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Focusing (quadrupole) Errors
• β, & distortions and “beta-beat”
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Downstream,	the	distortion	will	propagate:
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β Distortion in a Synchrotron

• In a circular accelerator, the closed solution of the 
amplitude function(s) will be altered by the gradient 
error.  With analysis similar to the situation for a 
closed orbit distortion, the gradient error will produce 
a closed β-distortion all around the ring which, for 
small errors, will be given by:
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Focusing (quadrupole) Errors
• Phase/tune shift
‣ A gradient error will distort the amplitude function, and 

therefore distort the development of the phase advance 
downstream.  As the ( distortion will oscillate about the 
ideal ( function, the phase advance will slightly increase 
and decrease along the way.  This is particularly 
important in a ring where the betatron tune, #, might 
need fine control.

‣ A small gradient error q at location with amplitude 
function b will create a change in tune:
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Focusing (quadrupole) Errors
• What happens if the gradient error is too big?  

-              Half-integer stop band: 

• Beta distortion:
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Beta-Mismatch Invariant
• We noted that a local gradient error will produce a 

distortion in the amplitude function (in its slope, in 
particular):

• In the absence of further gradient errors, 
‣         the quantity    +(+, - +α2   is an invariant
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Tune correction/adjustment
• Suppose we have a FODO arrangement, and we put 

adjustable quadrupoles near every “main” 
quadrupole (N = # quads):

• The quadrupoles can be wired in two separate 
circuits, and thus the two tunes can be independently 
adjusted by any (reasonable) amount desired.
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Chromaticity of a Circular Accelerator
• Chromaticity -- change in the betatron tune, #, with 

respect to relative momentum deviation (+p/p):

• There will be a different chromaticity value for each 
degree of freedom:
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⇠ ⌘ �⌫

�p/p

⇠x =
�⌫x
�p/p

⇠y =
�⌫y
�p/p

How	to	estimate	the	scale	of	the	effect?

x00 +K(s)x = x00 +
qB0(s)

p
x = 0
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The Natural Chromaticity
• There will be a “natural” dependence of tune on 

momentum from the fact that the various spring 
constants K(s) ~ 1/p, hence dK/K = - dp/p

• Starting from                       for a single gradient error,
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Chromatic Corrections
• Sextupole Field:  
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p , provides focusing in one plane,
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Thus,	need	2	sextuples	(or	2	families	of	sextuples)	for	

	optimal	independent	corrections/adjustment	of	-x,	-y.

Also	Note:		introduces	(intentionally!)	a	non-linear	field!!
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Correction/Adjustment of Chromaticity
• Suppose we have a FODO arrangement, and we put 

adjustable sextuple magnets near every “main” 
quadrupole (N = # sextupole magnets):

• The sextupoles can be wired in two separate circuits, 
and thus the two chromaticities can be independently 
adjusted by any (reasonable) amount desired.
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Quick Questions?

69
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Errors Creating Linear Coupling
• Rotated quadrupole magnet

70
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a	normal	quad,	rotated	by	a	small	angle:

normal skew	quad,	strength:

Clearly,	skew	quad	field	couples	the	horizontal	and	vertical	motion:
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Linear Coupling From Solenoid Fields
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Beam Transport through Coupled Systems
• We’ve just seen the possible introduction of a “4x4” 

matrix approach to analyzing coupled motion
• If we look at 4x4 transport matrices that operate on 

(x,x’,y,y’ ) vectors, then the transport of covariance 
matrices works just as before:
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CCA
can	also	extend	to	6x6,	which	

includes	W-t	(or	z-z’	or	z-dp/p,	or…)

4x4	matrices	now
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Eigen-frequencies of Coupled Oscillator
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Eigen-frequencies of Coupled Synchrotron
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When	the	natural	frequencies	in	

the	horizontal	and	vertical	tunes	

are	far	apart,	they	behave	rather	

independently.		However,	they	

can	never	be	made	identical.		So,	

by	varying	the	quadrupoles	in	a	

ring	to	vary	the	tunes,	the	

minimum	separation	observed	is	

a	measure	of	the	amount	of	

coupling,	in	a	global	sense,	

between	the	two	planes

Adjust	horizontal	tune,	say,	and	measure	both	horizontal	

and	vertical	tunes	w/	FFT	of	BPM	data.		For	a	single	

rotated	quadrupole,	
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Global vs. Local
• Global Coupling

• Local Coupling
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An Extreme Case:  The Coupled Tevatron

76

Syphers/APS Apr04 5

f The Measurement The Measurement ……

Hor BPM’s

Ver BPM’s

1-turn

Inject with horizontal oscillation and look for source of vertical oscillation…

The source is

everywhere!

The source is

everywhere!

In	early	2000’s,	Tevatron	

measurements	of	the	

minimum	tune	split	

showed	that	there	was	a	

strong	source	of	

coupling	somewhere.		

Where??		So,	went	

looking	for	the		

source(s)…

G-11 spacers

Compressed by 
   6 mil (0.006 in.)
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Linear Resonances in Circular Accelerators
• Guide-field errors
‣ the ‘closed’ trajectory about 

the synchrotron will become 
distorted -- average beam 
trajectory must be adjusted 
using corrector magnets

• Focusing field errors
‣ distortions of the beam 

envelope
• Thus, avoid tune values    

= integer, integer/2

77
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black = ideal 
  red  = distortion

Δθ

Δq

Envelope Error (Beta-beat) due to gradient error

Orbit distortion due to single dipole field error

�x � 1
sin⇥�

��/� � 1
sin 2⇤⇥
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Effect on Phase Space due to Single Sextuple
• Track the trajectory of a particle around an ideal ring, 

but include the kick from a single sextupole every 
revolution:

‣ transform to new coordinates:
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• The topology of the phase space here 
only depends upon the choice of tune, #.

• With nonlinear fields present, must avoid 
rational tunes:

• integer,  integer/2,  integer/3, ... u

v
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Coupling Resonances
• We’ve seen that coupling produces conditions where the motion in one plane 

(x) can depend upon the motion in the other plane (y) and vice versa.  When 
the frequencies of the coupled motion create integer relationships, then 
coupling resonances can occur:

m �x ± n �y = k

79

• In general, a “difference” resonance 
will simply exchange the energy 
between the two planes, back and 
forth, but the motion remains bounded 

• A “sum” resonance will exchange 
energy, but the overall motion can 
become unbounded m⌫x + n⌫y = k

m⌫x � n⌫y = k

ax

ax

ay

ay

avoid ALL rational tunes???
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Tune Diagram
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width ~ 0.025

Note: 
In LHC, 

~60 oscillations 
per revolution

m �x ± n �y = klines of 
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Dynamic Aperture and Design Criteria
• Computations of dynamic aperture began in earnest during the Tevatron 

design studies
• SSC Design Study,  LHC design study:
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• Generate a model of the 
accelerator with error fields 

‣ systematic 
‣ random 

‣ “Track” particles with 
various initial oscillation 
amplitudes; record 
survival times

Y. Yan, et al.,SSCL Report 303 (1990)

“Dynamic     
    Aperture”
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Space Charge Force for Gaussian Beam

82
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Beam-Beam Interactions
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Beam-Beam Interaction in a Collider
• Previous Space Charge Calculation:

• For the Beam-Beam Interaction

• for like-charges, the force is radially out, hence 
defocusing
• for the central particles in the bunch, acts like a 

defocusing lens  
84
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Beam-Beam Interaction
• Thin lens approximation, round beams:  

‣ tune shift

85

Typical	range	of	values	for	-:	
		~0.01,	proton	colliders	

		~0.1,	electron	colliders

N	=	no.	particles	/	bunch	

if	the	colliding	particles	have	opposite	signs,	
will	be	a	focusing	effect	rather	than	defocusing
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Beam-Beam Interaction
• The beam-beam interaction will also alter the 

amplitude function, (, at the IP and around the ring

• Force is actually nonlinear —>
‣ thus, a tune spread
‣ nonlinear resonances

‣ tune space
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The Beam-Beam Tune “shift”
• Due to nonlinear nature of the perturbation, ``the 

tune’’ will depend upon the particle’s betatron 
amplitude 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Figure 2: Beam-beam force.

tune, �⌫, of a particle with maximum transverse amplitude r due to an on-coming round beam
with rms extent �. The functional form of the tune shift is approximately

�⌫(r) = ⇠ · 1� e�(r/2�)2I0[(r/2�)2]
(r/2�)2

(1)

where I0(z) is the modified Bessel function of order zero. We can use this result to arrive at a
distribution of tunes for a beam of “test particles.” We continue to use Gaussian distributions, and
note that particles with amplitude r will have their tune shifted from the unperturbed value by an
amount given by Eq. 1. For a Gaussian distribution of particles within our test bunch, having the
same rms beam size � as the on-coming bunch, the number of particles with an amplitude between
values r and r + dr is given by

dN =
1
�2

e�r2/2�2
r dr.

The distribution is schematically shown in Figure 3, along with a plot of the number of particles
per dr at radius r. By associating this number with the value of tune shift at that radius, we can
plot the tune distribution shown in Figure 4.

3

-

-

Amplitude of particle oscillation:

r0 = “classical radius” 
    = 1.5x10-18 m (proton)
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Long-Range Beam-Beam Interactions
• Long-range force:  r >> .
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Luminosity in Accelerator Terms
• Can now express in terms of beam physics 

parameters; ex.:  for short, round beams...

• If different bunch intensities, different transverse 
beam emittances for the two beams,

L =
f0BN2

4⌅⇧�2
=

f0BN2⇥

4⇤��

L =
f0BN1N2

2⌅(⇧�
1
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2
2)

=
f0BN1N2⇥

2��(⇤1 + ⇤2)

and assorted other variations...
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+ x-angle, etc., …
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In Terms of Beam-Beam Parameter
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LHC Example:

when run at the “beam-beam limit”, …

% = %0 % ~ N

beam-beam limit

keep - constant
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Integrated Luminosity Revisited
• Luminosity lifetime not just dictated by reduction of 

the beam intensity but also by dynamical variation of 
emittance, etc., that also play role into the 
instantaneous luminosity

‣ can have N decrease due to collisions, but also
- d%/dt due to scattering, noise, synch rad, etc.
- d.z /dt due to intrabeam scattering, noise, etc

‣ can generate purposeful variations in (*, x-angle to 
optimize luminosity lifetime
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Emittance Control
• Electrons radiate extensively at high energies; combined 

with energy replenishment from RF system, small 
equilibrium emittances are a result

• For Hadron Colliders, emittance at collision energy 
determined by proton source, and its control through the 
injectors, acceleration in Collider, low-( squeeze, etc.

