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Disclaimer
nThese lectures are heavily based on the 

lectures of A. Wolski (Un of Liverpool) during 
CAS 2016 on “Introduction to Accelerator 
Physics” at Budapest
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Purpose of the lecture
n Introducing aspects of non-linear dynamics

q Mathematical tools for modelling nonlinear dynamics
nPower series (Taylor) maps and symplectic maps.

q Effects of nonlinear perturbations
nResonances, tune shifts, dynamic aperture.

q Analysis methods
nNormal forms, frequency map analysis.

n Employ two types of accelerator systems for 
illustrating methods and tools
q Bunch compressor (single-pass system)
q Storage ring (multi-turn system).
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Aim of the 1st Lecture
n Provide an introduction to some of the 

key concepts of nonlinear dynamics in 
particle accelerators.

n Describe some of the sources of 
nonlinearities

n Outline some of the tools used for 
modelling 

n Explain the significance and potential 
impact of nonlinear dynamics in some 
accelerator systems
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From Linear to 
Non-linear

Introduction: from linear to nonlinear dynamics

If the transfer map for each
period is linear, then the phase
space portrait is an ellipse with
area ⇡Jx.

Jx is called the betatron action,
and characterises the amplitude
of the betatron oscillations.

The shape of the ellipse is
described by the
Courant–Snyder parameters.

The rate at which particles
move around the ellipse (phase
advance per period) is
independent of the betatron
action.

CAS, Budapest, 2016 7 Nonlinear Dynamics: Part 1

E↵ects of nonlinearities

We shall discuss the e↵ects of nonlinearities in periodic
beamlines in the second lecture.

In the remainder of this lecture, we shall look in more detail at
the e↵ects of nonlinearities in a single-pass beamline: a bunch
compressor.

We shall see how nonlinear e↵ects can impact the performance
of a bunch compressor if they are not properly taken into
account in the design of the system.
CAS, Budapest, 2016 12 Nonlinear Dynamics: Part 1
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From Linear to Non-linear
n Particle motion through simple components such as 

drifts, dipoles and quadrupoles can be represented by 
linear transfer maps

n For example, in a drift space of length    , the scaled 
horizontal coordinate and momentum from and initial 
position 0 to a final position 1 are 

n Note that the momentum is

with the reference momentum 

x1 = x0 + Lpx0 (1)

px1 = px0 (2)
<latexit sha1_base64="QZ2gKxu+9wWtl4DMt+nVGUcyjO8="></latexit>

L<latexit sha1_base64="lV/JhmOm8kCPgUsupYuGSaZ5MU8=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsotCTaWFhgIh8JXMjesgcbdvcuu3sm5MJfsLHQGFv/kJ3/xj24QsGXTPLy3kxm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx0dJYrQNol4pHoB1pQzSduGGU57saJYBJx2g+lt5nefqNIsko9mFlNf4LFkISPYZFL1voqG5YpbcxdA68TLSQVytIblr8EoIomg0hCOte57bmz8FCvDCKfz0iDRNMZkise0b6nEgmo/Xdw6RxdWGaEwUrakQQv190SKhdYzEdhOgc1Er3qZ+J/XT0x47adMxomhkiwXhQlHJkLZ42jEFCWGzyzBRDF7KyITrDAxNp6SDcFbfXmddOo1r1GrP9QrzZs8jiKcwTlcggdX0IQ7aEEbCEzgGV7hzRHOi/PufCxbC04+cwp/4Hz+ALHAjVg=</latexit>

P0
<latexit sha1_base64="dhghvXtOQLsBvA5Njd8Kpr0NbAs=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzFQsugjWUE8wHJEfY2c8mSvb1jd08IR36EjYUitv4eO/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzTRBP6IjyUPOqLFSp5o1B+6sOihX3Jq7AFknXk4qkKM5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOyMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9OhlwhM2JqCWWK21sJG1NFmbEJlWwI3urL66Rdr3lXtfpDvdK4zeMowhmcwyV4cA0NuIcmtIDBBJ7hFd6cxHlx3p2PZWvByWdO4Q+czx9MLo7h</latexit>

px =
�mvx
P0

⇡ dx

ds
(3)

<latexit sha1_base64="CXYnP9E7lb9LgXE61A9fMHoGLuw="></latexit>
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From Linear to Non-linear
n Linear transfer maps can be written in terms 

of matrices and for example for drift space of 
length

n In general, a linear transformation can be 
written as

where the phase space vectors are
n The transfer matrix     and the vector     are 

constants not depending on phase space

L<latexit sha1_base64="lV/JhmOm8kCPgUsupYuGSaZ5MU8=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsotCTaWFhgIh8JXMjesgcbdvcuu3sm5MJfsLHQGFv/kJ3/xj24QsGXTPLy3kxm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx0dJYrQNol4pHoB1pQzSduGGU57saJYBJx2g+lt5nefqNIsko9mFlNf4LFkISPYZFL1voqG5YpbcxdA68TLSQVytIblr8EoIomg0hCOte57bmz8FCvDCKfz0iDRNMZkise0b6nEgmo/Xdw6RxdWGaEwUrakQQv190SKhdYzEdhOgc1Er3qZ+J/XT0x47adMxomhkiwXhQlHJkLZ42jEFCWGzyzBRDF7KyITrDAxNp6SDcFbfXmddOo1r1GrP9QrzZs8jiKcwTlcggdX0IQ7aEEbCEzgGV7hzRHOi/PufCxbC04+cwp/4Hz+ALHAjVg=</latexit>

✓
x1

px1

◆
=

✓
1 L
0 1

◆✓
x0

px0

◆
(4)

<latexit sha1_base64="mkP9MV8KcvsUo7jeUgQi+ov9Isg="></latexit>

~x1 = R~x0 + ~A (5)
<latexit sha1_base64="Rww2Hanbuo/FkWN5xIzKjDUi4w4="></latexit>

