNsM0PKkk57eu9PdvVBypo3rfjtr6xubW9ulnfLu3v7BYeXouK3TTBHaIilPVTfEmnImaMsww2lXKoqTkNNOGN/O/M4TVZql4tFMJA0SPBIsYgQbK3Vq8cBH97VBperW3TnQKvEKUoUCzUHlqz9MSZZQYQjHWvc8V5ogx8owwum03M80lZjEeER7lgqcUB3k83On6NwqQxSlypYwaK7+nshxovUkCW1ngs1YL3sz8T+vl5noOsiZkJmhgiwWRRlHJkWz39GQKUoMn1iCiWL2VkTGWGFibEJlG4K3/PIqaft177LuP/jVxk0RRwlO4QwuwIMraMAdNKEFBGJ4hld4c6Tz4rw7H4vWNaeYOYE/cD5/AKL3jnI=</latexit>

y = 0
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Nonlinear transfer map: sextupole
n Recall that the vertical field component in a 

sextupole magnet is:
By

B⇢
=

1

2
k2x

2 (7)
<latexit sha1_base64="i1htKDTLR88jHbW/FXV5fl54dEQ="></latexit>

with       the beam rigidity and the normalized sextupole 
gradient is

B⇢
<latexit sha1_base64="z5Y33bDpLh2A3nk5rZqwccSWMYA=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTYWGIiHxEuZG/Zgw17u5fdPRNy4V/YWGiMrf/Gzn/jHlyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wvc387hNVmknxYGYx9SM8FixkBBsrPVbT5kBN5BxVh+WKW3MXQOvEy0kFcrSG5a/BSJIkosIQjrXue25s/BQrwwin89Ig0TTGZIrHtG+pwBHVfrq4eI4urDJCoVS2hEEL9fdEiiOtZ1FgOyNsJnrVy8T/vH5iwhs/ZSJODBVkuShMODISZe+jEVOUGD6zBBPF7K2ITLDCxNiQSjYEb/XlddKp17yrWv2+Xmk08ziKcAbncAkeXEMD7qAFbSAg4Ble4c3Rzovz7nwsWwtOPnMKf+B8/gCEnJAn</latexit>

n In the “thin lens” approximation, the deflection of a 
particle passing through the sextupole of length     isL<latexit sha1_base64="lV/JhmOm8kCPgUsupYuGSaZ5MU8=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsotCTaWFhgIh8JXMjesgcbdvcuu3sm5MJfsLHQGFv/kJ3/xj24QsGXTPLy3kxm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx0dJYrQNol4pHoB1pQzSduGGU57saJYBJx2g+lt5nefqNIsko9mFlNf4LFkISPYZFL1voqG5YpbcxdA68TLSQVytIblr8EoIomg0hCOte57bmz8FCvDCKfz0iDRNMZkise0b6nEgmo/Xdw6RxdWGaEwUrakQQv190SKhdYzEdhOgc1Er3qZ+J/XT0x47adMxomhkiwXhQlHJkLZ42jEFCWGzyzBRDF7KyITrDAxNp6SDcFbfXmddOo1r1GrP9QrzZs8jiKcwTlcggdX0IQ7aEEbCEzgGV7hzRHOi/PufCxbC04+cwp/4Hz+ALHAjVg=</latexit>

�px = �
Z

By

B⇢
ds = �1

2
k2Lx

2 (8)
<latexit sha1_base64="pmSCs2/dHt4/JSfE39BNRWcsi/U="></latexit>

k2 =
1

B⇢

@2By

@x2
<latexit sha1_base64="wQ5VNUAqpVWSw+lNUJ2XGdnJ5R0=">AAACJ3icbVDLSsNAFJ34rPEVdelmsBFclSQudKOUunFZwT6gSctkOmmHTh7MTMQS8jdu/BU3goro0j9x2gbR1gMD555z78zc4yeMCmlZn9rS8srq2nppQ9/c2t7ZNfb2myJOOSYNHLOYt30kCKMRaUgqGWknnKDQZ6Tlj64mfuuOcEHj6FaOE+KFaBDRgGIkldQzLk1THznwAroBRziz86zm8mGcF7WbIC4pYl0H1nrj/KeG910n102zZ5StijUFXCR2QcqgQL1nvLj9GKchiSRmSIiObSXSyya3YkZy3U0FSRAeoQHpKBqhkAgvm+6Zw2Ol9GEQc3UiCafq74kMhUKMQ191hkgOxbw3Ef/zOqkMzr2MRkkqSYRnDwUpgzKGk9Bgn3KCJRsrgjCn6q8QD5EKSKpodRWCPb/yImk6Ffu04tw45WqtiKMEDsEROAE2OANVcA3qoAEweABP4BW8aY/as/aufcxal7Ri5gD8gfb1DUdSpGM=</latexit>
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Nonlinear transfer map: sextupole
n The map for a particle moving through a short 

sextupole can be represented by a “kick” in the 
horizontal momentum:

n Let us choose a fixed value , and look 
at the effects of the maps for different phase advances.