• larger emittance -- smaller instantaneous luminosity
• larger emittance growth rates during collisions result in 

particle loss
‣ thus, lower integrated luminosity
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Non-adiabatic Disturbances
Example:  Discharge of a beam kicker in a synchrotron
• Initially, the distribution is simply “displaced” by the 

action of the kick:

• Nonlinearities will yield:
‣ tune vs. amplitude
‣ decoherence
‣ filamentation
‣ emittance growth
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Figure 4.3: A simulation of kicked particles when there is an octupole field.

Because of the amplitude dependent tune shift due to the octupole field, the

particles gradually lose the coherence (decoherence). Due to the decoherence,

the oscillations of the beam centroid damp down and the beam size increases.
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figure	by	R.	Miyamoto
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Accelerator Model
• So we will model these effects by assuming the 

distribution will oscillate about the closed orbit, and 
that the oscillation frequencies of the particles will 
depend upon the amplitude of their oscillations
‣ typically:    # ≈ #0 + ka2

‣ coherent at first,
‣ then “decoheres”

- leads to filamentation
‣ eventually larger emittance
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<latexit sha1_base64="md2aXQYClwbG9iOL7TOGNE+78Zs=">AAAB+XicbZC7TsMwFIZPyq2UWwojDBYVAgmpSliArYKFsZUIrdREleM6rVXHiWwHqEofhYUBECsLz8HGxqPgXgZo+SVLn/5zjs7xH6acKe04X1ZuYXFpeSW/Wlhb39jcsovbNyrJJKEeSXgiGyFWlDNBPc00p41UUhyHnNbD3uWoXr+lUrFEXOt+SoMYdwSLGMHaWC276IdUY3R/eOxjnnYNteySU3bGQvPgTqFU2fuofQNAtWV/+u2EZDEVmnCsVNN1Uh0MsNSMcDos+JmiKSY93KFNgwLHVAWD8elDdGCcNooSaZ7QaOz+nhjgWKl+HJrOGOuumq2NzP9qzUxHZ8GAiTTTVJDJoijjSCdolANqM0mJ5n0DmEhmbkWkiyUm2qRVMCG4s1+eB++kfF52aiaMC5goD7uwD0fgwilU4Aqq4AGBO3iEZ3ixHqwn69V6m7TmrOnMDvyR9f4DfYKVRQ==</latexit><latexit sha1_base64="w/9H793szI/xBDZwXyvByt0Y6NQ=">AAAB+XicbZC7SgNBFIZn4y3G20ZLRQaDKAhh10btgjaWCbgmkF3C2clsMjh7YWZWDWtKH8PGQsXWJs9h5zP4Ek4uhSb+MPDxn3M4Z34/4Uwqy/oycnPzC4tL+eXCyura+oZZ3LyWcSoIdUjMY9HwQVLOIuoopjhtJIJC6HNa928uhvX6LRWSxdGV6iXUC6ETsYARUNpqmUXXpwrw/cGRCzzpamqZJatsjYRnwZ5AqbIzqH0/7g6qLfPTbcckDWmkCAcpm7aVKC8DoRjhtF9wU0kTIDfQoU2NEYRUetno9D7e104bB7HQL1J45P6eyCCUshf6ujME1ZXTtaH5X62ZquDUy1iUpIpGZLwoSDlWMR7mgNtMUKJ4TwMQwfStmHRBAFE6rYIOwZ7+8iw4x+WzslXTYZyjsfJoG+2hQ2SjE1RBl6iKHETQHXpCL+jVeDCejTfjfdyaMyYzW+iPjI8fWmGWqw==</latexit><latexit sha1_base64="w/9H793szI/xBDZwXyvByt0Y6NQ=">AAAB+XicbZC7SgNBFIZn4y3G20ZLRQaDKAhh10btgjaWCbgmkF3C2clsMjh7YWZWDWtKH8PGQsXWJs9h5zP4Ek4uhSb+MPDxn3M4Z34/4Uwqy/oycnPzC4tL+eXCyura+oZZ3LyWcSoIdUjMY9HwQVLOIuoopjhtJIJC6HNa928uhvX6LRWSxdGV6iXUC6ETsYARUNpqmUXXpwrw/cGRCzzpamqZJatsjYRnwZ5AqbIzqH0/7g6qLfPTbcckDWmkCAcpm7aVKC8DoRjhtF9wU0kTIDfQoU2NEYRUetno9D7e104bB7HQL1J45P6eyCCUshf6ujME1ZXTtaH5X62ZquDUy1iUpIpGZLwoSDlWMR7mgNtMUKJ4TwMQwfStmHRBAFE6rYIOwZ7+8iw4x+WzslXTYZyjsfJoG+2hQ2SjE1RBl6iKHETQHXpCL+jVeDCejTfjfdyaMyYzW+iPjI8fWmGWqw==</latexit>

x
<latexit sha1_base64="aTBWSkgm+x5k8R2EYQhb3/yt/5I=">AAAB53icbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBm0sE/BMIDnC3mYuWbP3we6eGI6AvY2Fiq2/xt7Of+MmsdDEFxYe3neGnZkgFVxpx/myCguLS8srxVV7bX1jc6u0vXOjkkwy9FgiEtkMqELBY/Q01wKbqUQaBQIbweBynDfuUCqexNd6mKIf0V7MQ86oNlb9vlMqOxVnIjIP7g+Uzz/sswcAqHVKn+1uwrIIY80EVarlOqn2cyo1ZwJHdjtTmFI2oD1sGYxphMrPJ4OOyIFxuiRMpHmxJhP3d0dOI6WGUWAqI6r7ajYbm/9lrUyHJ37O4zTTGLPpR2EmiE7IeGvS5RKZFkMDlEluZiWsTyVl2tzGNkdwZ1eeB++oclpx6k65egFTFWEP9uEQXDiGKlxBDTxggPAIz/Bi3VpP1qv1Ni0tWD89u/BH1vs3wHiOmA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit>

with steering error at t = 0:

�x0 + ↵x
<latexit sha1_base64="md2aXQYClwbG9iOL7TOGNE+78Zs=">AAAB+XicbZC7TsMwFIZPyq2UWwojDBYVAgmpSliArYKFsZUIrdREleM6rVXHiWwHqEofhYUBECsLz8HGxqPgXgZo+SVLn/5zjs7xH6acKe04X1ZuYXFpeSW/Wlhb39jcsovbNyrJJKEeSXgiGyFWlDNBPc00p41UUhyHnNbD3uWoXr+lUrFEXOt+SoMYdwSLGMHaWC276IdUY3R/eOxjnnYNteySU3bGQvPgTqFU2fuofQNAtWV/+u2EZDEVmnCsVNN1Uh0MsNSMcDos+JmiKSY93KFNgwLHVAWD8elDdGCcNooSaZ7QaOz+nhjgWKl+HJrOGOuumq2NzP9qzUxHZ8GAiTTTVJDJoijjSCdolANqM0mJ5n0DmEhmbkWkiyUm2qRVMCG4s1+eB++kfF52aiaMC5goD7uwD0fgwilU4Aqq4AGBO3iEZ3ixHqwn69V6m7TmrOnMDvyR9f4DfYKVRQ==</latexit><latexit sha1_base64="w/9H793szI/xBDZwXyvByt0Y6NQ=">AAAB+XicbZC7SgNBFIZn4y3G20ZLRQaDKAhh10btgjaWCbgmkF3C2clsMjh7YWZWDWtKH8PGQsXWJs9h5zP4Ek4uhSb+MPDxn3M4Z34/4Uwqy/oycnPzC4tL+eXCyura+oZZ3LyWcSoIdUjMY9HwQVLOIuoopjhtJIJC6HNa928uhvX6LRWSxdGV6iXUC6ETsYARUNpqmUXXpwrw/cGRCzzpamqZJatsjYRnwZ5AqbIzqH0/7g6qLfPTbcckDWmkCAcpm7aVKC8DoRjhtF9wU0kTIDfQoU2NEYRUetno9D7e104bB7HQL1J45P6eyCCUshf6ujME1ZXTtaH5X62ZquDUy1iUpIpGZLwoSDlWMR7mgNtMUKJ4TwMQwfStmHRBAFE6rYIOwZ7+8iw4x+WzslXTYZyjsfJoG+2hQ2SjE1RBl6iKHETQHXpCL+jVeDCejTfjfdyaMyYzW+iPjI8fWmGWqw==</latexit><latexit sha1_base64="w/9H793szI/xBDZwXyvByt0Y6NQ=">AAAB+XicbZC7SgNBFIZn4y3G20ZLRQaDKAhh10btgjaWCbgmkF3C2clsMjh7YWZWDWtKH8PGQsXWJs9h5zP4Ek4uhSb+MPDxn3M4Z34/4Uwqy/oycnPzC4tL+eXCyura+oZZ3LyWcSoIdUjMY9HwQVLOIuoopjhtJIJC6HNa928uhvX6LRWSxdGV6iXUC6ETsYARUNpqmUXXpwrw/cGRCzzpamqZJatsjYRnwZ5AqbIzqH0/7g6qLfPTbcckDWmkCAcpm7aVKC8DoRjhtF9wU0kTIDfQoU2NEYRUetno9D7e104bB7HQL1J45P6eyCCUshf6ujME1ZXTtaH5X62ZquDUy1iUpIpGZLwoSDlWMR7mgNtMUKJ4TwMQwfStmHRBAFE6rYIOwZ7+8iw4x+WzslXTYZyjsfJoG+2hQ2SjE1RBl6iKHETQHXpCL+jVeDCejTfjfdyaMyYzW+iPjI8fWmGWqw==</latexit>

x
<latexit sha1_base64="aTBWSkgm+x5k8R2EYQhb3/yt/5I=">AAAB53icbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBm0sE/BMIDnC3mYuWbP3we6eGI6AvY2Fiq2/xt7Of+MmsdDEFxYe3neGnZkgFVxpx/myCguLS8srxVV7bX1jc6u0vXOjkkwy9FgiEtkMqELBY/Q01wKbqUQaBQIbweBynDfuUCqexNd6mKIf0V7MQ86oNlb9vlMqOxVnIjIP7g+Uzz/sswcAqHVKn+1uwrIIY80EVarlOqn2cyo1ZwJHdjtTmFI2oD1sGYxphMrPJ4OOyIFxuiRMpHmxJhP3d0dOI6WGUWAqI6r7ajYbm/9lrUyHJ37O4zTTGLPpR2EmiE7IeGvS5RKZFkMDlEluZiWsTyVl2tzGNkdwZ1eeB++oclpx6k65egFTFWEP9uEQXDiGKlxBDTxggPAIz/Bi3VpP1qv1Ni0tWD89u/BH1vs3wHiOmA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit>

at later t:

�x0 + ↵x
<latexit sha1_base64="md2aXQYClwbG9iOL7TOGNE+78Zs=">AAAB+XicbZC7TsMwFIZPyq2UWwojDBYVAgmpSliArYKFsZUIrdREleM6rVXHiWwHqEofhYUBECsLz8HGxqPgXgZo+SVLn/5zjs7xH6acKe04X1ZuYXFpeSW/Wlhb39jcsovbNyrJJKEeSXgiGyFWlDNBPc00p41UUhyHnNbD3uWoXr+lUrFEXOt+SoMYdwSLGMHaWC276IdUY3R/eOxjnnYNteySU3bGQvPgTqFU2fuofQNAtWV/+u2EZDEVmnCsVNN1Uh0MsNSMcDos+JmiKSY93KFNgwLHVAWD8elDdGCcNooSaZ7QaOz+nhjgWKl+HJrOGOuumq2NzP9qzUxHZ8GAiTTTVJDJoijjSCdolANqM0mJ5n0DmEhmbkWkiyUm2qRVMCG4s1+eB++kfF52aiaMC5goD7uwD0fgwilU4Aqq4AGBO3iEZ3ixHqwn69V6m7TmrOnMDvyR9f4DfYKVRQ==</latexit><latexit sha1_base64="w/9H793szI/xBDZwXyvByt0Y6NQ=">AAAB+XicbZC7SgNBFIZn4y3G20ZLRQaDKAhh10btgjaWCbgmkF3C2clsMjh7YWZWDWtKH8PGQsXWJs9h5zP4Ek4uhSb+MPDxn3M4Z34/4Uwqy/oycnPzC4tL+eXCyura+oZZ3LyWcSoIdUjMY9HwQVLOIuoopjhtJIJC6HNa928uhvX6LRWSxdGV6iXUC6ETsYARUNpqmUXXpwrw/cGRCzzpamqZJatsjYRnwZ5AqbIzqH0/7g6qLfPTbcckDWmkCAcpm7aVKC8DoRjhtF9wU0kTIDfQoU2NEYRUetno9D7e104bB7HQL1J45P6eyCCUshf6ujME1ZXTtaH5X62ZquDUy1iUpIpGZLwoSDlWMR7mgNtMUKJ4TwMQwfStmHRBAFE6rYIOwZ7+8iw4x+WzslXTYZyjsfJoG+2hQ2SjE1RBl6iKHETQHXpCL+jVeDCejTfjfdyaMyYzW+iPjI8fWmGWqw==</latexit><latexit sha1_base64="w/9H793szI/xBDZwXyvByt0Y6NQ=">AAAB+XicbZC7SgNBFIZn4y3G20ZLRQaDKAhh10btgjaWCbgmkF3C2clsMjh7YWZWDWtKH8PGQsXWJs9h5zP4Ek4uhSb+MPDxn3M4Z34/4Uwqy/oycnPzC4tL+eXCyura+oZZ3LyWcSoIdUjMY9HwQVLOIuoopjhtJIJC6HNa928uhvX6LRWSxdGV6iXUC6ETsYARUNpqmUXXpwrw/cGRCzzpamqZJatsjYRnwZ5AqbIzqH0/7g6qLfPTbcckDWmkCAcpm7aVKC8DoRjhtF9wU0kTIDfQoU2NEYRUetno9D7e104bB7HQL1J45P6eyCCUshf6ujME1ZXTtaH5X62ZquDUy1iUpIpGZLwoSDlWMR7mgNtMUKJ4TwMQwfStmHRBAFE6rYIOwZ7+8iw4x+WzslXTYZyjsfJoG+2hQ2SjE1RBl6iKHETQHXpCL+jVeDCejTfjfdyaMyYzW+iPjI8fWmGWqw==</latexit>

x
<latexit sha1_base64="aTBWSkgm+x5k8R2EYQhb3/yt/5I=">AAAB53icbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBm0sE/BMIDnC3mYuWbP3we6eGI6AvY2Fiq2/xt7Of+MmsdDEFxYe3neGnZkgFVxpx/myCguLS8srxVV7bX1jc6u0vXOjkkwy9FgiEtkMqELBY/Q01wKbqUQaBQIbweBynDfuUCqexNd6mKIf0V7MQ86oNlb9vlMqOxVnIjIP7g+Uzz/sswcAqHVKn+1uwrIIY80EVarlOqn2cyo1ZwJHdjtTmFI2oD1sGYxphMrPJ4OOyIFxuiRMpHmxJhP3d0dOI6WGUWAqI6r7ajYbm/9lrUyHJ37O4zTTGLPpR2EmiE7IeGvS5RKZFkMDlEluZiWsTyVl2tzGNkdwZ1eeB++oclpx6k65egFTFWEP9uEQXDiGKlxBDTxggPAIz/Bi3VpP1qv1Ni0tWD89u/BH1vs3wHiOmA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit>

at much later t:

decoherence

✏0
<latexit sha1_base64="Id40a9FG3y6Y//0zeGGwIVsB4dE=">AAAB8HicbVA9SwNBEJ3zM8avqGBjcxgEq3Bno3ZBG8sEPBNMjri3mUuW7O0eu3tCOPIvbCxUbP05djb+FjcfhSY+GHi8N8PMvCjlTBvP+3KWlldW19YLG8XNre2d3dLe/p2WmaIYUMmlakZEI2cCA8MMx2aqkCQRx0Y0uB77jUdUmklxa4YphgnpCRYzSoyV7tuYasal6HidUtmreBO4i8SfkXL1sP79AAC1Tumz3ZU0S1AYyonWLd9LTZgTZRjlOCq2M40poQPSw5algiSow3xy8cg9sUrXjaWyJYw7UX9P5CTRephEtjMhpq/nvbH4n9fKTHwR5kykmUFBp4vijLtGuuP33S5TSA0fWkKoYvZWl/aJItTYkIo2BH/+5UUSnFUuK17dhnEFUxTgCI7hFHw4hyrcQA0CoCDgCV7g1dHOs/PmvE9bl5zZzAH8gfPxA2yeknc=</latexit><latexit sha1_base64="bxgbbctM0ImQANstJdg/zOauNOY=">AAAB8HicbVA9SwNBEJ3zM8avqGBjsxgEq3CxUbsQG8sEPBNMjrC3mUuW7O0du3tCOPIvbCxUbAX/hb/Azsbf4uaj0MQHA4/3ZpiZFySCa+O6X87S8srq2npuI7+5tb2zW9jbv9Vxqhh6LBaxagZUo+ASPcONwGaikEaBwEYwuBr7jXtUmsfyxgwT9CPakzzkjBor3bUx0VzEsuN2CkW35E5AFkl5RoqVw/o3f69+1DqFz3Y3ZmmE0jBBtW6V3cT4GVWGM4GjfDvVmFA2oD1sWSpphNrPJhePyIlVuiSMlS1pyET9PZHRSOthFNjOiJq+nvfG4n9eKzXhhZ9xmaQGJZsuClNBTEzG75MuV8iMGFpCmeL2VsL6VFFmbEh5G0J5/uVF4p2VLktu3YZRhSlycATHcAplOIcKXEMNPGAg4QGe4NnRzqPz4rxOW5ec2cwB/IHz9gO8I5Qz</latexit><latexit sha1_base64="bxgbbctM0ImQANstJdg/zOauNOY=">AAAB8HicbVA9SwNBEJ3zM8avqGBjsxgEq3CxUbsQG8sEPBNMjrC3mUuW7O0du3tCOPIvbCxUbAX/hb/Azsbf4uaj0MQHA4/3ZpiZFySCa+O6X87S8srq2npuI7+5tb2zW9jbv9Vxqhh6LBaxagZUo+ASPcONwGaikEaBwEYwuBr7jXtUmsfyxgwT9CPakzzkjBor3bUx0VzEsuN2CkW35E5AFkl5RoqVw/o3f69+1DqFz3Y3ZmmE0jBBtW6V3cT4GVWGM4GjfDvVmFA2oD1sWSpphNrPJhePyIlVuiSMlS1pyET9PZHRSOthFNjOiJq+nvfG4n9eKzXhhZ9xmaQGJZsuClNBTEzG75MuV8iMGFpCmeL2VsL6VFFmbEh5G0J5/uVF4p2VLktu3YZRhSlycATHcAplOIcKXEMNPGAg4QGe4NnRzqPz4rxOW5ec2cwB/IHz9gO8I5Qz</latexit>