~x = (x, px)
<latexit sha1_base64="B+CLaSrkIHUrpul8Drd2pwB+gOs=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GWyFClKSutCNUHTjsoJ9QBvCZDpph04mYWZSWkPxV9y4UMSt/+HOv3HSZqGtBy4czrmXe+/xIkalsqxvI7eyura+kd8sbG3v7O6Z+wdNGcYCkwYOWSjaHpKEUU4aiipG2pEgKPAYaXnD29RvjYiQNOQPahIRJ0B9Tn2KkdKSax6VuiOCk/EUXsPy+Dxyx2elgmsWrYo1A1wmdkaKIEPdNb+6vRDHAeEKMyRlx7Yi5SRIKIoZmRa6sSQRwkPUJx1NOQqIdJLZ9VN4qpUe9EOhiys4U39PJCiQchJ4ujNAaiAXvVT8z+vEyr9yEsqjWBGO54v8mEEVwjQK2KOCYMUmmiAsqL4V4gESCCsdWBqCvfjyMmlWK/ZFpXpfLdZusjjy4BicgDKwwSWogTtQBw2AwSN4Bq/gzXgyXox342PemjOymUPwB8bnD9/ik4o=</latexit>

R
<latexit sha1_base64="AAw5WXhzAlPrCeIsvKMfsGhcLNc=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsotCTaWKKRjwQuZG/Zgw27e5fdPRNy4S/YWGiMrX/Izn/jHlyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJRzOLqS/wWLKQEWwyqfqAqsNyxa25C6B14uWkAjlaw/LXYBSRRFBpCMda9z03Nn6KlWGE03lpkGgaYzLFY9q3VGJBtZ8ubp2jC6uMUBgpW9Kghfp7IsVC65kIbKfAZqJXvUz8z+snJrz2UybjxFBJlovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8mG4K2+vE469ZrXqNXv65XmTR5HEc7gHC7Bgytowh20oA0EJvAMr/DmCOfFeXc+lq0FJ585hT9wPn8AuuCNXg==</latexit>

~A
<latexit sha1_base64="ob5y4LnSgUdtXNDabWKvum8fg18=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstERtLDERxMCF7C0DbNi9u+zukZALv8LGQmNs/Tl2/hsXuELBl0zy8t5MZuYFseDauO63k1tb39jcym8Xdnb39g+Kh0dNHSWKYYNFIlKtgGoUPMSG4UZgK1ZIZSDwMRjdzvzHMSrNo/DBTGL0JR2EvM8ZNVZ6KnfGyNLrablbLLkVdw6ySryMlCBDvVv86vQilkgMDRNU67bnxsZPqTKcCZwWOonGmLIRHWDb0pBK1H46P3hKzqzSI/1I2QoNmau/J1IqtZ7IwHZKaoZ62ZuJ/3ntxPSv/JSHcWIwZItF/UQQE5HZ96THFTIjJpZQpri9lbAhVZQZm1HBhuAtv7xKmtWKd1Gp3ldLtZssjjycwCmcgweXUIM7qEMDGEh4hld4c5Tz4rw7H4vWnJPNHMMfOJ8/GgKP8Q==</latexit>
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From Linear to Non-linear
n The transfer matrix for a section of beamline can be 

found by multiplying the transfer matrices for the 
accelerator components within that section

n For periodic beamlines (i.e. a beamline constructed 
from a repeated unit), transfer matrix for single period 
can be parameterised in terms of the Courant–Snyder 
parameters and the phase advance    :(↵,�, �)

<latexit sha1_base64="6s3Gyym9AltYoRCP/cMBO38h4o0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgZboYKUpC50WXTjsoJ9QBPKzXTSDs4kYWYilNCNv+LGhSJu/Qx3/o3TNgttPXAvh3PuZeaeIOFMacf5tgorq2vrG8XN0tb2zu6evX/QVnEqCW2RmMeyG4CinEW0pZnmtJtICiLgtBM83Ez9ziOVisXRvR4n1BcwjFjICGgj9e2jStUDnozg3AuoNn0IQsBZpW+XnZozA14mbk7KKEezb395g5ikgkaacFCq5zqJ9jOQmhFOJyUvVTQB8gBD2jM0AkGVn80OmOBTowxwGEtTkcYz9fdGBkKpsQjMpAA9UoveVPzP66U6vPIzFiWpphGZPxSmHOsYT9PAAyYp0XxsCBDJzF8xGYEEok1mJROCu3jyMmnXa+5FrX5XLzeu8ziK6BidoCpy0SVqoFvURC1E0AQ9o1f0Zj1ZL9a79TEfLVj5ziH6A+vzB8mqlT0=</latexit>

µ
<latexit sha1_base64="Hqru93l6xNtQb9Zox+ut7GGWPCE=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFo86JHoxSMmFkigIdtlCxt2t83u1oQ0/AYvHjTGqz/Im//GLfSg4EsmeXlvJjPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjo5TRahPYh6rXog15UxS3zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBBsr+fWBSOvDas1tuAugdeIVpAYF2sPq12AUk1RQaQjHWvc9NzFBhpVhhNN5ZZBqmmAyxWPat1RiQXWQLY6dowurjFAUK1vSoIX6eyLDQuuZCG2nwGaiV71c/M/rpya6CTImk9RQSZaLopQjE6P8czRiihLDZ5Zgopi9FZEJVpgYm0/FhuCtvrxOOs2Gd9VoPjRrrdsijjKcwTlcggfX0IJ7aIMPBBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8fFtuONA==</latexit>

R =

✓
cosµ+ ↵ sinµ � sinµ

�� sinµ cosµ� ↵ sinµ

◆
(6)

<latexit sha1_base64="s/cdAhtLaykpe0CPvbChTsMPxaQ="></latexit>

from s0 to s1
from s0 to s2

from s0 to s3

…
S0

S1 S2 S3 Sn-1
Sn

from s0 to sn
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From Linear to Non-linear
n The characteristics of the particle motion can 

be represented by a phase space portrait 
showing the co-ordinates and momenta of a 
particle after an increasing number of passes 
through full periods of the beamline.

Introduction: from linear to nonlinear dynamics

If the beamline is stable, then the characteristics of the particle
motion can be represented by a phase space portrait showing
the co-ordinates and momenta of a particle after an increasing
number of passes through full periods of the beamline.
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From Linear to Non-linear
n If the transfer map for each 

period is linear, then the 
phase space portrait is an 
ellipse with area

n The action
characterises the 
amplitude of the betatron
oscillations

n The shape of the ellipse is 
described by the Courant–
Snyder parameters

n The rate at which particles 
move around the ellipse 
(phase advance per period) 
is independent of the 
betatron action

Introduction: from linear to nonlinear dynamics

If the transfer map for each
period is linear, then the phase
space portrait is an ellipse with
area ⇡Jx.

Jx is called the betatron action,
and characterises the amplitude
of the betatron oscillations.

The shape of the ellipse is
described by the
Courant–Snyder parameters.

