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B These lectures are heavily based on the
lectures of A. Wolski (Un of Liverpool) during
CAS 2016 on “Introduction to Accelerator
Physics” at Budapest
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Mathematical tools for modelling nonlinear dynamics

B Power series (Taylor) maps and symplectic maps.

Effects of nonlinear perturbations
B Resonances, tune shifts, dynamic aperture.

Analysis methods

B Normal forms, frequency map analysis.
B Employ two types of accelerator systems for
illustrating methods and tools

Bunch compressor (single-pass system)
Storage ring (multi-turn system).
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B Provide an introduction to some of the
key concepts of nonlinear dynamics in
particle accelerators.

ookt

B Describe some of the sources of
nonlinearities

B QOutline some of the tools used for
modelling

B Explain the significance and potential
impact of nonlinear dynamics in some
accelerator systems
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From Linear to
Non-linear
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linear transfer maps

B For example, in a drift space of length L, the scaled

B Particle motion through simple components such as
drifts, dipoles and quadrupoles can be represented by

=

horizontal coordinate and momentum from and initial

L1

Pzl

Px
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position O to a final position 1 are

o + Lpro
Px0

H Note that the momentum is
 ymu,  dx

T ds

with Py the reference momentum
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B Linear transfer maps can be written in terms
of matrices and for example for drift space of

length L
()= (o v) (o)

B In general, a linear transformation can be
written as

—

1 = Rrg+ A

where the phase space vectors are & = (&, p,)

B The transfer matrix F and the vector A are
constants not depending on phase space
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B The transfer matrix for a section of beamline can be
found by multiplying the transfer matrices for the

accelerator components within that section
M(splso) = M(sp|sn—1) ... M(s3]|s2) - M(s3|s1) - M(s1]s0)

\ 7
hd

=

S, S, S, S, S o from AY) to s 1,
S S from s, to s,
N— g
—
from s, to s;
— e

from s, to s,
B For periodic beamlines (i.e. a beamline constructed

from a repeated unit), transfer matrix for single period
can be parameterised in terms of the Courant-Snyder
parameters (o, [,7) and the phase advance [ :

n_ cos (4 + a:sin 3 sin u
N —~ sin COS (1 — cSin [ 8
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B The characteristics of the particle motion can

be represented by a phase space portrait
showing the co-ordinates and momenta of a

full periods of
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B If the transfer map for each
period is linear, then the
phase space portrait is an
ellipse with area 7J,, Pu A

B The action J-
characterises the
amplitude of the betatron
oscillations

B The shape of the ellipse is

described by the Courant- |

Snyder parameters :
B The rate at which particles

move around the ellipse

(phase advance per period)

is independent of the
betatron action
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B Nonlinearities in particle dynamics can come from a number

The CERN Accelerator School

of different sources, e.g.

Stray fields in drift spaces

Higher-order multipole components in dipoles and
quadrupoles
Higher-order multipole magnets (sextupoles, octupoles...) used

to control various properties of the beam;

Effects of fields generated by a bunch of particles on individual
particles within the same or another bunch (space-charge
forces, beam-beam effects...)

B The effects of nonlinearities can be varied and quite dramatic

B [t is paramount to have some understanding of nonlinear
dynamics for optimising the design and operation of many
accelerator systems
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B As example, consider vertical field component in
sextupole magnet:
By _ 1 L 2
Bp 2
with Bp the beam rigidity and k2 the normalized
sextupole gradient

B [n the “thin lens” approximation, deflection of particle
passing through the sextupole of length L is

/—yds — ——kQLa:

B The (thin lens) transfer map for the sextupole is
1 = X9,
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1
Px1 — Pz0 — §k2L$2
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B A nonlinear transfer map can be represented as a

power series
2 2
x1 = A1+ Ri1v0+ Ri2pz0 + 111125 + T112T0p20 + 1122050 + - - -

pp1 = Ao+ Ro1z0 + Roopzo + 1211286 + To1220p0 + To2opao + - - -

B The coefficients F; j are components of the transfer
matrix R

B The coefficients of the higher-order (nonlinear) terms
are conventionally represented by I} ;; (second order),
Uik (third order) and so on...