�x0 + ↵x
<latexit sha1_base64="md2aXQYClwbG9iOL7TOGNE+78Zs=">AAAB+XicbZC7TsMwFIZPyq2UWwojDBYVAgmpSliArYKFsZUIrdREleM6rVXHiWwHqEofhYUBECsLz8HGxqPgXgZo+SVLn/5zjs7xH6acKe04X1ZuYXFpeSW/Wlhb39jcsovbNyrJJKEeSXgiGyFWlDNBPc00p41UUhyHnNbD3uWoXr+lUrFEXOt+SoMYdwSLGMHaWC276IdUY3R/eOxjnnYNteySU3bGQvPgTqFU2fuofQNAtWV/+u2EZDEVmnCsVNN1Uh0MsNSMcDos+JmiKSY93KFNgwLHVAWD8elDdGCcNooSaZ7QaOz+nhjgWKl+HJrOGOuumq2NzP9qzUxHZ8GAiTTTVJDJoijjSCdolANqM0mJ5n0DmEhmbkWkiyUm2qRVMCG4s1+eB++kfF52aiaMC5goD7uwD0fgwilU4Aqq4AGBO3iEZ3ixHqwn69V6m7TmrOnMDvyR9f4DfYKVRQ==</latexit><latexit sha1_base64="w/9H793szI/xBDZwXyvByt0Y6NQ=">AAAB+XicbZC7SgNBFIZn4y3G20ZLRQaDKAhh10btgjaWCbgmkF3C2clsMjh7YWZWDWtKH8PGQsXWJs9h5zP4Ek4uhSb+MPDxn3M4Z34/4Uwqy/oycnPzC4tL+eXCyura+oZZ3LyWcSoIdUjMY9HwQVLOIuoopjhtJIJC6HNa928uhvX6LRWSxdGV6iXUC6ETsYARUNpqmUXXpwrw/cGRCzzpamqZJatsjYRnwZ5AqbIzqH0/7g6qLfPTbcckDWmkCAcpm7aVKC8DoRjhtF9wU0kTIDfQoU2NEYRUetno9D7e104bB7HQL1J45P6eyCCUshf6ujME1ZXTtaH5X62ZquDUy1iUpIpGZLwoSDlWMR7mgNtMUKJ4TwMQwfStmHRBAFE6rYIOwZ7+8iw4x+WzslXTYZyjsfJoG+2hQ2SjE1RBl6iKHETQHXpCL+jVeDCejTfjfdyaMyYzW+iPjI8fWmGWqw==</latexit><latexit sha1_base64="w/9H793szI/xBDZwXyvByt0Y6NQ=">AAAB+XicbZC7SgNBFIZn4y3G20ZLRQaDKAhh10btgjaWCbgmkF3C2clsMjh7YWZWDWtKH8PGQsXWJs9h5zP4Ek4uhSb+MPDxn3M4Z34/4Uwqy/oycnPzC4tL+eXCyura+oZZ3LyWcSoIdUjMY9HwQVLOIuoopjhtJIJC6HNa928uhvX6LRWSxdGV6iXUC6ETsYARUNpqmUXXpwrw/cGRCzzpamqZJatsjYRnwZ5AqbIzqH0/7g6qLfPTbcckDWmkCAcpm7aVKC8DoRjhtF9wU0kTIDfQoU2NEYRUetno9D7e104bB7HQL1J45P6eyCCUshf6ujME1ZXTtaH5X62ZquDUy1iUpIpGZLwoSDlWMR7mgNtMUKJ4TwMQwfStmHRBAFE6rYIOwZ7+8iw4x+WzslXTYZyjsfJoG+2hQ2SjE1RBl6iKHETQHXpCL+jVeDCejTfjfdyaMyYzW+iPjI8fWmGWqw==</latexit>

x
<latexit sha1_base64="aTBWSkgm+x5k8R2EYQhb3/yt/5I=">AAAB53icbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBm0sE/BMIDnC3mYuWbP3we6eGI6AvY2Fiq2/xt7Of+MmsdDEFxYe3neGnZkgFVxpx/myCguLS8srxVV7bX1jc6u0vXOjkkwy9FgiEtkMqELBY/Q01wKbqUQaBQIbweBynDfuUCqexNd6mKIf0V7MQ86oNlb9vlMqOxVnIjIP7g+Uzz/sswcAqHVKn+1uwrIIY80EVarlOqn2cyo1ZwJHdjtTmFI2oD1sGYxphMrPJ4OOyIFxuiRMpHmxJhP3d0dOI6WGUWAqI6r7ajYbm/9lrUyHJ37O4zTTGLPpR2EmiE7IeGvS5RKZFkMDlEluZiWsTyVl2tzGNkdwZ1eeB++oclpx6k65egFTFWEP9uEQXDiGKlxBDTxggPAIz/Bi3VpP1qv1Ni0tWD89u/BH1vs3wHiOmA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit>

ideal distribution at injection:

�x0 + ↵x
<latexit sha1_base64="md2aXQYClwbG9iOL7TOGNE+78Zs=">AAAB+XicbZC7TsMwFIZPyq2UWwojDBYVAgmpSliArYKFsZUIrdREleM6rVXHiWwHqEofhYUBECsLz8HGxqPgXgZo+SVLn/5zjs7xH6acKe04X1ZuYXFpeSW/Wlhb39jcsovbNyrJJKEeSXgiGyFWlDNBPc00p41UUhyHnNbD3uWoXr+lUrFEXOt+SoMYdwSLGMHaWC276IdUY3R/eOxjnnYNteySU3bGQvPgTqFU2fuofQNAtWV/+u2EZDEVmnCsVNN1Uh0MsNSMcDos+JmiKSY93KFNgwLHVAWD8elDdGCcNooSaZ7QaOz+nhjgWKl+HJrOGOuumq2NzP9qzUxHZ8GAiTTTVJDJoijjSCdolANqM0mJ5n0DmEhmbkWkiyUm2qRVMCG4s1+eB++kfF52aiaMC5goD7uwD0fgwilU4Aqq4AGBO3iEZ3ixHqwn69V6m7TmrOnMDvyR9f4DfYKVRQ==</latexit><latexit sha1_base64="w/9H793szI/xBDZwXyvByt0Y6NQ=">AAAB+XicbZC7SgNBFIZn4y3G20ZLRQaDKAhh10btgjaWCbgmkF3C2clsMjh7YWZWDWtKH8PGQsXWJs9h5zP4Ek4uhSb+MPDxn3M4Z34/4Uwqy/oycnPzC4tL+eXCyura+oZZ3LyWcSoIdUjMY9HwQVLOIuoopjhtJIJC6HNa928uhvX6LRWSxdGV6iXUC6ETsYARUNpqmUXXpwrw/cGRCzzpamqZJatsjYRnwZ5AqbIzqH0/7g6qLfPTbcckDWmkCAcpm7aVKC8DoRjhtF9wU0kTIDfQoU2NEYRUetno9D7e104bB7HQL1J45P6eyCCUshf6ujME1ZXTtaH5X62ZquDUy1iUpIpGZLwoSDlWMR7mgNtMUKJ4TwMQwfStmHRBAFE6rYIOwZ7+8iw4x+WzslXTYZyjsfJoG+2hQ2SjE1RBl6iKHETQHXpCL+jVeDCejTfjfdyaMyYzW+iPjI8fWmGWqw==</latexit><latexit sha1_base64="w/9H793szI/xBDZwXyvByt0Y6NQ=">AAAB+XicbZC7SgNBFIZn4y3G20ZLRQaDKAhh10btgjaWCbgmkF3C2clsMjh7YWZWDWtKH8PGQsXWJs9h5zP4Ek4uhSb+MPDxn3M4Z34/4Uwqy/oycnPzC4tL+eXCyura+oZZ3LyWcSoIdUjMY9HwQVLOIuoopjhtJIJC6HNa928uhvX6LRWSxdGV6iXUC6ETsYARUNpqmUXXpwrw/cGRCzzpamqZJatsjYRnwZ5AqbIzqH0/7g6qLfPTbcckDWmkCAcpm7aVKC8DoRjhtF9wU0kTIDfQoU2NEYRUetno9D7e104bB7HQL1J45P6eyCCUshf6ujME1ZXTtaH5X62ZquDUy1iUpIpGZLwoSDlWMR7mgNtMUKJ4TwMQwfStmHRBAFE6rYIOwZ7+8iw4x+WzslXTYZyjsfJoG+2hQ2SjE1RBl6iKHETQHXpCL+jVeDCejTfjfdyaMyYzW+iPjI8fWmGWqw==</latexit>

x
<latexit sha1_base64="aTBWSkgm+x5k8R2EYQhb3/yt/5I=">AAAB53icbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBm0sE/BMIDnC3mYuWbP3we6eGI6AvY2Fiq2/xt7Of+MmsdDEFxYe3neGnZkgFVxpx/myCguLS8srxVV7bX1jc6u0vXOjkkwy9FgiEtkMqELBY/Q01wKbqUQaBQIbweBynDfuUCqexNd6mKIf0V7MQ86oNlb9vlMqOxVnIjIP7g+Uzz/sswcAqHVKn+1uwrIIY80EVarlOqn2cyo1ZwJHdjtTmFI2oD1sGYxphMrPJ4OOyIFxuiRMpHmxJhP3d0dOI6WGUWAqI6r7ajYbm/9lrUyHJ37O4zTTGLPpR2EmiE7IeGvS5RKZFkMDlEluZiWsTyVl2tzGNkdwZ1eeB++oclpx6k65egFTFWEP9uEQXDiGKlxBDTxggPAIz/Bi3VpP1qv1Ni0tWD89u/BH1vs3wHiOmA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit>

“decohered”