n For each case, we construct a phase space portrait by 
plotting the values of the dynamical variables after 
repeated application of the map (rotation + sextupole) 
for a range of initial conditions.

n First, let us look at the phase space portraits for a 
range of phase advances from 0.2 × 2π to 0.5 × 2π

x 7! x ,

px 7! px � 1

2
k2Lx

2

<latexit sha1_base64="cxdJkGk6bbSYVtQoOtAYW+Nzp+U="></latexit>

k2L = �600 m�2
<latexit sha1_base64="5fWL3P/WV8DLCKjzAVkLmCwipIU=">AAACCXicbVC7SgNBFJ31GeNr1dJmMBFsEnZXUBshaGNhEcE8IFmX2ckkGTL7YOauGJZtbfwVGwtFbP0DO//GyaPQxAMXDufcy733+LHgCizr21hYXFpeWc2t5dc3Nre2zZ3duooSSVmNRiKSTZ8oJnjIasBBsGYsGQl8wRr+4HLkN+6ZVDwKb2EYMzcgvZB3OSWgJc/ExeLAc/A1PselE8vCbdwG9gBpkN2lJScrFj2zYJWtMfA8saekgKaoeuZXuxPRJGAhUEGUatlWDG5KJHAqWJZvJ4rFhA5Ij7U0DUnAlJuOP8nwoVY6uBtJXSHgsfp7IiWBUsPA150Bgb6a9Ubif14rge6Zm/IwToCFdLKomwgMER7FgjtcMgpiqAmhkutbMe0TSSjo8PI6BHv25XlSd8r2cdm5cQqVi2kcObSPDtARstEpqqArVEU1RNEjekav6M14Ml6Md+Nj0rpgTGf20B8Ynz9gQJb8</latexit>
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Phase space: single sextupole
n For small amplitudes, particles 

trace out closed loops around 
the origin: this is what we 
expect for a purely linear map

n As the amplitude is increased, 
there appear “islands” in phase 
space. The phase advance (for 
the linear map) is often close to 

, where      is an integer 
and    is the number of islands

n Larger number of islands 
appears at larger amplitude

Phase space portraits: storage ring with a single sextupole

µx = 0.202⇥ 2⇡

CAS, Budapest, 2016 10 Nonlinear Dynamics: Part 2

m/p
<latexit sha1_base64="76eMUT+L9sXf6AR7vvvWEmfrKj4=">AAAB7nicbVBNSwMxEJ31s9avqkcvwa7gqe7Wgx6LXjxWsB/QLiWbpm1okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXK86MDYJvb219Y3Nru7BT3N3bPzgsHR03TZJqQhsk4Ylux9hQziRtWGY5bStNsYg5bcXju5nfeqLasEQ+2omikcBDyQaMYOuklu+LS+X7vVI5qARzoFUS5qQMOeq90le3n5BUUGkJx8Z0wkDZKMPaMsLptNhNDVWYjPGQdhyVWFATZfNzp+jcKX00SLQradFc/T2RYWHMRMSuU2A7MsveTPzP66R2cBNlTKrUUkkWiwYpRzZBs99Rn2lKLJ84golm7lZERlhjYl1CRRdCuPzyKmlWK+FVpfpQLddu8zgKcApncAEhXEMN7qEODSAwhmd4hTdPeS/eu/exaF3z8pkT+APv8weD645e</latexit>
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Phase space: single sextupole
n Usually, there is a closed 

curve that divides a region 
of stable from a region of 
chaotic motion. 

n Outside that curve, the 
amplitude of particles 
increases without limit 

n The area of the stable 
region depends strongly on 
the phase advance

Phase space portraits: storage ring with a single sextupole

µx = 0.252⇥ 2⇡

CAS, Budapest, 2016 11 Nonlinear Dynamics: Part 2
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Phase space: single sextupole
n Usually, there is a closed 

curve that divides a region 
of stable from a region of 
chaotic motion. 

n Outside that curve, the 
amplitude of particles 
increases without limit 

n The area of the stable 
region depends strongly on 
the phase advance

n For phase advance close to 
2π/3, it appears that the 
stable region almost 
vanishes altogether

Phase space portraits: storage ring with a single sextupole

µx = 0.330⇥ 2⇡

CAS, Budapest, 2016 12 Nonlinear Dynamics: Part 2
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Phase space: single sextupole
n Usually, there is a closed 

curve that divides a region 
of stable from a region of 
chaotic motion. 