The rate at which particles
move around the ellipse (phase
advance per period) is
independent of the betatron
action.

CAS, Budapest, 2016 7 Nonlinear Dynamics: Part 1

⇡Jx
<latexit sha1_base64="fglVrBWu72kABJXjuwDqSXzFoO4=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsotCTaGCtM5MPAhewte7Bhd++yu2ckF36FjYXG2Ppz7Pw3LnCFgi+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H4+uZ336kSrNI3ptJTH2Bh5KFjGBjpYdyL2botv9U7hdLbsWdA60SLyMlyNDoF796g4gkgkpDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lEguq/XR+8BSdWWWAwkjZkgbN1d8TKRZaT0RgOwU2I73szcT/vG5iwks/ZTJODJVksShMODIRmn2PBkxRYvjEEkwUs7ciMsIKE2MzKtgQvOWXV0mrWvFqlepdtVS/yuLIwwmcwjl4cAF1uIEGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QOLh4+U</latexit>

Jx
<latexit sha1_base64="xXFjKnbcRBOpmDKsehhBqpxa//Q=">AAAB7HicbVA9TwJBEJ3FL8Qv1NJmI5hYkTsstCTaGCtMPCCBC9lb9mDD3t5ld89ILvwGGwuNsfUH2flvXOAKBV8yyct7M5mZFySCa+M436iwtr6xuVXcLu3s7u0flA+PWjpOFWUejUWsOgHRTHDJPMONYJ1EMRIFgrWD8c3Mbz8ypXksH8wkYX5EhpKHnBJjJa9613+q9ssVp+bMgVeJm5MK5Gj2y1+9QUzTiElDBdG66zqJ8TOiDKeCTUu9VLOE0DEZsq6lkkRM+9n82Ck+s8oAh7GyJQ2eq78nMhJpPYkC2xkRM9LL3kz8z+umJrzyMy6T1DBJF4vCVGAT49nneMAVo0ZMLCFUcXsrpiOiCDU2n5INwV1+eZW06jX3ola/r1ca13kcRTiBUzgHFy6hAbfQBA8ocHiGV3hDEr2gd/SxaC2gfOYY/gB9/gDqiY4X</latexit>
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From Linear to Non-linear
n Nonlinearities in particle dynamics can come from a number 

of different sources, e.g.
q Stray fields in drift spaces

q Higher-order multipole components in dipoles and 
quadrupoles

q Higher-order multipole magnets (sextupoles, octupoles...) used 
to control various properties of the beam;

q Effects of fields generated by a bunch of particles on individual 
particles within the same or another bunch (space-charge 
forces, beam-beam effects...)

n The effects of nonlinearities can be varied and quite dramatic

n It is paramount to have some understanding of nonlinear 
dynamics for optimising the design and operation of many 
accelerator systems
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Non-linear transfer 
maps and effects of non-

linearities
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Nonlinear transfer map: sextupole
n As example, consider vertical field component in 

sextupole magnet:

By

B⇢
=

1

2
k2x

2 (7)
<latexit sha1_base64="i1htKDTLR88jHbW/FXV5fl54dEQ="></latexit>

with       the beam rigidity and      the normalized 
sextupole gradient  

B⇢
<latexit sha1_base64="z5Y33bDpLh2A3nk5rZqwccSWMYA=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTYWGIiHxEuZG/Zgw17u5fdPRNy4V/YWGiMrf/Gzn/jHlyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wvc387hNVmknxYGYx9SM8FixkBBsrPVbT5kBN5BxVh+WKW3MXQOvEy0kFcrSG5a/BSJIkosIQjrXue25s/BQrwwin89Ig0TTGZIrHtG+pwBHVfrq4eI4urDJCoVS2hEEL9fdEiiOtZ1FgOyNsJnrVy8T/vH5iwhs/ZSJODBVkuShMODISZe+jEVOUGD6zBBPF7K2ITLDCxNiQSjYEb/XlddKp17yrWv2+Xmk08ziKcAbncAkeXEMD7qAFbSAg4Ble4c3Rzovz7nwsWwtOPnMKf+B8/gCEnJAn</latexit>

k2
<latexit sha1_base64="+rePZvYO/G8sg8Mygi75Lau4VvI=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRNp60CPRi0dMLJBAQ7bLFjbsbpvdrQlp+A1ePGiMV3+QN/+NC/Sg4EsmeXlvJjPzopQzbVz32yltbG5t75R3K3v7B4dH1eOTtk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZWCuqTgV8fVGtuw10ArROvIDUo0BpUv/rDhGSCSkM41rrnuakJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHsDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8XmbimzBnMs0MlWS5KM44Mgmaf46GTFFi+NQSTBSztyIyxgoTY/Op2BC81ZfXSdtveFcN/8GvNW+LOMpwBudwCR5cQxPuoQUBEGDwDK/w5kjnxXl3PpatJaeYOYU/cD5/ALKSjfI=</latexit>

n In the “thin lens” approximation, deflection of particle 
passing through the sextupole of length     is

n The (thin lens) transfer map for the sextupole is

L<latexit sha1_base64="lV/JhmOm8kCPgUsupYuGSaZ5MU8=">AAAB63icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsotCTaWFhgIh8JXMjesgcbdvcuu3sm5MJfsLHQGFv/kJ3/xj24QsGXTPLy3kxm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx0dJYrQNol4pHoB1pQzSduGGU57saJYBJx2g+lt5nefqNIsko9mFlNf4LFkISPYZFL1voqG5YpbcxdA68TLSQVytIblr8EoIomg0hCOte57bmz8FCvDCKfz0iDRNMZkise0b6nEgmo/Xdw6RxdWGaEwUrakQQv190SKhdYzEdhOgc1Er3qZ+J/XT0x47adMxomhkiwXhQlHJkLZ42jEFCWGzyzBRDF7KyITrDAxNp6SDcFbfXmddOo1r1GrP9QrzZs8jiKcwTlcggdX0IQ7aEEbCEzgGV7hzRHOi/PufCxbC04+cwp/4Hz+ALHAjVg=</latexit>

�px = �
Z

By

B⇢
ds = �1

2
k2Lx

2 (8)
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x1 = x0 , (9)

px1 = px0 �
1

2
k2Lx

2 (10)
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Power series representation
n A nonlinear transfer map can be represented as a 

power series

Nonlinear transfer maps: power series representation

A nonlinear transfer map can be represented as a power series:

x1 = A1 +R11x0 +R12px0 + T111x
2
0 + T112x0px0 + T122p

2
x0 + . . .