✏ > ✏0
<latexit sha1_base64="8FClUHucs9GHVT0HqEkzKYl+djg=">AAAB/XicbZDLSsNAFIZP6q3WW1R042awCK5K4kbdSNGNyxaMLbQhTqaTduhkEmYmQgkFX8WNCxW3voc7Nz6L04ugrT8MfPznHM6ZP0w5U9pxPq3CwuLS8kpxtbS2vrG5ZW/v3Kokk4R6JOGJbIZYUc4E9TTTnDZTSXEcctoI+1ejeuOeSsUScaMHKfVj3BUsYgRrYwX2XpumivFEoAv0g4ET2GWn4oyF5sGdQrm6X/+6A4BaYH+0OwnJYio04Vipluuk2s+x1IxwOiy1M0VTTPq4S1sGBY6p8vPx+UN0ZJwOihJpntBo7P6eyHGs1CAOTWeMdU/N1kbmf7VWpqMzP2cizTQVZLIoyjjSCRplgTpMUqL5wAAmkplbEelhiYk2iZVMCO7sl+fBO6mcV5y6CeMSJirCARzCMbhwClW4hhp4QCCHR3iGF+vBerJerbdJa8GazuzCH1nv34H/luo=</latexit><latexit sha1_base64="04Jyj29Dtk9oPvw1ae9lUIY0Ymo=">AAAB/XicbZDLSsNAFIYn9VbrLSq6cTNYBFcldaNupNSNyxaMLbQhTKYn7dDJJMxMhBIKvoobF962voBP4M6Nz+L0ImjrDwMf/zmHc+YPEs6UdpxPK7ewuLS8kl8trK1vbG7Z2zs3Kk4lBZfGPJbNgCjgTICrmebQTCSQKODQCPqXo3rjFqRisbjWgwS8iHQFCxkl2li+vdeGRDEeC3yBf9B3fLvolJyx8DyUp1Cs7Ne/2Ev1vebbH+1OTNMIhKacKNUqO4n2MiI1oxyGhXaqICG0T7rQMihIBMrLxucP8ZFxOjiMpXlC47H7eyIjkVKDKDCdEdE9NVsbmf/VWqkOz7yMiSTVIOhkUZhyrGM8ygJ3mASq+cAAoZKZWzHtEUmoNokVTAjl2S/Pg3tSOi85dRNGFU2URwfoEB2jMjpFFXSFashFFGXoHj2iJ+vOerCerddJa86azuyiP7LevgHRhJim</latexit><latexit sha1_base64="04Jyj29Dtk9oPvw1ae9lUIY0Ymo=">AAAB/XicbZDLSsNAFIYn9VbrLSq6cTNYBFcldaNupNSNyxaMLbQhTKYn7dDJJMxMhBIKvoobF962voBP4M6Nz+L0ImjrDwMf/zmHc+YPEs6UdpxPK7ewuLS8kl8trK1vbG7Z2zs3Kk4lBZfGPJbNgCjgTICrmebQTCSQKODQCPqXo3rjFqRisbjWgwS8iHQFCxkl2li+vdeGRDEeC3yBf9B3fLvolJyx8DyUp1Cs7Ne/2Ev1vebbH+1OTNMIhKacKNUqO4n2MiI1oxyGhXaqICG0T7rQMihIBMrLxucP8ZFxOjiMpXlC47H7eyIjkVKDKDCdEdE9NVsbmf/VWqkOz7yMiSTVIOhkUZhyrGM8ygJ3mASq+cAAoZKZWzHtEUmoNokVTAjl2S/Pg3tSOi85dRNGFU2URwfoEB2jMjpFFXSFashFFGXoHj2iJ+vOerCerddJa86azuyiP7LevgHRhJim</latexit>
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How does rms evolve?

but here,

average over all particles:

a2 = ⇢2 +�x2 � 2�x⇢ cos�
<latexit sha1_base64="prJsWT92FCxZcDmwpEO3tWp9f18=">AAACHHicbVDLSgMxFL3js9bXqEtdBIsgiGWmCOpCKOrCZQuOLXRqyaRpG5qZDElGLKU/4sbfcOnGhYobF4I7P8X0IWjrgcC559zLzT1BzJnSjvNpTU3PzM7NpxbSi0vLK6v22vqVEokk1COCC1kOsKKcRdTTTHNajiXFYcBpKWif9f3SDZWKiehSd2JaDXEzYg1GsDZSzT5A+DqH0AnyZUsYtof8c8o1Rrem2Ee5n2rg+0QoP26xmp1xss4AaJK4I5LJbz0UvwCgULPf/bogSUgjTThWquI6sa52sdSMcNpL+4miMSZt3KQVQyMcUlXtDq7roR2j1FFDSPMijQbq74kuDpXqhIHpDLFuqXGvL/7nVRLdOKp2WRQnmkZkuKiRcKQF6keF6kxSonnHEEwkM39FpIUlJtoEmjYhuOMnTxIvlz3OOkUTxikMkYJN2IZdcOEQ8nABBfCAwB08wjO8WPfWk/VqvQ1bp6zRzAb8gfXxDY/yoQM=</latexit><latexit sha1_base64="B5CxjmFAtqXFabg08rb0qY1BgOY="></latexit><latexit sha1_base64="B5CxjmFAtqXFabg08rb0qY1BgOY="></latexit>

ha2i = h⇢2i+�x2 � 2�xh⇢ cos�i
<latexit sha1_base64="OTclgVE5Fs/nelOnu7eQEH2EdrQ="></latexit><latexit sha1_base64="0OwwnkwjsqJpH2+Nh9ZaiG7xw3g="></latexit><latexit sha1_base64="0OwwnkwjsqJpH2+Nh9ZaiG7xw3g="></latexit>

~ 0

�! ha2i = h⇢2i+�x2 after decoherence
<latexit sha1_base64="EJklt08pfvhjc6wg2TtlXAlUsZE="></latexit><latexit sha1_base64="3HmP3vgQMC2bjlXztozNsqaJexA="></latexit><latexit sha1_base64="3HmP3vgQMC2bjlXztozNsqaJexA="></latexit>

�! hx2i = �2
0 +

1

2
�x2

<latexit sha1_base64="wyt05YdWAF8uG9+RYfJlLpWqg60="></latexit><latexit sha1_base64="3XvOfbcjugU8nRDR1Jw50mXhSzg="></latexit><latexit sha1_base64="3XvOfbcjugU8nRDR1Jw50mXhSzg="></latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="zlN2wdljx23BcSlM50wHGsX1JVQ=">AAACI3icbZBPSxxBEMVrjEZdNa5ec2mUgCAsM17UgyAkiEcDWRV2NktNb81sY0/30F2jLovfyItfxUsQE/JV7P1zSNQHDT/eq6a7XlZp5TmOn6K5D/MLHxeXlhsrq2uf1psbq+fe1k5SW1pt3WWGnrQy1GbFmi4rR1hmmi6yq6/j/OKanFfW/OBhRd0SC6NyJZGD1WuepNqawqliwOicvRGpRlNoErc/90TqpnwkUq+KEntxMHdFmjuUSYi/kWacTPaa23Ernki8hWQG2zDTWa/5mPatrEsyLDV630niirsjdKykprtGWnuqUF5hQZ2ABkvy3dFk3zvxJTh9kVsXjmExcf+9McLS+2GZhckSeeBfZ2PzvaxTc37QHSlT1UxGTh/Kay3YinF5oq8cSdbDACidCn8VcoChDQ4VN0IJyeuV30J7r3XYir/HsASfYQt2IIF9OIZTOIM2SLiHR3iG39FD9Cv6M21rLprVtgn/Kfr7AoFJpX8=</latexit><latexit sha1_base64="zlN2wdljx23BcSlM50wHGsX1JVQ=">AAACI3icbZBPSxxBEMVrjEZdNa5ec2mUgCAsM17UgyAkiEcDWRV2NktNb81sY0/30F2jLovfyItfxUsQE/JV7P1zSNQHDT/eq6a7XlZp5TmOn6K5D/MLHxeXlhsrq2uf1psbq+fe1k5SW1pt3WWGnrQy1GbFmi4rR1hmmi6yq6/j/OKanFfW/OBhRd0SC6NyJZGD1WuepNqawqliwOicvRGpRlNoErc/90TqpnwkUq+KEntxMHdFmjuUSYi/kWacTPaa23Ernki8hWQG2zDTWa/5mPatrEsyLDV630niirsjdKykprtGWnuqUF5hQZ2ABkvy3dFk3zvxJTh9kVsXjmExcf+9McLS+2GZhckSeeBfZ2PzvaxTc37QHSlT1UxGTh/Kay3YinF5oq8cSdbDACidCn8VcoChDQ4VN0IJyeuV30J7r3XYir/HsASfYQt2IIF9OIZTOIM2SLiHR3iG39FD9Cv6M21rLprVtgn/Kfr7AoFJpX8=</latexit><latexit sha1_base64="5BTEhtRXZYQ81si5c0lteL3eQI4="></latexit><latexit sha1_base64="5BTEhtRXZYQ81si5c0lteL3eQI4="></latexit><latexit sha1_base64="3XvOfbcjugU8nRDR1Jw50mXhSzg="></latexit><latexit sha1_base64="3XvOfbcjugU8nRDR1Jw50mXhSzg="></latexit><latexit sha1_base64="3XvOfbcjugU8nRDR1Jw50mXhSzg="></latexit><latexit sha1_base64="3XvOfbcjugU8nRDR1Jw50mXhSzg="></latexit>

if ✏ ⌘ ⇡�2
0�

�(s)
<latexit sha1_base64="GQdSoe1Sp/X9YcIFrvnWNRGFb3o="></latexit><latexit sha1_base64="Fav7ykZCFz4IC/re4AwdKJ1yR1E="></latexit><latexit sha1_base64="Fav7ykZCFz4IC/re4AwdKJ1yR1E="></latexit>

�x
<latexit sha1_base64="2ostvX6vxtzi7giZWzZFm5emF60=">AAAB7nicbZC7SgNBFIbPeo3rLWppMxgEq7BroxZiUAvLCK4JJEuYncwmQ2YvzpwVwxLwGWwsVGx9E3s738bJpdDEHwY+/v8c5pwTpFJodJxva25+YXFpubBir66tb2wWt7ZvdZIpxj2WyETVA6q5FDH3UKDk9VRxGgWS14LexTCv3XOlRRLfYD/lfkQ7sQgFo2isevOSS6TkoVUsOWVnJDIL7gRKZ5/26SMAVFvFr2Y7YVnEY2SSat1wnRT9nCoUTPKB3cw0Tynr0Q5vGIxpxLWfj+YdkH3jtEmYKPNiJCP3d0dOI637UWAqI4pdPZ0Nzf+yRobhsZ+LOM2Qx2z8UZhJggkZLk/aQnGGsm+AMiXMrIR1qaIMzYlscwR3euVZ8A7LJ2Xn2ilVzmGsAuzCHhyAC0dQgSuoggcMJDzBC7xad9az9Wa9j0vnrEnPDvyR9fEDbVeRRA==</latexit><latexit sha1_base64="VGMnb8rKu0YIknYMPt97IFNoLUM=">AAAB7nicbZC7SgNBFIbPxltcb1FLm8EgWIWNjVqIQS0sI7gmkCxhdjKbDJm9OHNWDEtewsZCxcLGN7G3Ed/GyaXQxB8GPv7/HOac4ydSaHScbys3N7+wuJRftldW19Y3CptbNzpOFeMui2Ws6j7VXIqIuyhQ8nqiOA19yWt+73yY1+640iKOrrGfcC+knUgEglE0Vr15wSVSct8qFJ2SMxKZhfIEiqcf9kny9mVXW4XPZjtmacgjZJJq3Sg7CXoZVSiY5AO7mWqeUNajHd4wGNGQay8bzTsge8ZpkyBW5kVIRu7vjoyGWvdD31SGFLt6Ohua/2WNFIMjLxNRkiKP2PijIJUEYzJcnrSF4gxl3wBlSphZCetSRRmaE9nmCOXplWfBPSgdl5wrp1g5g7HysAO7sA9lOIQKXEIVXGAg4QGe4Nm6tR6tF+t1XJqzJj3b8EfW+w9dcpK4</latexit><latexit sha1_base64="VGMnb8rKu0YIknYMPt97IFNoLUM=">AAAB7nicbZC7SgNBFIbPxltcb1FLm8EgWIWNjVqIQS0sI7gmkCxhdjKbDJm9OHNWDEtewsZCxcLGN7G3Ed/GyaXQxB8GPv7/HOac4ydSaHScbys3N7+wuJRftldW19Y3CptbNzpOFeMui2Ws6j7VXIqIuyhQ8nqiOA19yWt+73yY1+640iKOrrGfcC+knUgEglE0Vr15wSVSct8qFJ2SMxKZhfIEiqcf9kny9mVXW4XPZjtmacgjZJJq3Sg7CXoZVSiY5AO7mWqeUNajHd4wGNGQay8bzTsge8ZpkyBW5kVIRu7vjoyGWvdD31SGFLt6Ohua/2WNFIMjLxNRkiKP2PijIJUEYzJcnrSF4gxl3wBlSphZCetSRRmaE9nmCOXplWfBPSgdl5wrp1g5g7HysAO7sA9lOIQKXEIVXGAg4QGe4Nm6tR6tF+t1XJqzJj3b8EfW+w9dcpK4</latexit>