n Outside that curve, the 
amplitude of particles 
increases without limit 

n The area of the stable 
region depends strongly on 
the phase advance

n When phase advance 
approaches π, the stable 
area becomes large, and 
distortions from the linear 
ellipse become less evident

Phase space portraits: storage ring with a single sextupole

µx = 0.402⇥ 2⇡

CAS, Budapest, 2016 13 Nonlinear Dynamics: Part 2
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Phase space: single sextupole
n Usually, there is a closed 

curve that divides a region 
of stable from a region of 
chaotic motion. 

n Outside that curve, the 
amplitude of particles 
increases without limit 

n The area of the stable 
region depends strongly on 
the phase advance

n When phase advance 
approaches π, the stable 
area becomes large, and 
distortions from the linear 
ellipse become less evident

Phase space portraits: storage ring with a single sextupole

µx = 0.490⇥ 2⇡

CAS, Budapest, 2016 14 Nonlinear Dynamics: Part 2
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Effect of phase advance 
on nonlinear dynamics
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Effect of phase advance
nAn important observation is that the 

effect of the sextupole in the periodic cell 
depends strongly on the phase advance 
across the cell

nWe can start to understand the 
significance of the phase advance by 
considering two special cases:
qPhase advance equal to an integer times 2π
qPhase advance equal to a half integer times 

2π
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Integer phase advance
n Let us consider first a phase advance equal to an 

integer. In that case, the linear part of the map is just 
the identity

n So the combined effect of the linear map and the 
sextupole kick is:

n Clearly, the horizontal momentum will increase
without limit

n There are no stable regions of phase space, apart from 
the line

x 7! x ,

px 7! px
<latexit sha1_base64="qtGFyCzXSyKwNN1MN0JlqZwNVT4="></latexit>

x 7! x ,

px 7! px � 1

2
k2Lx

2

<latexit sha1_base64="cxdJkGk6bbSYVtQoOtAYW+Nzp+U="></latexit>

x = 0
<latexit sha1_base64="MjKbgurT3Eec3NBqhvNZ3D41R1M=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFnOCVbiLhTZC0MYygvmA5Ah7m71kye7esbsnhiM/wsZCEVt/j53/xk1yhSY+GHi8N8PMvDDhTBvP+3YKa+sbm1vF7dLO7t7+QfnwqKXjVBHaJDGPVSfEmnImadMww2knURSLkNN2OL6d+e1HqjSL5YOZJDQQeChZxAg2Vmq77tO157r9csWrenOgVeLnpAI5Gv3yV28Qk1RQaQjHWnd9LzFBhpVhhNNpqZdqmmAyxkPatVRiQXWQzc+dojOrDFAUK1vSoLn6eyLDQuuJCG2nwGakl72Z+J/XTU10FWRMJqmhkiwWRSlHJkaz39GAKUoMn1iCiWL2VkRGWGFibEIlG4K//PIqadWq/kW1dl+r1G/yOIpwAqdwDj5cQh3uoAFNIDCGZ3iFNydxXpx352PRWnDymWP4A+fzB0iljjc=</latexit>
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Half- Integer phase advance
n Now consider what happens if the phase advance of a 

cell is a half integer times 2π, so the linear part of the 
map is just a rotation through π.

n If a particle starts at the entrance of a sextupole with 
and , then at the exit of that 

sextupole:

n Then, after passing to the entrance of the next 
sextupole, the co-ordinates will be:

x = x0
<latexit sha1_base64="fjF+/0gEGd9aZiRdTeb6SgTYUIc=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI2diRe6w0MaEaGOJiXwYuJC9ZQ827O5ddvcMhPArbCw0xtafY+e/cYErFHzJJC/vzWRmXphwpo3nfTu5tfWNza38dmFnd2//oHh41NBxqgitk5jHqhViTTmTtG6Y4bSVKIpFyGkzHN7O/OYTVZrF8sGMExoI3JcsYgQbKz267uh61PVct1sseWVvDrRK/IyUIEOtW/zq9GKSCioN4Vjrtu8lJphgZRjhdFropJommAxxn7YtlVhQHUzmB0/RmVV6KIqVLWnQXP09McFC67EIbafAZqCXvZn4n9dOTXQVTJhMUkMlWSyKUo5MjGbfox5TlBg+tgQTxeytiAywwsTYjAo2BH/55VXSqJT9i3LlvlKq3mRx5OEETuEcfLiEKtxBDepAQMAzvMKbo5wX5935WLTmnGzmGP7A+fwB3WmPIg==</latexit>