(11)

px1 = A2 +R21x0 +R22px0 + T211x
2
0 + T212x0px0 + T222p

2
x0 + . . .

(12)

The coe�cients Rij are components of the transfer matrix R.

The coe�cients of higher-order (nonlinear) terms are
conventionally represented by Tijk (second order), Uijk` (third
order) and so on.

The values of the indices correspond to the components of the
phase space vector, thus:

index value 1 2 3 4 5 6
component x px y py z �
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n The coefficients are components of the transfer 
matrix

n The coefficients of the higher-order (nonlinear) terms 
are conventionally represented by        (second order),  

(third order) and so on…
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Effects of nonlinearities

n Nonlinearities in a periodic beamline can have a 
number of effects (more during the 2nd lecture):
q The shape of the phase space ellipse becomes distorted
q Features such as “islands” (closed loops around points away 

from the origin) appear in phase space portrait
q The phase advance per period can depend on the betatron

amplitude, i.e. depends on the action
q The motion can be stable for small amplitude, but unstable 

(chaotic) at large amplitude

E↵ects of nonlinearities

We shall discuss the e↵ects of nonlinearities in periodic
beamlines in the second lecture.

In the remainder of this lecture, we shall look in more detail at
the e↵ects of nonlinearities in a single-pass beamline: a bunch
compressor.

We shall see how nonlinear e↵ects can impact the performance
of a bunch compressor if they are not properly taken into
account in the design of the system.
CAS, Budapest, 2016 12 Nonlinear Dynamics: Part 1

Jx
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Nonlinear effects in a 
bunch compressor
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Bunch compressors
n A bunch compressor reduces the length of a bunch, by 

performing a rotation in longitudinal phase space
n Bunch compressors are used, for example, in free electron 

lasers to increase the peak current
Bunch compressor: structure and operation

CAS, Budapest, 2016 14 Nonlinear Dynamics: Part 1
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Bunch compressors
n The RF cavity is designed to “chirp” the bunch, i.e. to 

provide a change in energy deviation as a function of 
longitudinal position within the bunch

n The energy deviation of a particle with energy     
from a reference energy      is defined as:

n The transfer map for the RF cavity in the bunch 
compressor with voltage     and frequency       is:

z
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Bunch compressors linear dynamics
n Neglecting synchrotron radiation, the chicane does not 

change the energy of the particles. However, the path 
length depends on the energy of the particle.

Bunch compressor: structure and operation

Neglecting synchrotron radiation, the chicane does not change
the energy of the particles. However, the path length L
depends on the energy of the particle.

If we assume that the bending angle in a dipole is small, ✓ ⌧ 1:

L =
2L1

cos ✓
+ L2. (16)

The bending angle is a function of the energy of the particle:

✓ =
✓0

1 + �
. (17)

CAS, Budapest, 2016 16 Nonlinear Dynamics: Part 1

n If we assume that the bending angle in a dipole is 
small:

n The bending angle is a function of the energy of the 
particle:

L =
2L1

cos ✓
+ L2
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Bunch compressors linear dynamics
n The change in the co-ordinate    is the difference

between the nominal path length, and the length of the 
path actually taken by the particle.

n Hence, the chicane transfer map can be written:

where     is the nominal bending angle of each dipole in 
the chicane, and  is given by 

n Clearly, the complete transfer map for the bunch 
compressor is nonlinear, but how important are the 
nonlinear terms?

z
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Bunch compressor linear dynamics

n To understand the effects of the nonlinear part 
of the map, we will study a specific example

n First, we will “design” a bunch compressor 
using only the linear part of the map

n The linear part of a transfer map can be 
obtained by expanding the map as a Taylor 
series in the dynamical variables, and keeping 
only the first-order terms

n After finding appropriate values for the various 
parameters using the linear transfer map, we 
shall see how our design has to be modified to 
take account of the nonlinearities
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n To first order in the dynamical variables, the 
map for the RF cavity can be written:

with

Bunch compressor linear dynamics

n The map for the chicane is 

with

R65 = �eV

E0

!

c
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n As a specific example, consider a bunch 
compressor for the International Linear Collider 
(ILC)

Bunch compressor linear dynamics

n Two constraints determine the values of       
and  
qThe bunch length should be reduced by a factor 20
qThere should be no “chirp” on the bunch at the exit 

of the bunch compressor, 

n With these constraints, we find (see Appendix 
A):

and

Bunch compressor: linear dynamics

As a specific example, consider a bunch compressor for the
International Linear Collider:

Initial rms bunch length
q
hz20i 6 mm

Initial rms energy spread
q
h�20i 0.15%

Final rms bunch length
q
hz22i 0.3 mm

Two constraints determine the values of R65 and R56:

• The bunch length should be reduced by a factor 20.

• There should be no “chirp” on the bunch at the exit of the
bunch compressor, i.e. hz2�2i = 0.

With these constraints, we find (see Appendix A):

R65 = �4.9937m�1, and R56 = 0.19975m. (26)
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n We can illustrate the effect of the linearised
bunch compressor map on phase space using 
an artificial “window frame” distribution:

n The rms bunch length is reduced by a factor 
of 20 as required, but the rms energy spread 
is increased by the same factor, because the 
transfer map is symplectic, so phase space 
areas are conserved under the transformation

Bunch compressor linear dynamicsBunch compressor: linear dynamics

We can illustrate the e↵ect of the linearised bunch compressor
map on phase space using an artificial “window frame”
distribution:

The rms bunch length is reduced by a factor of 20 as required,
but the rms energy spread is increased by the same factor.
This is because the transfer map is symplectic, so phase space
areas are conserved under the transformation.

CAS, Budapest, 2016 21 Nonlinear Dynamics: Part 1
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n Let’s apply now the full nonlinear map for the 
bunch compressor.

n We need first to make some assumptions for 
the RF voltage and frequency, and the dipole 
bending angle and chicane length in order for 
the coefficient and to have the 
appropriate values

Bunch compressor non-linear dynamics

Bunch compressor: nonlinear dynamics

Now let us see what happens when we apply the full nonlinear
map for the bunch compressor.

The full map cannot simply be represented by the two
coe�cients R65 and R56: we need to make some assumptions
for the rf voltage and frequency, and the dipole bending angle
and chicane length.