⇢
<latexit sha1_base64="Ej6rOXtTb8ch3x7z6jszy6Lr5Xg=">AAAB6nicbVA9T8MwEL2Ur1K+CowwWFRITFXCAmwVLIytRGilNqoc12ms2k5kO0hV1L/AwgCIlR/B72Bj46fgtB2g5UknPb13p7t7YcqZNq775ZRWVtfWN8qbla3tnd296v7BvU4yRahPEp6oTog15UxS3zDDaSdVFIuQ03Y4uin89gNVmiXyzoxTGgg8lCxiBJtC6qk46Vdrbt2dAi0Tb05qjeOP1jcANPvVz94gIZmg0hCOte56bmqCHCvDCKeTSi/TNMVkhIe0a6nEguogn946QadWGaAoUbakQVP190SOhdZjEdpOgU2sF71C/M/rZia6DHIm08xQSWaLoowjk6DicTRgihLDx5Zgopi9FZEYK0yMjadiQ/AWX14m/nn9qu62bBjXMEMZjuAEzsCDC2jALTTBBwIxPMIzvDjCeXJenbdZa8mZzxzCHzjvP5j2kFs=</latexit><latexit sha1_base64="Jsr5zujkrtcBqimEbWSxb4lVeDU=">AAAB6nicbVA9SwNBEJ3zM8avqKUii0GwChcbtQvaWCbgmUByhL3NXm7J7u2xuyeEI6WtjYWKrT8iv8PO3+CfcC9JoYkPBh7vzTAzL0g408Z1v5yl5ZXVtfXCRnFza3tnt7S3f69lqgj1iORStQKsKWcx9QwznLYSRbEIOG0Gg5vcbz5QpZmM78wwob7A/ZiFjGCTSx0VyW6p7FbcCdAiqc5IuXY0bnw/Ho/r3dJnpydJKmhsCMdat6tuYvwMK8MIp6NiJ9U0wWSA+7RtaYwF1X42uXWETq3SQ6FUtmKDJurviQwLrYcisJ0Cm0jPe7n4n9dOTXjpZyxOUkNjMl0UphwZifLHUY8pSgwfWoKJYvZWRCKsMDE2nqINoTr/8iLxzitXFbdhw7iGKQpwCCdwBlW4gBrcQh08IBDBE7zAqyOcZ+fNeZ+2LjmzmQP4A+fjB3XVkcE=</latexit><latexit sha1_base64="Jsr5zujkrtcBqimEbWSxb4lVeDU=">AAAB6nicbVA9SwNBEJ3zM8avqKUii0GwChcbtQvaWCbgmUByhL3NXm7J7u2xuyeEI6WtjYWKrT8iv8PO3+CfcC9JoYkPBh7vzTAzL0g408Z1v5yl5ZXVtfXCRnFza3tnt7S3f69lqgj1iORStQKsKWcx9QwznLYSRbEIOG0Gg5vcbz5QpZmM78wwob7A/ZiFjGCTSx0VyW6p7FbcCdAiqc5IuXY0bnw/Ho/r3dJnpydJKmhsCMdat6tuYvwMK8MIp6NiJ9U0wWSA+7RtaYwF1X42uXWETq3SQ6FUtmKDJurviQwLrYcisJ0Cm0jPe7n4n9dOTXjpZyxOUkNjMl0UphwZifLHUY8pSgwfWoKJYvZWRCKsMDE2nqINoTr/8iLxzitXFbdhw7iGKQpwCCdwBlW4gBrcQh08IBDBE7zAqyOcZ+fNeZ+2LjmzmQP4A+fjB3XVkcE=</latexit>

a
<latexit sha1_base64="5oSxsjq4F0P99b5zPTaGsK/6s6o=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIDnC3mYuWbO3d+zuCeEI2NtYqNj6a+zt/DduPgpNfGHh4X1n2JkJU86Udt1vq7C0vLK6Vly3Nza3tndKu3t3KskkRZ8mPJHNkCjkTKCvmebYTCWSOOTYCAfX47zxgFKxRNzqYYpBTHqCRYwSbaw66ZTKbsWdyFkEbwbly0/74hEAap3SV7ub0CxGoSknSrU8N9VBTqRmlOPIbmcKU0IHpIctg4LEqIJ8MujIOTJO14kSaZ7QzsT93ZGTWKlhHJrKmOi+ms/G5n9ZK9PRWZAzkWYaBZ1+FGXc0Ykz3trpMolU86EBQiUzszq0TySh2tzGNkfw5ldeBP+kcl5x6265egVTFeEADuEYPDiFKtxADXyggPAEL/Bq3VvP1pv1Pi0tWLOeffgj6+MHnbOOgQ==</latexit><latexit sha1_base64="yB5U+0aZPNOugC5CC/RaYs5nBi8=">AAAB53icbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBm0sE/BMIDnC3mYuWbP3we6eEI78AhsLFVvxx9jbiP/GTWKhiS8sPLzvDDszQSq40o7zZRUWFpeWV4qr9tr6xuZWaXvnRiWZZOixRCSyGVCFgsfoaa4FNlOJNAoENoLB5Thv3KFUPImv9TBFP6K9mIecUW2sOu2Uyk7FmYjMg/sD5fN3+yx9+7RrndJHu5uwLMJYM0GVarlOqv2cSs2ZwJHdzhSmlA1oD1sGYxqh8vPJoCNyYJwuCRNpXqzJxP3dkdNIqWEUmMqI6r6azcbmf1kr0+GJn/M4zTTGbPpRmAmiEzLemnS5RKbF0ABlkptZCetTSZk2t7HNEdzZlefBO6qcVpy6U65ewFRF2IN9OAQXjqEKV1ADDxgg3MMjPFm31oP1bL1MSwvWT88u/JH1+g2Nzo/1</latexit><latexit sha1_base64="yB5U+0aZPNOugC5CC/RaYs5nBi8=">AAAB53icbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBm0sE/BMIDnC3mYuWbP3we6eEI78AhsLFVvxx9jbiP/GTWKhiS8sPLzvDDszQSq40o7zZRUWFpeWV4qr9tr6xuZWaXvnRiWZZOixRCSyGVCFgsfoaa4FNlOJNAoENoLB5Thv3KFUPImv9TBFP6K9mIecUW2sOu2Uyk7FmYjMg/sD5fN3+yx9+7RrndJHu5uwLMJYM0GVarlOqv2cSs2ZwJHdzhSmlA1oD1sGYxqh8vPJoCNyYJwuCRNpXqzJxP3dkdNIqWEUmMqI6r6azcbmf1kr0+GJn/M4zTTGbPpRmAmiEzLemnS5RKbF0ABlkptZCetTSZk2t7HNEdzZlefBO6qcVpy6U65ewFRF2IN9OAQXjqEKV1ADDxgg3MMjPFm31oP1bL1MSwvWT88u/JH1+g2Nzo/1</latexit>

�x0 + ↵x
<latexit sha1_base64="md2aXQYClwbG9iOL7TOGNE+78Zs=">AAAB+XicbZC7TsMwFIZPyq2UWwojDBYVAgmpSliArYKFsZUIrdREleM6rVXHiWwHqEofhYUBECsLz8HGxqPgXgZo+SVLn/5zjs7xH6acKe04X1ZuYXFpeSW/Wlhb39jcsovbNyrJJKEeSXgiGyFWlDNBPc00p41UUhyHnNbD3uWoXr+lUrFEXOt+SoMYdwSLGMHaWC276IdUY3R/eOxjnnYNteySU3bGQvPgTqFU2fuofQNAtWV/+u2EZDEVmnCsVNN1Uh0MsNSMcDos+JmiKSY93KFNgwLHVAWD8elDdGCcNooSaZ7QaOz+nhjgWKl+HJrOGOuumq2NzP9qzUxHZ8GAiTTTVJDJoijjSCdolANqM0mJ5n0DmEhmbkWkiyUm2qRVMCG4s1+eB++kfF52aiaMC5goD7uwD0fgwilU4Aqq4AGBO3iEZ3ixHqwn69V6m7TmrOnMDvyR9f4DfYKVRQ==</latexit><latexit sha1_base64="w/9H793szI/xBDZwXyvByt0Y6NQ=">AAAB+XicbZC7SgNBFIZn4y3G20ZLRQaDKAhh10btgjaWCbgmkF3C2clsMjh7YWZWDWtKH8PGQsXWJs9h5zP4Ek4uhSb+MPDxn3M4Z34/4Uwqy/oycnPzC4tL+eXCyura+oZZ3LyWcSoIdUjMY9HwQVLOIuoopjhtJIJC6HNa928uhvX6LRWSxdGV6iXUC6ETsYARUNpqmUXXpwrw/cGRCzzpamqZJatsjYRnwZ5AqbIzqH0/7g6qLfPTbcckDWmkCAcpm7aVKC8DoRjhtF9wU0kTIDfQoU2NEYRUetno9D7e104bB7HQL1J45P6eyCCUshf6ujME1ZXTtaH5X62ZquDUy1iUpIpGZLwoSDlWMR7mgNtMUKJ4TwMQwfStmHRBAFE6rYIOwZ7+8iw4x+WzslXTYZyjsfJoG+2hQ2SjE1RBl6iKHETQHXpCL+jVeDCejTfjfdyaMyYzW+iPjI8fWmGWqw==</latexit><latexit sha1_base64="w/9H793szI/xBDZwXyvByt0Y6NQ=">AAAB+XicbZC7SgNBFIZn4y3G20ZLRQaDKAhh10btgjaWCbgmkF3C2clsMjh7YWZWDWtKH8PGQsXWJs9h5zP4Ek4uhSb+MPDxn3M4Z34/4Uwqy/oycnPzC4tL+eXCyura+oZZ3LyWcSoIdUjMY9HwQVLOIuoopjhtJIJC6HNa928uhvX6LRWSxdGV6iXUC6ETsYARUNpqmUXXpwrw/cGRCzzpamqZJatsjYRnwZ5AqbIzqH0/7g6qLfPTbcckDWmkCAcpm7aVKC8DoRjhtF9wU0kTIDfQoU2NEYRUetno9D7e104bB7HQL1J45P6eyCCUshf6ujME1ZXTtaH5X62ZquDUy1iUpIpGZLwoSDlWMR7mgNtMUKJ4TwMQwfStmHRBAFE6rYIOwZ7+8iw4x+WzslXTYZyjsfJoG+2hQ2SjE1RBl6iKHETQHXpCL+jVeDCejTfjfdyaMyYzW+iPjI8fWmGWqw==</latexit>