px = px0
<latexit sha1_base64="StepXMY7CpdBlT9JlmKut72DDfc=">AAAB9XicbVBNS8NAEJ34WetX1aOXxUbwVJJ60ItQ9OKxgv2ANobNdtMu3STL7kZbQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZFwjOlHacb2tldW19Y7OwVdze2d3bLx0cNlWSSkIbJOGJbAdYUc5i2tBMc9oWkuIo4LQVDG+mfuuRSsWS+F6PBfUi3I9ZyAjWRnqwbeGProSfjZyJbfulslNxZkDLxM1JGXLU/dJXt5eQNKKxJhwr1XEdob0MS80Ip5NiN1VUYDLEfdoxNMYRVV42u3qCTo3SQ2EiTcUazdTfExmOlBpHgemMsB6oRW8q/ud1Uh1eehmLRappTOaLwpQjnaBpBKjHJCWajw3BRDJzKyIDLDHRJqiiCcFdfHmZNKsV97xSvauWa9d5HAU4hhM4AxcuoAa3UIcGEJDwDK/wZj1ZL9a79TFvXbHymSP4A+vzBwWzkYs=</latexit>

x1 = x0 ,

px1 = px0 �
1

2
k2Lx

2
0

<latexit sha1_base64="nlUylj5sE5wEr4y/OVHDEjDobUQ="></latexit>

x2 = cos(⇡)x1 = �x1 = �x0 ,

px2 = cos(⇡)px1 = �px1 = �px0 +
1

2
k2Lx

2
0

<latexit sha1_base64="Ycc+P+nZMrP/ap3SRJl55Wv/0yI="></latexit>
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Half- Integer phase advance
n Finally, on passing through the second 

sextupole:

n In other words, the momentum kicks from the 
two sextupoles cancel each other exactly

n The resulting map is a purely linear phase 
space rotation by π. 

n In this situation, we expect the motion to be 
stable (and periodic), no matter what the 
amplitude

x3 = x2 = �x0 ,

px3 = px2 �
1

2
k2Lx

2
2 = �px0

<latexit sha1_base64="ncyU+OW5EbuVKZesW9r8EPKaHyA="></latexit>
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Impact of phase advance: dipoles
n The effect of the phase advance on the 

sextupole “kicks” is similar to the effect on 
perturbations arising from dipole and 
quadrupole errors in a storage ring

n In the case of dipole errors, the kicks add up if 
the phase advance is an integer, and cancel if 
the phase advance is a half integer

E↵ect of the phase advance on the nonlinear dynamics

The e↵ect of the phase advance on the sextupole “kicks” is
similar to the e↵ect on perturbations arising from dipole and
quadrupole errors in a storage ring.

In the case of dipole errors, the kicks add up if the phase
advance is an integer, and cancel if the phase advance is a half
integer.

CAS, Budapest, 2016 20 Nonlinear Dynamics: Part 2
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Impact of phase advance: quadrupoles

n In the case of quadrupole errors, the kicks 
add up if the phase advance is a half integer. 

n Higher-order multipoles drive higher-order 
resonances but the effects are less easily 
illustrated on a phase space diagram.

E↵ect of the phase advance on the nonlinear dynamics

In the case of quadrupole errors, the kicks add up if the phase
advance is a half integer.

Higher-order multipoles drive higher-order resonances... but the
e↵ects are less easily illustrated on a phase space diagram.

CAS, Budapest, 2016 21 Nonlinear Dynamics: Part 2
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Resonances
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Resonances
n If we include vertical as well as horizontal motion, then we 

find that resonances occur when the tunes satisfy 

where nx, ny and r are integers and resonance is of order |nx| 
+ |ny| 

normal resonances 
(= even ny)

skew resonances
(= odd ny)

nxQx + nyQy = r

Resonances up to order 2
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Resonances

normal resonances 
(= even ny)

skew resonances
(= odd ny)

nxQx + nyQy = r

Resonances up to order 3

n If we include vertical as well as horizontal motion, then we 
find that resonances occur when the tunes satisfy 

where nx, ny and r are integers and resonance is of order |nx| 
+ |ny| 
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n If we include vertical as well as horizontal motion, then we 
find that resonances occur when the tunes satisfy 

where nx, ny and r are integers and resonance is of order |nx| 
+ |ny| 

Resonances

normal resonances 
(= even ny)

skew resonances
(= odd ny)

nxQx + nyQy = r

Resonances up to order 4
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n If we include vertical as well as horizontal motion, then we 
find that resonances occur when the tunes satisfy 

where nx, ny and r are integers and resonance is of order |nx| 
+ |ny| 

Resonances

normal resonances 
(= even ny)

skew resonances
(= odd ny)

nxQx + nyQy = r

Resonances up to order 5
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Resonances in storage ring
n Resonances are associated with chaotic motion for 

particles in storage rings.
n However, the number of resonance lines in tune space 

is infinite: any point in tune space will be close to a 
resonance of some order.

n This observation raises two questions:
q How do we know what the real effect of any given resonance 

line will be?
q How can we design a storage ring to minimise the adverse 

effects of resonances?