We have to choose all these parameters so that the “linear”
parameters have the appropriate values.

Beam (reference) energy E0 5 GeV
RF frequency frf 1.3 GHz
RF voltage Vrf 916 MV
Dipole bending angle ✓0 3�

Dipole spacing L1 36.3 m

CAS, Budapest, 2016 22 Nonlinear Dynamics: Part 1
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n As before, we illustrate the effect of the bunch 
compressor map on phase space using a 
“window frame” distribution:

n Although the bunch length has been reduced, 
there is significant distortion of the 
distribution: the rms bunch length will be 
significantly longer than we are aiming for.

Bunch compressor non-linear dynamicsBunch compressor: nonlinear dynamics

As before, we illustrate the e↵ect of the bunch compressor map
on phase space using a “window frame” distribution:

Although the bunch length has been reduced, there is
significant distortion of the distribution: the rms bunch length
will be significantly longer than we are aiming for.
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n To reduce the distortion, we need to 
understand where it comes from, by looking at 
the map more closely.

n Consider a particle entering the bunch 
compressor with initial phase space co-
ordinates     and    . We can write the co-
ordinates     and     of the particle after the RF 
cavity to second order in     and :

Bunch compressor non-linear dynamics

z0
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�0
<latexit sha1_base64="5fQ7VZv+wjtceicEc/xKj4gt2dk=">AAAB9XicbVDLTgJBEOzFF+IL9ehlImviieziQY9ELx4xkUcCK5mdHWDC7CMzvRqy4T+8eNAYr/6LN//GAfagYCWdVKq6093lJ1JodJxvq7C2vrG5Vdwu7ezu7R+UD49aOk4V400Wy1h1fKq5FBFvokDJO4niNPQlb/vjm5nffuRKizi6x0nCvZAOIzEQjKKRHmyb9AIukfYdYtv9csWpOnOQVeLmpAI5Gv3yVy+IWRryCJmkWnddJ0EvowoFk3xa6qWaJ5SN6ZB3DY1oyLWXza+ekjOjBGQQK1MRkrn6eyKjodaT0DedIcWRXvZm4n9eN8XBlZeJKEmRR2yxaJBKgjGZRUACoThDOTGEMiXMrYSNqKIMTVAlE4K7/PIqadWq7kW1dler1K/zOIpwAqdwDi5cQh1uoQFNYKDgGV7hzXqyXqx362PRWrDymWP4A+vzB+FdkM0=</latexit>

z0
<latexit sha1_base64="fBef7ku0bBfE4eo8imVDfi0mopY=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5WUAcYKFsYi0Q/URpXjOq1V24lsB6lE/RUsDCDEys9h49/gthmg5UknPb13p7t7YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wfDPz249UaRbLezNJaCDwULKIEWys9OC66KnvIdftlyte1ZsDrRI/JxXI0eiXv3qDmKSCSkM41rrre4kJMqwMI5xOS71U0wSTMR7SrqUSC6qDbH7wFJ1ZZYCiWNmSBs3V3xMZFlpPRGg7BTYjvezNxP+8bmqiqyBjMkkNlWSxKEo5MjGafY8GTFFi+MQSTBSztyIywgoTYzMq2RD85ZdXSatW9S+qtbtapX6dx1GEEziFc/DhEupwCw1oAgEBz/AKb45yXpx352PRWnDymWP4A+fzBy0tjq8=</latexit>

�0
<latexit sha1_base64="5fQ7VZv+wjtceicEc/xKj4gt2dk=">AAAB9XicbVDLTgJBEOzFF+IL9ehlImviieziQY9ELx4xkUcCK5mdHWDC7CMzvRqy4T+8eNAYr/6LN//GAfagYCWdVKq6093lJ1JodJxvq7C2vrG5Vdwu7ezu7R+UD49aOk4V400Wy1h1fKq5FBFvokDJO4niNPQlb/vjm5nffuRKizi6x0nCvZAOIzEQjKKRHmyb9AIukfYdYtv9csWpOnOQVeLmpAI5Gv3yVy+IWRryCJmkWnddJ0EvowoFk3xa6qWaJ5SN6ZB3DY1oyLWXza+ekjOjBGQQK1MRkrn6eyKjodaT0DedIcWRXvZm4n9eN8XBlZeJKEmRR2yxaJBKgjGZRUACoThDOTGEMiXMrYSNqKIMTVAlE4K7/PIqadWq7kW1dler1K/zOIpwAqdwDi5cQh1uoQFNYKDgGV7hzXqyXqx362PRWrDymWP4A+vzB+FdkM0=</latexit>

z1 = z0 ,

�1 = �0 +R65z0 + T655z
2
0

<latexit sha1_base64="lJwbSj8HLe5hzpaHbLHkK1CiR9U="></latexit>
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n The co-ordinates of the particle after the 
chicane are then (to second order):

n If we combine the maps for the RF and the 
chicane, we get:

Bunch compressor non-linear dynamics

z2 = z1 +R56�1 + T566�
2
1 ,

�2 = �1
<latexit sha1_base64="5y5AmaYqUIy3ebTMJmzzpW19pws="></latexit>

z1 = (1 +R56R65)z0 +R56�0

+(R56T655 +R2
65T566)z

2
0

+R65T566z0�0

+T566�
2
0 ,

�1 = �0 +R65z0 + T655z
2
0

<latexit sha1_base64="KqlfxZ7gEBcFBnV4iObiVElG9vs="></latexit>
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n In order to eliminate the strong non-linear 
distortion, we have to eliminate the second 
term, i.e.

n By expanding the original map, 

as a Taylor series in   , we find that for small 
angles: 

n Now, it remains to determine , i.e. the 
coefficient for the second-order dependence of 
the energy deviation on longitudinal position

Bunch compressor non-linear dynamics

R56T655 +R2
65T566 = 0

<latexit sha1_base64="tT7rrDaw2b/mxLML7kCdo6IIhrU=">AAACEXicbVDLSsNAFJ3UV62vqks3g41QEEpSSXQjFN24rNIXtDFMptN26OTBzEQoIb/gxl9x40IRt+7c+TdO2i609cCFM+fcy9x7vIhRIQ3jW8utrK6tb+Q3C1vbO7t7xf2DlghjjkkThyzkHQ8JwmhAmpJKRjoRJ8j3GGl74+vMbz8QLmgYNOQkIo6PhgEdUIykktxiWdfhnZtYdtpwE9uyUniavW0rva/CRmbYKbw0dN0tloyKMQVcJuaclMAcdbf41euHOPZJIDFDQnRNI5JOgrikmJG00IsFiRAeoyHpKhognwgnmV6UwhOl9OEg5KoCCafq74kE+UJMfE91+kiOxKKXif953VgOLpyEBlEsSYBnHw1iBmUIs3hgn3KCJZsogjCnaleIR4gjLFWIBRWCuXjyMmlVK+ZZpXpbLdWu5nHkwRE4BmVggnNQAzegDpoAg0fwDF7Bm/akvWjv2sesNafNZw7BH2ifP/54mVQ=</latexit>