x
<latexit sha1_base64="aTBWSkgm+x5k8R2EYQhb3/yt/5I=">AAAB53icbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBm0sE/BMIDnC3mYuWbP3we6eGI6AvY2Fiq2/xt7Of+MmsdDEFxYe3neGnZkgFVxpx/myCguLS8srxVV7bX1jc6u0vXOjkkwy9FgiEtkMqELBY/Q01wKbqUQaBQIbweBynDfuUCqexNd6mKIf0V7MQ86oNlb9vlMqOxVnIjIP7g+Uzz/sswcAqHVKn+1uwrIIY80EVarlOqn2cyo1ZwJHdjtTmFI2oD1sGYxphMrPJ4OOyIFxuiRMpHmxJhP3d0dOI6WGUWAqI6r7ajYbm/9lrUyHJ37O4zTTGLPpR2EmiE7IeGvS5RKZFkMDlEluZiWsTyVl2tzGNkdwZ1eeB++oclpx6k65egFTFWEP9uEQXDiGKlxBDTxggPAIz/Bi3VpP1qv1Ni0tWD89u/BH1vs3wHiOmA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit>

or,

Note:  emittance growth ~ ,; thus, more important at higher energies

�xe ⌘
p

�x2 + (�0�x0 + ↵0�x)2
<latexit sha1_base64="2TWAOve7tyF7Ry0VrqSgSEzqWBQ="></latexit><latexit sha1_base64="OHE0wcKamI1LLhypkiXZckuk3Qs="></latexit><latexit sha1_base64="OHE0wcKamI1LLhypkiXZckuk3Qs="></latexit>

( @ location of +x

�✏N =
⇡�

2

�x2
e

�(s)
<latexit sha1_base64="gSIU4vN1ssNXHsu4YoiPe9FLnZs="></latexit><latexit sha1_base64="FOfcZTFq5YQwYrDojvYbOkh9Kc8="></latexit><latexit sha1_base64="FOfcZTFq5YQwYrDojvYbOkh9Kc8="></latexit>

✏/✏0 = 1 +
1

2

✓
�xe

�0

◆2

<latexit sha1_base64="s44yzfsepm1dub6n4StlcwP7/TQ="></latexit><latexit sha1_base64="J4NVwImow/ixuQykIcw00FRO96k="></latexit><latexit sha1_base64="J4NVwImow/ixuQykIcw00FRO96k="></latexit>

if �x = 0, would have hx2i = 1

2
h⇢2i ⌘ �2

0
<latexit sha1_base64="qpS3uGegGlUH87hc/uOOH4U/ze8="></latexit><latexit sha1_base64="A6uMY7a0EHKb6NVJE47b1SXNC9I="></latexit><latexit sha1_base64="A6uMY7a0EHKb6NVJE47b1SXNC9I="></latexit>
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Injection “Beta” Mismatch
• We imagine a ring with an ideal amplitude function, (, at an 

injection point.  But, suppose the beam line transporting beam 
from an upstream injector delivers the wrong ( function…

97

but keep α = α0 = 0

x
<latexit sha1_base64="aTBWSkgm+x5k8R2EYQhb3/yt/5I=">AAAB53icbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBm0sE/BMIDnC3mYuWbP3we6eGI6AvY2Fiq2/xt7Of+MmsdDEFxYe3neGnZkgFVxpx/myCguLS8srxVV7bX1jc6u0vXOjkkwy9FgiEtkMqELBY/Q01wKbqUQaBQIbweBynDfuUCqexNd6mKIf0V7MQ86oNlb9vlMqOxVnIjIP7g+Uzz/sswcAqHVKn+1uwrIIY80EVarlOqn2cyo1ZwJHdjtTmFI2oD1sGYxphMrPJ4OOyIFxuiRMpHmxJhP3d0dOI6WGUWAqI6r7ajYbm/9lrUyHJ37O4zTTGLPpR2EmiE7IeGvS5RKZFkMDlEluZiWsTyVl2tzGNkdwZ1eeB++oclpx6k65egFTFWEP9uEQXDiGKlxBDTxggPAIz/Bi3VpP1qv1Ni0tWD89u/BH1vs3wHiOmA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit>

�0x
0 + ↵0x

<latexit sha1_base64="TcMIvc69vIb4ECVCsEIhd9Qgcag=">AAAB/XicbZDLSsNAFIZP6q3WW1Rc6WKwiIJQEjfqrujGZQvGFpoQJtNJOzi5MDMRSyj4Km5cqLjV53DnzkdxmnahrT8MfPznHM6ZP0g5k8qyvozS3PzC4lJ5ubKyura+YW5u3cgkE4Q6JOGJaAdYUs5i6iimOG2nguIo4LQV3F6O6q07KiRL4ms1SKkX4V7MQkaw0pZv7rgBVdi30P3hsYt52i/YN6tWzSqEZsGeQLW+99H8BoCGb3663YRkEY0V4VjKjm2lysuxUIxwOqy4maQpJre4RzsaYxxR6eXF+UN0oJ0uChOhX6xQ4f6eyHEk5SAKdGeEVV9O10bmf7VOpsIzL2dxmikak/GiMONIJWiUBeoyQYniAw2YCKZvRaSPBSZKJ1bRIdjTX54F56R2XrOaOowLGKsMu7APR2DDKdThChrgAIEcHuEZXowH48l4Nd7GrSVjMrMNf2S8/wDatJaL</latexit><latexit sha1_base64="HRmkBMlyteh2GMThGEJUvhlAvhk=">AAAB/XicbZDNSsNAFIUn9a/Wv6i4UmSwiIJQEjfqrujGZQvGFpoQJtNJO3QyCTMTsYSCGx/EjQsVt/Y53PkMvoTTtAttPTDwce693DsnSBiVyrK+jMLc/MLiUnG5tLK6tr5hbm7dyjgVmDg4ZrFoBkgSRjlxFFWMNBNBUBQw0gh6V6N6444ISWN+o/oJ8SLU4TSkGClt+eaOGxCFfAveH524iCXdnH2zbFWsXHAW7AmUq3vD+vfj/rDmm59uO8ZpRLjCDEnZsq1EeRkSimJGBiU3lSRBuIc6pKWRo4hIL8vPH8BD7bRhGAv9uIK5+3siQ5GU/SjQnRFSXTldG5n/1VqpCs+9jPIkVYTj8aIwZVDFcJQFbFNBsGJ9DQgLqm+FuIsEwkonVtIh2NNfngXntHJRseo6jEswVhHsggNwDGxwBqrgGtSAAzDIwBN4Aa/Gg/FsvBnv49aCMZnZBn9kfPwAt5OX8Q==</latexit><latexit sha1_base64="HRmkBMlyteh2GMThGEJUvhlAvhk=">AAAB/XicbZDNSsNAFIUn9a/Wv6i4UmSwiIJQEjfqrujGZQvGFpoQJtNJO3QyCTMTsYSCGx/EjQsVt/Y53PkMvoTTtAttPTDwce693DsnSBiVyrK+jMLc/MLiUnG5tLK6tr5hbm7dyjgVmDg4ZrFoBkgSRjlxFFWMNBNBUBQw0gh6V6N6444ISWN+o/oJ8SLU4TSkGClt+eaOGxCFfAveH524iCXdnH2zbFWsXHAW7AmUq3vD+vfj/rDmm59uO8ZpRLjCDEnZsq1EeRkSimJGBiU3lSRBuIc6pKWRo4hIL8vPH8BD7bRhGAv9uIK5+3siQ5GU/SjQnRFSXTldG5n/1VqpCs+9jPIkVYTj8aIwZVDFcJQFbFNBsGJ9DQgLqm+FuIsEwkonVtIh2NNfngXntHJRseo6jEswVhHsggNwDGxwBqrgGtSAAzDIwBN4Aa/Gg/FsvBnv49aCMZnZBn9kfPwAt5OX8Q==</latexit>