n These are not easy questions to answer and usually
necessitate numerical integration of the equations of 
motion

n We shall discuss some of the issues in the remaining 
parts of this lecture.
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Resonance cancellation by periodicity
nBy imposing a periodicity P in the lattice (i.e. building a 

machine from P identical cells) the resonance condition 
becomes

nResonances for which r×P is integer à systematic

n If r×P is NOT integer the resonance cancels à non-
systematic

periodicity P=1 periodicity P=2 periodicity P=3

solid lines: normal resonances 
dashed lines: skew resonances

nxQx + nyQy = rP
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Real life example for periodicity: ALS 

D. Robin, C. Steier, J. Safranek, W. Decking, “Enhanced performance of 
the ALS through periodicity restoration of the lattice,” proc. EPAC 2000. 

Observation of resonance “islands” in the ALS

D. Robin, C. Steier, J. Safranek, W. Decking, “Enhanced performance of

the ALS through periodicity restoration of the lattice,” proc. EPAC 2000.

CAS, Prague, 2014 62 Nonlinear Dynamics

quadrupoles, and , according to a previously mea-
sured tune sensitivity matrix. After the quadrupole fields
have settled we measured the beam current and the count
rate in the detector for a 1 second interval. Then move on
to the next tune. In order to check how well the predicted
tunes agree with the measured tunes we would periodically
measure the tunes.

We chose to scan in a region of tune space where two
resonances are present: (allowed by periodicity)
and (unallowed by periodicity). Two scans were
made before and after we corrected the optics. In Fig. 3 we
plotted on the vertical axis is the count rate divided by cur-
rent and on the bottom axis the horizontal tune. We scanned
the horizontal tune from keeping the
vertical tune constant at . Looking at the figure
one can see that the amplitude of the resonance
remains constant whereas the amplitude of the
has been greatly suppressed due to the periodicity restora-
tion.
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Figure 3: Horizontal tunescans before (thin,solid) and after
(thick,dotted) the optic is corrected. The vertical tune is
kept constant at 8.15. At each horizontal tune, the count
rate (as measured in a gamma counter) divided by beam
current is plotted.

The effects of periodicity breaking on the behavior of
the tails at different tunes are illustrated with the help of
phase space plots calcutated for the fitted lattices. Fig. 4
shows the horizontal phase spaces near to the
resonance. The left side shows the phase space of the optic
before periodicity was restored, the right side shows the
phase space of the ideal optic.

In the vicinity of the resonance the inner phase space
becomes completely distorted by the islands of the 3rd in-
teger resonance when the periodicity is broken whereas in
the unperturbed case there is no distortion at all.

We expect that with islands in the phase space parti-
cles can get launched and then captured in the tails either
through gas scattering or intrabeam scattering. This dis-
torts the distribution of the beam leading to an increase in
the beam loss rate. From the phase space pictures in Fig.
4 we expect that the tail distributions and the count rate in
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 [m
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Figure 4: Horizontal phase space of the lattice plotted at
the observation point. Lattices are tuned to
and = 8.15. Left plot shows the phase space with the
uncorrected optic. Right plot shows the phase space for the
corrected optic.

the vicinity of the resonance would be higher before
the periodicity was restored. This is consistent with what
we observed experimentally (see Fig. 3).

3.2 Beam profile monitor
We have the ability to observe the beam distribution with a
beam profile monitor. This monitor images the synchrotron
radiation that is emitted from a bending magnet and repre-
sents roughly a one-to-one image of the beam. An image
of the beam near the resonance can be seen in Fig. 5
before (left) and after (right) the periodicity was restored.
What we see is that in the lattice before the periodicity was
restored the beam “splits” into several spots. However that
was not the case after the periodicity was restored.

Again the phase space plot, Fig. 4, can be used to help
us understand the image. The tracking point of the phase
space corresponds to the observation point of the beam.
One can imagine that if the islands are populated the pro-
jection onto the normal space would look something like
the image. The reason that one sees only three spots and
not four is that when one projects the phase space onto the

-axis two islands overlap. The phase space plot is only
meant to serve as a qualitative understanding of the image.
We make no quantitative statements about the distribution.

A more sensitive test of the resonance excitation can be
made by experimentally measuring a frequency map using
turn-by-turn magnetic kicker and a single turn beam posi-
tion monitor. For details of the frequency map measure-
ment the reader is referred to the following papers [13, 14].