�
<latexit sha1_base64="0JyoqngAv8yVRjJcPw5WS2b7dCg=">AAAB83icbVDLSgNBEJyNrxhfUY9eBrOCp7AbD3oMevEYwTwgu4TZ2d5kyOyDmV4hhPyGFw+KePVnvPk3TpI9aGJBQ1HVTXdXkEmh0XG+rdLG5tb2Tnm3srd/cHhUPT7p6DRXHNo8lanqBUyDFAm0UaCEXqaAxYGEbjC+m/vdJ1BapMkjTjLwYzZMRCQ4QyN5tk29ECQyatuDas2pOwvQdeIWpEYKtAbVLy9MeR5Dglwyrfuuk6E/ZQoFlzCreLmGjPExG0Lf0ITFoP3p4uYZvTBKSKNUmUqQLtTfE1MWaz2JA9MZMxzpVW8u/uf1c4xu/KlIshwh4ctFUS4ppnQeAA2FAo5yYgjjSphbKR8xxTiamComBHf15XXSadTdq3rjoVFr3hZxlMkZOSeXxCXXpEnuSYu0CScZeSav5M3KrRfr3fpYtpasYuaU/IH1+QO29JAq</latexit>

T566 = �3L1✓
2
0

<latexit sha1_base64="ZxmtlxmP6aUhd/H/9e8wYqeMVgI=">AAACCnicbVC7SgNBFJ2NrxhfUUub0USwMewmGG2EoI2FRYS8IFmX2clsMmT2wcxdISypbfwVGwtFbP0CO//GyaPQxAMXDufcy733uJHgCkzz20gtLa+srqXXMxubW9s72d29hgpjSVmdhiKULZcoJnjA6sBBsFYkGfFdwZru4HrsNx+YVDwMajCMmO2TXsA9Tgloycke5vO45iRn5fIIX+JTXMK3joU70GdAHPO+mM872ZxZMCfAi8SakRyaoepkvzrdkMY+C4AKolTbMiOwEyKBU8FGmU6sWETogPRYW9OA+EzZyeSVET7WShd7odQVAJ6ovycS4is19F3d6RPoq3lvLP7ntWPwLuyEB1EMLKDTRV4sMIR4nAvucskoiKEmhEqub8W0TyShoNPL6BCs+ZcXSaNYsEqF4l0xV7maxZFGB+gInSALnaMKukFVVEcUPaJn9IrejCfjxXg3PqatKWM2s4/+wPj8Aew5lp0=</latexit>

z2 = z1 + 2L1

✓
1

cos ✓0
� 1

cos(✓(�1))

◆

<latexit sha1_base64="f1fTDiv4JYVOehaREGdmPmskI1Q="></latexit>

T655
<latexit sha1_base64="wSQtRuumPrYHPs14Y/iKH3CVqUE=">AAAB83icbVBNS8NAEJ3Urxq/qh69LDaCp5JUqh6LXjxW6Be0oWy2m3bpZhN2N0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4WNza3tneKuvbd/cHhUOj5pqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaSeY3M/9zhOVisWiqacJ9SM8EixkBGsj9R3Hbg6y61pt5jiDUtmtuAugdeLlpAw5GoPSV38YkzSiQhOOlep5bqL9DEvNCKczu58qmmAywSPaM1TgiCo/W9w8QxdGGaIwlqaERgv190SGI6WmUWA6I6zHatWbi/95vVSHt37GRJJqKshyUZhypGM0DwANmaRE86khmEhmbkVkjCUm2sRkmxC81ZfXSbta8a4q1cdquX6Xx1GEMziHS/DgBurwAA1oAYEEnuEV3qzUerHerY9la8HKZ07hD6zPHzm3j9k=</latexit>
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n The map of the energy deviation 

contains only odd order terms unless the RF 
cavity is operated out of phase, i.e.

n The first and second order coefficients in the 
transfer map for the energy deviation are:

and

Bunch compressor non-linear dynamics

�1 = �0 �
eV

E0
sin

⇣!z0
c

⌘

<latexit sha1_base64="qQdggLe03CLQ9cEyxKr4Dm/+ds4="></latexit>

�1 = �0 �
eV

E0
sin

⇣!z0
c

+ �0

⌘

<latexit sha1_base64="KxQcpcawmBf8FLEGLH0Jig7TRq8="></latexit>

R65 = �eV

E0

!

c
cos�0

<latexit sha1_base64="P6mXHrd+Pl0q5fVX+aasHeZSy4k="></latexit>

T655 = �1

2

eV

E0

⇣!
c

⌘2
sin�0

<latexit sha1_base64="txU3/HB1TlIb4j+YZPNreu75QOI="></latexit>
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n Recall that and 

n We also obtain 

n By imposing , we have 

that

n Using the expressions  and

the voltage and phase

are determined

and

Bunch compressor non-linear dynamics
R65 = �4.9937 m�1

<latexit sha1_base64="XInnnc3uTS4le0+QzfFcauDtYoo=">AAACD3icbVC7TgJBFJ3FF+ILtbSZCBobyC6oSGFCtLFEI48EkMwOA0yYfWTmrpFs9g9s/BUbC42xtbXzbxwehYInucnJOffm3ntsX3AFpvltxBYWl5ZX4quJtfWNza3k9k5VeYGkrEI94cm6TRQT3GUV4CBY3ZeMOLZgNXtwOfJr90wq7rm3MPRZyyE9l3c5JaCldvIwncY37fD0JMLnOHOcLRbzBdzETWAPEDrRXZixIpxOt5MpM2uOgeeJNSUpNEW5nfxqdjwaOMwFKohSDcv0oRUSCZwKFiWagWI+oQPSYw1NXeIw1QrH/0T4QCsd3PWkLhfwWP09ERJHqaFj606HQF/NeiPxP68RQPesFXLXD4C5dLKoGwgMHh6FgztcMgpiqAmhkutbMe0TSSjoCBM6BGv25XlSzWWtfDZ3nUuVLqZxxNEe2kdHyEIFVEJXqIwqiKJH9Ixe0ZvxZLwY78bHpDVmTGd20R8Ynz/cHZjL</latexit>