B The values of the indices correspond to components of
the phase space vector, thus:

index value|1 2 3 4 5 6
component |x pz Yy py z O

Non-linear Dynamics, CERN Accelerator School, September 2019
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X (mm) X (mm) X (mm)
B Nonlinearities in a periodic beamline can have a
number of effects (more during the 279 lecture):

The shape of the phase space ellipse becomes distorted

Features such as “islands” (closed loops around points away
from the origin) appear in phase space portrait

The phase advance per period can depend on the betatron
amplitude, i.e. depends on the action,/,

The motion can be stable for small amplitude, but unstable
(chaotic) at large amplitude
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Nonlinear effects in a
bunch compressor
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B A bunch compressor reduces the length of a bunch, by
performing a rotation in longitudinal phase space

=

B Bunch compressors are used, for example, in free electron
lasers to increase the peak current

ARG

\ ) Chicane constructed from dipoles:

higher energy particles take a shorter path

O =) 0.
So S, S3
-

Distribution of particles ‘rotates’ in longitudinal phase space (area is conserved).

RF cavity
‘chirps’ the bunch

Non-linear Dynamics, CERN Accelerator School, September 2019
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B The RF cavity is designed to

B The energy deviation ( of a particle with energy F

from a reference energy I/ is defined as:

<1

01

Non-linear Dynamics, CERN Accelerator School, September 2019

FE — Eyg

O =

20

00

Ey

eV

E

Sin (

Wz

C

B The transfer map for the RF cavity in the bunch
compressor with voltage V and frequency Qi is:

')

2

“chirp” the bunch, i.e. to
provide a change in energy deviation as a function of
longitudinal position < within the bunch
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B Neglecting synchrotron radiation, the chicane does not
change the energy of the particles. However, the path
length /. depends on the energy of the particle.

B [f we assume that the bending angle in a dipole is

small: 27,
L="2 41,
cos 6
B The bending angle is a function of the energy of the
particle: 9 — 0o

Non-linear Dynamics, CERN Accelerator School, September 2019
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B The change in the co-ordinate 2 is the difference
between the nominal path length, and the length of the
path actually taken by the particle.

B Hence, the chicane transfer map can be written:

1 1
— o _
“2 S (COSHO 608(9(51))> ’
02 = 01

where 0y is the nominal bending angle of each dipole in
the chicane, and 0(d) is given by

9
9(5):1+05

B Clearly, the complete transfer map for the bunch
compressor is nonlinear, but how important are the
nonlinear terms? 20
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B To understand the effects of the nonlinear part
of the map, we will study a specific example

B First, we will “design” a bunch compressor
using only the linear part of the map

B The linear part of a transfer map can be
obtained by expanding the map as a Taylor
series in the dynamical variables, and keeping
only the first-order terms

B After finding appropriate values for the various
parameters using the linear transfer map, we
shall see how our design has to be modified to
take account of the nonlinearities

Non-linear Dynamics, CERN Accelerator School, September 2019
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B To first order in the dynamical variables, the

map for the RF cavity can be written:

90 SIn (9()

with R56 — 2L1 5
cos® 0

<1 = 20 . eV w
_ Wlth R65 J—
= 01 = do+ Res20 Ly c
E
- B The map for the chicane is
¢ 22 = 21+ Rse01,
% 52 — 51

22
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compressor for the International Linear Collider

B As a specific example, consider a bunch

(ILC)

Initial rms bunch length \/<28> 6 mm
Initial rms energy spread /(63) 0.15%
Final rms bunch length (23) 0.3 mm

B Two constraints determine the values of Fgs
and Rxg

The bunch length should be reduced by a factor 20

There should be no “chirp” on the bunch at the exit
of the bunch compressor, (2202) = 0

B With these constraints, we find (see Appendix
A):
Regs = —4.9937 m ™! and FRsg = 0.19975 m =

Non-linear Dynamics, CERN Accelerator School, September 2019
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B We can illustrate the effect of the linearised
bunch compressor map on phase space using
an artificial “window frame?” distribution:

1.5 30 [k, 30
e

1073
=
107
[
P
107
[

T,
15l . . -30 | . 4 -30 | : .
-6 0 ] -6 0 6 -0.3 0 03
Z (mm) Z (mm) Z (mm)

B The rms bunch length is reduced by a factor
of 20 as required, but the rms energy spread
is increased by the same factor, because the
transfer map is symplectic, so phase space
areas are conserved under the transformation

Non-linear Dynamics, CERN Accelerator School, September 2019
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B Let’s apply now the full nonlinear map for the
bunch compressor.

eeeeeeeeeeeeeeeeeeeeeeee

B We need first to make some assumptions for
the RF voltage and frequency, and the dipole
bending angle and chicane length in order for
the coefficient g5 and 56to have the

appropriate values

Beam (reference) energy Ey 5 GeV

RF frequency frr 1.3 GHz
RF voltage Ve 916 MV
Dipole bending angle 0o 3°

Dipole spacing L1 36.3m

Non-linear Dynamics, CERN Accelerator School, September 2019
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B As before, we illustrate the effect of the bunch
compressor map on phase space using a

COOLS
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“window frame” distribution:

1.5 30 |§;}+ 30 e ",
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B Although the bunch length has been reduced,
there is significant distortion of the
distribution: the rms bunch length will be
significantly longer than we are aiming for.

Non-linear Dynamics, CERN Accelerator School, September 2019
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B To reduce the distortion, we need to
understand where it comes from, by looking at
the map more closely.

B Consider a particle entering the bunch
compressor with initial phase space co-
ordinates 20 and 0g. We can write the co-
ordinates 21 and 07 of the particle after the RF
cavity to second order inzg anddg:

<1 — 20 >
61 = 0o+ Reszo + Tes520

Non-linear Dynamics, CERN Accelerator School, September 2019
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B The co-ordinates of the particle after the
chicane are then (to second order):

21 + Rse01 + Tre607

<1
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B [f we combine the maps for the RF and the
chicane, we get:

(1 4 Rs6Re5)20 + Rs600

-(Rs6Te55 + ResThe6) 2
- Re5 15662000

9
-T56600

50 -+ R65ZO -+ T655Z8

2
0

28
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B [n order to eliminate the strong non-linear
distortion, we have to eliminate the second
term, i.e.

2
Rs61655 + Rgs1566 = 0
B By expanding the original map,

1 1
= 2L
2= AT (COS 0o 608(6(51))>

as a Taylor series in ¢, we find that for small
angles: 2

B Now, it remains to determine 1g55, i.e. the
coefficient for the second-order dependence of
the energy deviation on longitudinal positior’

Non-linear Dynamics, CERN Accelerator School, September 2019
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lThe map of the energy deviation
eV W20
1 0 5

C
contains only odd order terms unless the RF

cavity is operated out of phase, i.c.
eV . jwz
51 — (50 EO S111 ( CO | Qﬁo)

B The first and second order coefficients in the
transfer map for the energy deviation are:

eV w 1eV sw\2 .
R65:_E_OZCOS¢O and T655:_§E0 (C) sin ¢g

Non-linear Dynamics, CERN Accelerator School, September 2019
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@ Recall that Res = —4.9937 m~ ! and
R56 = (0.19975 m

B We also obtain Trg ~ —3L1«98 = —0.29963 m

B By imposing Rs6lg55 + R%5T566 — (0, we have
that Tgs5 = 37.406 m ™~

v
B Using the expressmns Regs = —GE— Y cos ¢ and
1eV 0
Te55 = 2 F, ( ) sin¢o the voltage and phase

are determined

V =1046 MV and ¢o = 28.8°

Non-linear Dynamics, CERN Accelerator School, September 2019
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H As before we illustrate the effect of the bunch
compressor on phase space using a “window
frame” distribution, using the parameters
determined above, to try to compress by a
factor 20, while minimising the second-order

The CERN Accelerator School
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B The dominant distortion now appears to be
third-order, and looks small enough that it
should not significantly affect the performance .,

Non-linear Dynamics, CERN Accelerator School, September 2019
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B Nonlinear effects can limit the performance of
an accelerator system

B Sometimes the effects are small enough that
they can be ignored

B [n many cases, a system designed without
taking account of nonlinearities will not
achieve the specified performance

B [f we analyse and understand the nonlinear
behaviour of a system, then, we may be able to
devise means of compensating any adverse
effects

Non-linear Dynamics, CERN Accelerator School, September 2019
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B Nonlinear effects can arise from a number of
sources in accelerators, including stray fields,
higher-order multipole components in magnets,
space-charge...