4 CONCLUSION
The periodicity of the linear lattice is clearly important for
the ALS. The actual linear lattice is accurately determined
by analyzing orbit response matrices. From this analysis
we have found power supply errors and orbit offsets in sex-
tupoles which lead to a beating of the vertical -function of

139Proceedings of EPAC 2000, Vienna, Austria

Uncorrected optics Corrected optics
Synchrotron light beam spot

Simulated phase space

Measurement of beam 
loss as function of tune

Beta beating
Before optics correction: ~30%
After optics correction: <1%

Advanced Light Source design lattice periodicity: 12
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Real life example for periodicity: SPS 
n SPS (hadron machine) has design lattice periodicity of 6

n Some indication for the strength of individual resonance lines can 
be inferred from the beam loss rate during dynamic tune scans, 
i.e. the derivative of the beam intensity at the moment of 
resonance crossing

n Sextupole resonances can be clearly identified although they 
should be suppressed by lattice periodicity … but SPS has no 
individual quadrupoles to restore optics functions distortions
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Analytical methods for 
nonlinear dynamics
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Analytical methods for NLD
n There are two approaches widely used in accelerator 

physics: perturbation theory and normal form analysis.
n In both these techniques, the goal is to construct a quantity

that is invariant under application of the single-turn 
transfer map. Unfortunately, in both cases the mathematics 
is complicated and fairly cumbersome

n In the case of a single sextupole in a storage ring, we find 
from normal form analysis the following expression for the 
betatron action as a function of the betatron phase (angle 
variable):

where     is a constant (an invariant of the motion), is the 
angle variable, and      is the phase advance per cell.
n The second term becomes very large when      is close to 

third integer

I0
<latexit sha1_base64="exJmWStMQuoBNVUN3p2/dH29TTE=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYk6wCnex0DJoo10E8wHJEfY2k2TJ3t6xuyeEIz/CxkIRW3+Pnf/GTXKFJj4YeLw3w8y8MBFcG8/7dtbWNza3tgs7xd29/YPD0tFxU8epYthgsYhVO6QaBZfYMNwIbCcKaRQKbIXj25nfekKleSwfzSTBIKJDyQecUWOlluve9zzX7ZXKXsWbg6wSPydlyFHvlb66/ZilEUrDBNW643uJCTKqDGcCp8VuqjGhbEyH2LFU0gh1kM3PnZJzq/TJIFa2pCFz9fdERiOtJ1FoOyNqRnrZm4n/eZ3UDK6DjMskNSjZYtEgFcTEZPY76XOFzIiJJZQpbm8lbEQVZcYmVLQh+Msvr5JmteJfVqoP1XLtJo+jAKdwBhfgwxXU4A7q0AAGY3iGV3hzEufFeXc+Fq1rTj5zAn/gfP4ANJuOKg==</latexit>
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Jx ⇡ I0 �
k2L

8
(2�xI0)

3/2 cos(3µx/2 + 2�x) + cos(µx/2)

sin(3µx/2)
+O(I20 )
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Normal form for sextupole
Example: normal form analysis of a sextupole in a storage ring

phase advance µx = 0.28⇥ 2⇡

CAS, Budapest, 2016 33 Nonlinear Dynamics: Part 2
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Normal form for sextupole
Example: normal form analysis of a sextupole in a storage ring

phase advance µx = 0.30⇥ 2⇡

CAS, Budapest, 2016 34 Nonlinear Dynamics: Part 2
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Normal form for sextupole
Example: normal form analysis of a sextupole in a storage ring

phase advance µx = 0.315⇥ 2⇡

CAS, Budapest, 2016 35 Nonlinear Dynamics: Part 2
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Tune-shift with amplitude
n Close inspection of the plots on the previous slides reveals 

another effect, in addition to the obvious distortion of the 
phase space ellipses: the phase advance per turn (i.e. the 
tune) varies with increasing betatron amplitude

n Normal form analysis (and perturbation theory) can be used 
to obtain estimates for the tune shift with amplitude

n In the case of a sextupole, the tune shift is higher-order in 
the sextupole strength

n An octupole, however, does have a first-order in the 
octupole strength tune shift with amplitude, given by:

⌫x ⇡ ⌫x0 +
k3L�2

x

16⇡
Jx +O(J2

x)
<latexit sha1_base64="15mrXeBKm5+Y/rG2P7NtDayncKg="></latexit>
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Particle trapped in 4th order resonance
nSimulation of simple storage ring with a single octupole 

close to 4th order resonance

nDetuning with amplitude (linear in action) 

n Particles in the stable islands have tune locked to 
resonance
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Particle trapped in 3rd order resonance
nSimulation of simple storage ring with a sextupole and an 

octupole close to 3rd order resonance

n The amplitude detuning induced by the octupole can 
create stable islands even for the 3rd order resonance

n The tune of particles in islands is locked to the resonance
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Non-linear map 
representation
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Taylor maps
n For any dynamical variable    the Taylor map up to 3rd

order can be written as

n Taylor series provide a convenient way of systematically 
representing transfer maps for beamline components, or 
sections of beamline

n The main drawback of Taylor series is that in general, 
transfer maps can only be represented exactly by series with 
an infinite number of terms

n In practice, we have to truncate a Taylor map at some 
order, and we then lose certain desirable properties of the 
map

n In particular, a truncated map will be usually be non-
symplectic.