R56 = 0.19975 m
<latexit sha1_base64="lZlNmBd3LdweBhSeRzImLEApkpM=">AAACCXicbVC7TgJBFJ3FF+ILtbSZCCZWm10MIoUJ0cYSjYAJbDazwyxMmH1k5q6RbGht/BUbC42x9Q/s/BuHR6HgSW5ycs69ufceLxZcgWV9G5ml5ZXVtex6bmNza3snv7vXVFEiKWvQSETyziOKCR6yBnAQ7C6WjASeYC1vcDn2W/dMKh6FtzCMmROQXsh9Tgloyc3jYhHfuGn5dITPsWXa1Wql3MEdYA+QBiPtuvmCZVoT4EViz0gBzVB381+dbkSTgIVABVGqbVsxOCmRwKlgo1wnUSwmdEB6rK1pSAKmnHTyyQgfaaWL/UjqCgFP1N8TKQmUGgae7gwI9NW8Nxb/89oJ+GdOysM4ARbS6SI/ERgiPI4Fd7lkFMRQE0Il17di2ieSUNDh5XQI9vzLi6RZMu0Ts3RdKtQuZnFk0QE6RMfIRhVUQ1eojhqIokf0jF7Rm/FkvBjvxse0NWPMZvbRHxifPwDvlr0=</latexit>

T566 ⇡ �3L1✓
2
0 = �0.29963 m

<latexit sha1_base64="qUasBzsjXlUPubtf2jbbLHwZgFI="></latexit>

R56T655 +R2
65T566 = 0

<latexit sha1_base64="tT7rrDaw2b/mxLML7kCdo6IIhrU=">AAACEXicbVDLSsNAFJ3UV62vqks3g41QEEpSSXQjFN24rNIXtDFMptN26OTBzEQoIb/gxl9x40IRt+7c+TdO2i609cCFM+fcy9x7vIhRIQ3jW8utrK6tb+Q3C1vbO7t7xf2DlghjjkkThyzkHQ8JwmhAmpJKRjoRJ8j3GGl74+vMbz8QLmgYNOQkIo6PhgEdUIykktxiWdfhnZtYdtpwE9uyUniavW0rva/CRmbYKbw0dN0tloyKMQVcJuaclMAcdbf41euHOPZJIDFDQnRNI5JOgrikmJG00IsFiRAeoyHpKhognwgnmV6UwhOl9OEg5KoCCafq74kE+UJMfE91+kiOxKKXif953VgOLpyEBlEsSYBnHw1iBmUIs3hgn3KCJZsogjCnaleIR4gjLFWIBRWCuXjyMmlVK+ZZpXpbLdWu5nHkwRE4BmVggnNQAzegDpoAg0fwDF7Bm/akvWjv2sesNafNZw7BH2ifP/54mVQ=</latexit>

T655 = 37.406 m�2
<latexit sha1_base64="6ca0T6jCXtEfnlxlk7I9mHMZxSA=">AAACD3icbVC7TgJBFJ3FF+ILtbSZCBobye4iYGNCtLHEhFcCSGaHASbMPjJz10g2+wc2/oqNhcbY2tr5Nw6PQtGT3OTknHtz7z1OILgC0/wyEkvLK6tryfXUxubW9k56d6+u/FBSVqO+8GXTIYoJ7rEacBCsGUhGXEewhjO6mviNOyYV970qjAPWccnA431OCWipmz7OZnG1GxULhRhf4Hwpd2YWcRu3gd1D5Ma30akd42y2m86YOXMK/JdYc5JBc1S66c92z6ehyzyggijVsswAOhGRwKlgcaodKhYQOiID1tLUIy5TnWj6T4yPtNLDfV/q8gBP1Z8TEXGVGruO7nQJDNWiNxH/81oh9M87EfeCEJhHZ4v6ocDg40k4uMcloyDGmhAqub4V0yGRhIKOMKVDsBZf/kvqds7K5+wbO1O+nMeRRAfoEJ0gC5VQGV2jCqohih7QE3pBr8aj8Wy8Ge+z1oQxn9lHv2B8fAPakJjK</latexit>

R65 = �eV

E0

!

c
cos�0

<latexit sha1_base64="P6mXHrd+Pl0q5fVX+aasHeZSy4k="></latexit>

T655 = �1

2

eV

E0

⇣!
c

⌘2
sin�0

<latexit sha1_base64="txU3/HB1TlIb4j+YZPNreu75QOI="></latexit>

V = 1046 MV
<latexit sha1_base64="nAEfmZsbpZvMEPPukrH3OE4ns+Y=">AAAB+HicbVBNS8NAEJ34WetHox69LLaCp5JUUS9C0YsXoYJNC20om+2mXbrZhN2NUEP9I148KOLVn+LNf+P246CtDwYe780wMy9IOFPacb6tpeWV1bX13EZ+c2t7p2Dv7nkqTiWhdRLzWDYDrChngtY105w2E0lxFHDaCAbXY7/xQKVisbjXw4T6Ee4JFjKCtZE6dqGEPHSJXOf0DJWebr2OXXTKzgRokbgzUoQZah37q92NSRpRoQnHSrVcJ9F+hqVmhNNRvp0qmmAywD3aMlTgiCo/mxw+QkdG6aIwlqaERhP190SGI6WGUWA6I6z7at4bi/95rVSHF37GRJJqKsh0UZhypGM0TgF1maRE86EhmEhmbkWkjyUm2mSVNyG48y8vEq9Sdk/KlbtKsXo1iyMHB3AIx+DCOVThBmpQBwIpPMMrvFmP1ov1bn1MW5es2cw+/IH1+QO5xJCK</latexit>