=

B The transfer map for a nonlinear element (such as
a sextupole) may be represented as a power series
in the initial values of the phase space variables

B The effects of nonlinearities in accelerator system
vary widely, depending on the type of system in
which they occur (e.g. single-pass, or periodic)

B In some cases, nonlinear effects can limit the
performance of an accelerator system. In such
cases, it is important to take nonlinearities into
account in the design of the system

Non-linear Dynamics, CERN Accelerator School, September 2019
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In a linear approximation, the maps for the rf cavity and the
chicane in a bunch compressor may be represented as matrices:

1 O 1 b
Mrf:<_a1>7 MCh:<O 1)7

|4 Opsinf
a="-2, and b=2L; 20
Eq c Ccos< Op

where:

The matrix representing the total map for the bunch
compressor, Mpc, IS then:

. [ 1—ab b\ [ Rss Rsg
MbC_MChMI’f_< —a 1>—<R65 R66 .
The effect of the map is written:

— — — z
Z+— Mpcz, WwWhere z=<5>.
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Now we proceed to derive expressions for the required values of
the parameters a and b, in terms of the desired initial and final
bunch length and energy spread.

We construct the beam distribution sigma matrix by taking the
outer product of the phase space vector for each particle, then
averaging over all particles in the bunch:

[P ()
Z‘<”T>—<<z6> <52>>'

The transformation of > under a linear map represented by a
matrix M is given by:

S M-S -MT.

Non-linear Dynamics, CERN Accelerator School, September 2019
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Usually, a bunch compressor is designed so that the correlation
(z6) = 0 at the start and end of the compressor. In that case,
using (47) for the linear map M, and (50) for the
transformation of the sigma matrix, we find that the
parameters a and b must satisfy:

(1—ab)%=<—

where the subscript O indicates that the average is taken over
the initial values of the dynamical variables.

Given the constraint (51), the compression factor r is given by:

> _ (2%)
(2§)
where the subscript 1 indicates that the average is taken over

the final values of the dynamical variables.

= 1 — ab,

/r)
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Usually, a bunch compressor is designed so that the correlation
(z6) = 0 at the start and end of the compressor. In that case,
using (47) for the linear map M, and (50) for the
transformation of the sigma matrix, we find that the
parameters a and b must satisfy:

(1—ab)%=<—

where the subscript O indicates that the average is taken over
the initial values of the dynamical variables.

Given the constraint (51), the compression factor r is given by:

> _ (2%)
(2§)
where the subscript 1 indicates that the average is taken over

the final values of the dynamical variables.

= 1 — ab,

/r)
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We note in passing that the linear part of the map is
symplectic. A linear map is symplectic if the matrix M
representing the map is symplectic, i.e. satisfies:

MT.S. M=S§,

where, in one degree of freedom (i.e. two dynamical variables),

S is the matrix;:
. O 1
S_<_1 O).

In more degrees of freedom, S is constructed by repeating the
2 x 2 matrix above on the block diagonal, as often as necessary.

In one degree of freedom, it is a necessary and sufficient
condition for a matrix to be symplectic, that it has unit
determinant: but this condition does not generalise to more
degrees of freedom.
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As a specific example, consider a bunch compressor for t
International Linear Collider:

Initial rms bunch length \/(28> 6 mm
Initial rms energy spread /(63) 0.15%
Final rms bunch length (22) 0.3 mm

Solving equations (51) and (52) with the above values for rms
bunch lengths and energy spread, we find:

a=4.9937m~ ! and b=0.19975m.

Non-linear Dynamics, CERN Accelerator School, September 2019
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