znewj =
6X

k=1

Rjkzk +
6X

k=1

6X

l=1

Tjklzkzl +
6X

k=1

6X

l=1

6X

m=1

Ujklmzkzlzm
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Symplectic maps
n Consider two sets of canonical variables which 

may be even considered as the evolution of the system 
between two points in phase space

n A transformation from the one to the other set can be 
constructed through a map 

n The Jacobian matrix of the map is 

composed by the elements

n The map is symplectic if  , with
n It can be shown that
n Physically, a symplectic transfer map conserves 

phase space volumes when the map is applied
n This is Liouville’s theorem, and is a property of 

charged particles moving in electromagnetic fields, in 
the absence of radiation.

z , z̄

M : z 7! z̄
M = M(z, t)

Mij ⌘
@z̄i
@zj

J =

✓
0 I

�I 0

◆
MTJM = J

det(M) = 1
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Symplectic maps
n The effect of losing symplecticity becomes apparent if 

we compare phase space portraits constructed using 
symplectic (below, left) and non-symplectic (below, right) 
transfer maps.

Symplecticity

The e↵ect of losing symplecticity becomes apparent if we
compare phase space portraits constructed using symplectic
(below, left) and non-symplectic (below, right) transfer maps.

CAS, Budapest, 2016 27 Nonlinear Dynamics: Part 2
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Symplectic integration
n Consider a sextupole with equations of motion:

n Exact solutions using some elementary functions do 
not exist

n By splitting integration into three steps, it is possible to 
write an explicit and symplectic approximate solution

n This an example of a symplectic integrator known as a 
“drift–kick–drift” approximation.

Symplectic Taylor maps with finite number of terms

Symplectic Taylor maps with a finite number of terms can be
constructed for multipole magnets of any order using the
“kick” approximation.

As an example, consider a sextupole, for which the
(approximate) equations of motion are:

dx

ds
= px,

dpx
ds

= �
1

2
k2x

2. (26)

These equations do not have an exact solution in terms of
elementary functions.

However, by splitting the integration into three steps it is
possible to write down an approximate solution that is explicit
and symplectic:

0  s < L/2 : x1 = x0 + px0, px1 = px0, (27)

s = L/2 : x2 = x1, px2 = px1 �
1

2
k2Lx

2
1, (28)

L/2 < s  L : x3 = x2 + px2, px3 = px2. (29)

CAS, Budapest, 2016 29 Nonlinear Dynamics: Part 2
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Symplectic integrators

The solution (27)–(28) is an example of a symplectic

integrator. For obvious reasons, this particular integrator is
known as a “drift–kick–drift” approximation.

By splitting the integration into smaller steps, it is possible to
obtain better approximations.

Using special techniques (e.g. from classical mechanics) it can
be shown that by splitting a multipole in particular ways, it is
possible to minimise the error for a given number of integration
steps.
CAS, Budapest, 2016 30 Nonlinear Dynamics: Part 2
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Numerical methods: 
Dynamic aperture
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Dynamic aperture
n The most direct way to evaluate the non-linear dynamics 

performance of a ring is the computation of Dynamic Aperture 
(short: DA) 

n Particle motion due to multi-pole errors is generally non-bounded, 
so chaotic particles can escape to infinity. This is not true for all 
non-linearities (e.g. the beam-beam force)

n Need a symplectic tracking code to follow particle trajectories (a 
lot of initial conditions) for a number of turns (depending on the 
given problem) until the particles start getting lost. This boundary 
defines the Dynamic aperture

n As multi-pole errors may not be completely known, one has to 
track through several machine models built by random 
distribution of these errors

n One could start with 4D (only transverse) tracking but certainly 
needs to simulate 5D (constant energy deviation) and finally 6D 
(synchrotron motion included)
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Dynamic Aperture plots
nDynamic aperture plots show the maximum initial values 

of stable trajectories in x-y coordinate space at a 
particular point in the lattice, for a range of energy errors

n The beam size can be shown on the same plot

nGenerally, the goal is to allow some significant margin in 
the design – the measured dynamic aperture is often 
smaller than the predicted dynamic aperture



N
on

-li
ne

ar
 D

yn
am

ic
s, 

C
ER

N
 A

cc
el

er
at

or
 S

ch
oo

l, 
Se

pt
em

be
r 2

01
9

48

Numerical methods: 
Frequency map analysis
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Building the frequency map
q Choose coordinates (xi, yi) with px=py=0

q Numerically integrate the phase trajectories through the lattice for 
sufficient number of turns

q Compute through advanced Fourier methods (NAFF algorithm) Qx
and Qy after sufficient number of turns

q Plot them in the tune diagram

y νy
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Frequency Map for the ESRF
n All dynamics represented in two plots (Frequency Map / Diffusion 