�0 = 28.8�
<latexit sha1_base64="Aow9jKg005vFXILP2545Ufs84oY=">AAACAHicbVC5TsNAEB1zhnAZKChoViRIVJZtCtIgRdBQBokcUmys9WadrLI+tLtGiqw0/AoNBQjR8hl0/A2bo4CEJ4309N6MZuaFGWdS2fa3sbK6tr6xWdoqb+/s7u2bB4ctmeaC0CZJeSo6IZaUs4Q2FVOcdjJBcRxy2g6HNxO//UiFZGlyr0YZ9WPcT1jECFZaCszjKvKyAQtsdIXcmlV78AgTBFUDs2Jb9hRomThzUoE5GoH55fVSksc0UYRjKbuOnSm/wEIxwum47OWSZpgMcZ92NU1wTKVfTB8YozOt9FCUCl2JQlP190SBYylHcag7Y6wGctGbiP953VxFNb9gSZYrmpDZoijnSKVokgbqMUGJ4iNNMBFM34rIAAtMlM6srENwFl9eJi3Xci4s986t1K/ncZTgBE7hHBy4hDrcQgOaQGAMz/AKb8aT8WK8Gx+z1hVjPnMEf2B8/gDAJJPv</latexit>
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n As before, we illustrate the effect of the bunch 
compressor on phase space using a “window 
frame” distribution, using the parameters 
determined above, to try to compress by a 
factor 20, while minimising the second-order 
distortion:

n The dominant distortion now appears to be 
third-order, and looks small enough that it 
should not significantly affect the performance

Bunch compressor non-linear dynamicsBunch compressor: nonlinear dynamics

As before, we illustrate the e↵ect of the bunch compressor on
phase space using a “window frame” distribution. But now we
use the parameters determined above, to try to compress by a
factor 20, while minimising the second-order distortion:

This looks much better: the dominant distortion now appears
to be third-order, and looks small enough that it should not
significantly a↵ect the performance of the machine.

CAS, Budapest, 2016 30 Nonlinear Dynamics: Part 1
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Conclusions and 
Summary
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Some conclusions
n Nonlinear effects can limit the performance of 

an accelerator system
n Sometimes the effects are small enough that 

they can be ignored
n In many cases, a system designed without 

taking account of nonlinearities will not 
achieve the specified performance

n If we analyse and understand the nonlinear
behaviour of a system, then, we may be able to 
devise means of compensating any adverse 
effects
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Summary
n Nonlinear effects can arise from a number of 

sources in accelerators, including stray fields, 
higher-order multipole components in magnets, 
space-charge...

n The transfer map for a nonlinear element (such as 
a sextupole) may be represented as a power series 
in the initial values of the phase space variables

n The effects of nonlinearities in accelerator system 
vary widely, depending on the type of system in 
which they occur (e.g. single-pass, or periodic)

n In some cases, nonlinear effects can limit the 
performance of an accelerator system. In such 
cases, it is important to take nonlinearities into 
account in the design of the system
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Appendix
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Bunch compressor long. dynamicsAppendix 1.A: Longitudinal dynamics in a bunch compressor

In a linear approximation, the maps for the rf cavity and the
chicane in a bunch compressor may be represented as matrices:

Mrf =

 
1 0
�a 1

!

, Mch =

 
1 b
0 1

!

, (45)

where:

a =
eV

E0

!

c
, and b = 2L1

✓0 sin ✓0
cos2 ✓0

. (46)

The matrix representing the total map for the bunch
compressor, Mbc, is then:

Mbc = MchMrf =

 
1� ab b
�a 1

!

=

 
R55 R56
R65 R66

!

. (47)

The e↵ect of the map is written:

~z 7! Mbc~z, where ~z =

 
z
�

!

. (48)

CAS, Budapest, 2016 34 Nonlinear Dynamics: Part 1
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Bunch compressor long. dynamicsAppendix 1.A: Longitudinal dynamics in a bunch compressor

Now we proceed to derive expressions for the required values of
the parameters a and b, in terms of the desired initial and final
bunch length and energy spread.

We construct the beam distribution sigma matrix by taking the
outer product of the phase space vector for each particle, then
averaging over all particles in the bunch:

⌃ = h~z ~zTi =
 

hz2i hz�i
hz�i h�2i

!

. (49)

The transformation of ⌃ under a linear map represented by a
matrix M is given by:

⌃ 7! M ·⌃ ·MT. (50)
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Appendix 1.A: Longitudinal dynamics in a bunch compressor

Usually, a bunch compressor is designed so that the correlation
hz�i = 0 at the start and end of the compressor. In that case,
using (47) for the linear map M , and (50) for the
transformation of the sigma matrix, we find that the
parameters a and b must satisfy:

(1� ab)
a

b
=

h�20i
hz20i

(51)

where the subscript 0 indicates that the average is taken over
the initial values of the dynamical variables.

Given the constraint (51), the compression factor r is given by:

r2 ⌘
hz21i
hz20i

= 1� ab, (52)

where the subscript 1 indicates that the average is taken over
the final values of the dynamical variables.
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Appendix 1.A: Longitudinal dynamics in a bunch compressor

Usually, a bunch compressor is designed so that the correlation
hz�i = 0 at the start and end of the compressor. In that case,
using (47) for the linear map M , and (50) for the
transformation of the sigma matrix, we find that the
parameters a and b must satisfy:

(1� ab)
a

b
=

h�20i
hz20i

(51)

where the subscript 0 indicates that the average is taken over
the initial values of the dynamical variables.

Given the constraint (51), the compression factor r is given by:

r2 ⌘
hz21i
hz20i

= 1� ab, (52)

where the subscript 1 indicates that the average is taken over
the final values of the dynamical variables.
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Appendix 1.A: Longitudinal dynamics in a bunch compressor

We note in passing that the linear part of the map is
symplectic. A linear map is symplectic if the matrix M

representing the map is symplectic, i.e. satisfies:

MT · S ·M = S, (53)

where, in one degree of freedom (i.e. two dynamical variables),
S is the matrix:

S =

 
0 1
�1 0

!

. (54)

In more degrees of freedom, S is constructed by repeating the
2⇥ 2 matrix above on the block diagonal, as often as necessary.

In one degree of freedom, it is a necessary and su�cient
condition for a matrix to be symplectic, that it has unit
determinant: but this condition does not generalise to more
degrees of freedom.
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Appendix 1.A: Longitudinal dynamics in a bunch compressor

As a specific example, consider a bunch compressor for the
International Linear Collider:

Initial rms bunch length
q
hz20i 6 mm

Initial rms energy spread
q
h�20i 0.15%

Final rms bunch length
q
hz21i 0.3 mm

Solving equations (51) and (52) with the above values for rms
bunch lengths and energy spread, we find:

a = 4.9937m�1, and b = 0.19975m. (55)
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