Map)
n Regular motion represented by blue colors
n Resonances appear as distorted lines in frequency space (or 

curves in initial condition space)
n Chaotic motion is represented by red scattered particles and 

defines dynamic aperture of the machine
n FMA shows also nicely the detuning with amplitude

Frequency Map Diffusion Map
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Frequency Map for LHC in collision
n Frequency map analysis for HL-LHC in collision

Large tune footprint 
and DA reduction 
due to “long range 
beam-beam” forces 
(electromagnetic field 
of other beam in 
interaction region)

DA clearly improved 
when compensating 
long range beam-
beam with a wire 

S. Fartoukh et al., 
PRSTAB, 2015
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Experimental frequency maps
n Frequency analysis of turn-by-turn data of beam 

oscillations produced by a fast kicker magnet and 
recorded on a Beam Position Monitor

nReproduction of the non-linear model of the Advanced 
Light Source storage ring and working point optimization 
for increasing beam lifetime

D. Robin, C. Steier, J. Laskar, and L. Nadolski, PRL 2000
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Figure 3: Experimental frequency map (a), and numerical
simulation (b) for the ALS with its nominal settings. Res-
onances of order are plotted with dashed lines.

monitor of the quality of the beam dynamics. As an il-
lustration of the model independent diagnostic capabilities
of experimental frequency maps, we set a slightly different
working point . In this case,
the measured frequency map (Fig. 4) shows several strong,
intersecting (at ) resonances. The intersection
induces rapid diffusion of particles with corresponding re-
duction in injection efficiency and lifetime.
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Figure 4: Experimental frequency map plotted together
with information about the fractional beam loss

Indeed, during the measurement we recorded significant
beam loss (Fig. 4) at this intersection (and above, since par-
ticles launched to higher amplitudes cross through that in-
tersection due to radiation damping) quite in contrast to the

first experiment, where the beam was kicked to the same
amplitudes but no significant beam loss was recorded.

5 CONCLUSIONS
The frequency map measurements at the ALS show the
full network of coupling resonances in a Hamiltonian dy-
namical system of 3 degrees of freedom. The comparison
of predicted and measured frequency maps shows that the
(relatively simple) calibrated machine model using nom-
inal sextupole strengths and measured gradient and cou-
pling errors describes the nonlinear dynamics in the ALS
remarkably well. Because of the good agreement we are
now using the calibrated machine model and simulated fre-
quency maps as a routine tool to predict the impact and to
optimize future modifications of the ALS lattice. In addi-
tion the model independent diagnostic capability of exper-
imental frequency maps was demonstrated and the inter-
pretation of frequency maps was cross calibrated by com-
paring measured beam loss information with the resonance
structure.
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Indeed, during the measurement we recorded significant
beam loss (Fig. 4) at this intersection (and above, since par-
ticles launched to higher amplitudes cross through that in-
tersection due to radiation damping) quite in contrast to the

first experiment, where the beam was kicked to the same
amplitudes but no significant beam loss was recorded.
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full network of coupling resonances in a Hamiltonian dy-
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inal sextupole strengths and measured gradient and cou-
pling errors describes the nonlinear dynamics in the ALS
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Conclusions and 
Summary
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Summary
n Nonlinear dynamics appear in a wide variety of 

accelerator systems, including single-pass systems 
(such as bunch compressors) and multi-turn
systems (such as storage rings)

n It is possible to model nonlinear dynamics in a 
given component or section of beamline by 
representing the transfer map as a power series

n Conservation of phase space volumes is an 
important feature of the beam dynamics in many 
systems. To conserve phase space volumes, transfer 
maps must be symplectic

n In general, (truncated) power series maps are not 
symplectic. 

n To construct a symplectic transfer map, the 
equations of motion in a given accelerator 
component must be solved using a symplectic 
integrator (e.g. the “drift–kick–drift” approximation 
for a multipole magnet).
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Summary
n Common features of nonlinear dynamics in 

accelerators include phase space distortion, tune 
shifts with amplitude, resonances, and chaotic
particle trajectories at large amplitudes (dynamic 
aperture limits)

n Analytical methods such as perturbation theory 
and normal form analysis can be used to estimate 
the impact of nonlinear perturbations in terms of 
quantities such as resonance strengths and tune 
shifts with amplitude

n Frequency map analysis provides a useful 
numerical tool for characterising tune shifts and 
resonance strengths from tracking data. 

n This can give some insight into limitations on the 
dynamic aperture