s
�0

�

p
�0✏0

<latexit sha1_base64="gsGzH0pXR41eN11CUKkCzZrVJ9g=">AAACHnicbVC7SgNBFL0bXzG+opY2i0GwChsLH9gEtbCMYEwgG8Ls5K4Ozj6cuSuEZf/BD7DxV2wsVAQr/RcLJ9kUajwwcDjnHu7c48VSaHKcT6swNT0zO1ecLy0sLi2vlFfXLnSUKI5NHslItT2mUYoQmyRIYjtWyAJPYsu7Ph76rVtUWkThOQ1i7AbsMhS+4IyM1CvvuvpGUer6ivHU9ZBYz8lykmXu4djNdRdjLaRJOVmvXHGqzgj2JKmNSaV+8nVXB4BGr/zu9iOeBBgSl0zrTs2JqZsyRYJLzEpuojFm/JpdYsfQkAWou+novszeMkrf9iNlXkj2SP2ZSFmg9SDwzGTA6Er/9Ybif14nIX+/m4owTghDni/yE2lTZA/LsvtCISc5MIRxJcxfbX7FTFVkKi2ZEmp/T54kzZ3qQdU5M2UcQY4ibMAmbEMN9qAOp9CAJnC4h0d4hhfrwXqyXq23fLRgjTPr8AvWxzfnO6aM</latexit><latexit sha1_base64="F8nO+vEVSH/oxIOQvEMzC7+Vg8Q=">AAACHnicbVC7SgNBFJ2NUWN8RS1tFoNgFTYWPhAkqIVlBGMC2RBmJ3eTIbMPZ+4KYdl/8ANsrPwJKxsLFcFK/8XCSTaFJh4YOJxzD3fucULBFVrWl5GZyc7OzecW8otLyyurhbX1KxVEkkGNBSKQDYcqENyHGnIU0AglUM8RUHf6p0O/fgNS8cC/xEEILY92fe5yRlFL7cKera4lxrYrKYttB5C2rSQlSWIfjd1UtyFUXOiUlbQLRatkjWBOk/KYFCtn37fHD9nHarvwYXcCFnngIxNUqWbZCrEVU4mcCUjydqQgpKxPu9DU1KceqFY8ui8xt7XSMd1A6uejOVJ/J2LqKTXwHD3pUeypSW8o/uc1I3QPWjH3wwjBZ+kiNxImBuawLLPDJTAUA00ok1z/1WQ9qqtCXWlel1CePHma1HZLhyXrQpdxQlLkyCbZIjukTPZJhZyTKqkRRu7IE3khr8a98Wy8Ge/paMYYZzbIHxifP8LJp/E=</latexit><latexit sha1_base64="F8nO+vEVSH/oxIOQvEMzC7+Vg8Q=">AAACHnicbVC7SgNBFJ2NUWN8RS1tFoNgFTYWPhAkqIVlBGMC2RBmJ3eTIbMPZ+4KYdl/8ANsrPwJKxsLFcFK/8XCSTaFJh4YOJxzD3fucULBFVrWl5GZyc7OzecW8otLyyurhbX1KxVEkkGNBSKQDYcqENyHGnIU0AglUM8RUHf6p0O/fgNS8cC/xEEILY92fe5yRlFL7cKera4lxrYrKYttB5C2rSQlSWIfjd1UtyFUXOiUlbQLRatkjWBOk/KYFCtn37fHD9nHarvwYXcCFnngIxNUqWbZCrEVU4mcCUjydqQgpKxPu9DU1KceqFY8ui8xt7XSMd1A6uejOVJ/J2LqKTXwHD3pUeypSW8o/uc1I3QPWjH3wwjBZ+kiNxImBuawLLPDJTAUA00ok1z/1WQ9qqtCXWlel1CePHma1HZLhyXrQpdxQlLkyCbZIjukTPZJhZyTKqkRRu7IE3khr8a98Wy8Ge/paMYYZzbIHxifP8LJp/E=</latexit>

p
�✏0 =

s
�

�0

p
�0✏0

<latexit sha1_base64="wIRYBkLrIp9+DvGXDlTovEAESiE=">AAACN3icbVC7SgNBFL3rM8ZX1NJmUASrsLFRESGohZ0KRoVsCLOTuzo4+3DmrhCW/Qd/xsbPsBMbCxVbewsn2RTxcWCYwzn3MHOPnyhpyHWfnJHRsfGJydJUeXpmdm6+srB4ZuJUC2yIWMX6wucGlYywQZIUXiQaeegrPPev93v++S1qI+PolLoJtkJ+GclACk5WaleOPHOjKfN8JO5hYqSyqpuzXTYwAs1FYefFZd3c2xmKtd2hYLuy6lbdPthfUhuQ1frB110dAI7blUevE4s0xIiE4sY0a25CrYxrkkJhXvZSgwkX1/wSm5ZGPETTyvqL52zNKh0WxNqeiFhfHU5kPDSmG/p2MuR0ZX57PfE/r5lSsNXKZJSkhJEoHgpSxShmvRZZR2oUpLqWcKGl/SsTV9xWRbbrsi2h9nvlv6SxUd2uuie2jD0oUIJlWIF1qMEm1OEQjqEBAu7hGV7hzXlwXpx356MYHXEGmSX4AefzG1+WsP4=</latexit><latexit sha1_base64="GxP+U8XGAQIwQ9u9HdCyyQ0Pz/4="></latexit><latexit sha1_base64="GxP+U8XGAQIwQ9u9HdCyyQ0Pz/4="></latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="wacPYNqDewnOKwSIdI1aB7elAoo=">AAACLHicbVDLSgMxFL3j21q1unUTLIKrkrpREUFw404FawudUjLpHQ1mHiZ3hDLMZ7nxM9yJGxcqfobpY1FbD4Qczsnh5p4g1coS52/e3PzC4tLyympprby+sVnZKt/aJDMSGzLRiWkFwqJWMTZIkcZWalBEgcZm8HA+8JtPaKxK4hvqp9iJxF2sQiUFOalbufTto6HcD5CEj6lV2qm8YKdsbIRGyJFdjC7nFv7JRKzLJ4LdSpXX+BBsltTHpApjXHUrr34vkVmEMUktrG3XeUqdXBhSUmNR8jOLqZAP4g7bjsYiQtvJh4sXbM8pPRYmxp2Y2FCdTOQisrYfBe5lJOjeTnsD8T+vnVF41MlVnGaEsRwNCjPNKGGDFllPGZSk+44IaZT7K5P3wlVFruuSK6E+vfIsaRzUjmv8msMK7MAu7EMdDuEMLuAKGiDhGd7hE768F+/D+x61NeeNa9uGP/B+fgHJ960Q</latexit><latexit sha1_base64="wacPYNqDewnOKwSIdI1aB7elAoo=">AAACLHicbVDLSgMxFL3j21q1unUTLIKrkrpREUFw404FawudUjLpHQ1mHiZ3hDLMZ7nxM9yJGxcqfobpY1FbD4Qczsnh5p4g1coS52/e3PzC4tLyympprby+sVnZKt/aJDMSGzLRiWkFwqJWMTZIkcZWalBEgcZm8HA+8JtPaKxK4hvqp9iJxF2sQiUFOalbufTto6HcD5CEj6lV2qm8YKdsbIRGyJFdjC7nFv7JRKzLJ4LdSpXX+BBsltTHpApjXHUrr34vkVmEMUktrG3XeUqdXBhSUmNR8jOLqZAP4g7bjsYiQtvJh4sXbM8pPRYmxp2Y2FCdTOQisrYfBe5lJOjeTnsD8T+vnVF41MlVnGaEsRwNCjPNKGGDFllPGZSk+44IaZT7K5P3wlVFruuSK6E+vfIsaRzUjmv8msMK7MAu7EMdDuEMLuAKGiDhGd7hE768F+/D+x61NeeNa9uGP/B+fgHJ960Q</latexit><latexit sha1_base64="xyHrFGZA0fRldyt5F1sOvlQ76Qw=">AAACN3icbVDLSgMxFM34tr6qLt0Ei+CqpG5URBDduLOCtYXOMGTSOxrMPEzuCGWYz3LjZ7gTNy5U3PoHpu0savVAyOGce0juCVIlDTL24kxNz8zOzS8sVpaWV1bXqusb1ybJtICWSFSiOwE3oGQMLZSooJNq4FGgoB3cnQ389gNoI5P4CvspeBG/iWUoBUcr+dUL19xrzN0AkLuQGqmsygp6TEsj1FyM7GJ0Wbdwj8ZiPhsL+tUaq7Mh6F/SKEmNlGj61We3l4gsghiF4sZ0GyxFL+capVBQVNzMQMrFHb+BrqUxj8B4+XDxgu5YpUfDRNsTIx2q44mcR8b0o8BORhxvzaQ3EP/zuhmGB14u4zRDiMXooTBTFBM6aJH2pAaBqm8JF1rav1Jxy21VaLuu2BIakyv/Ja29+mGdXbLayWnZxgLZIttklzTIPjkh56RJWkSQR/JK3smH8+S8OZ/O12h0yikzm+QXnO8fQeWurg==</latexit><latexit sha1_base64="xyHrFGZA0fRldyt5F1sOvlQ76Qw=">AAACN3icbVDLSgMxFM34tr6qLt0Ei+CqpG5URBDduLOCtYXOMGTSOxrMPEzuCGWYz3LjZ7gTNy5U3PoHpu0savVAyOGce0juCVIlDTL24kxNz8zOzS8sVpaWV1bXqusb1ybJtICWSFSiOwE3oGQMLZSooJNq4FGgoB3cnQ389gNoI5P4CvspeBG/iWUoBUcr+dUL19xrzN0AkLuQGqmsygp6TEsj1FyM7GJ0Wbdwj8ZiPhsL+tUaq7Mh6F/SKEmNlGj61We3l4gsghiF4sZ0GyxFL+capVBQVNzMQMrFHb+BrqUxj8B4+XDxgu5YpUfDRNsTIx2q44mcR8b0o8BORhxvzaQ3EP/zuhmGB14u4zRDiMXooTBTFBM6aJH2pAaBqm8JF1rav1Jxy21VaLuu2BIakyv/Ja29+mGdXbLayWnZxgLZIttklzTIPjkh56RJWkSQR/JK3smH8+S8OZ/O12h0yikzm+QXnO8fQeWurg==</latexit><latexit sha1_base64="GxP+U8XGAQIwQ9u9HdCyyQ0Pz/4="></latexit><latexit sha1_base64="GxP+U8XGAQIwQ9u9HdCyyQ0Pz/4="></latexit><latexit sha1_base64="GxP+U8XGAQIwQ9u9HdCyyQ0Pz/4="></latexit><latexit sha1_base64="GxP+U8XGAQIwQ9u9HdCyyQ0Pz/4="></latexit>

x
<latexit sha1_base64="aTBWSkgm+x5k8R2EYQhb3/yt/5I=">AAAB53icbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBm0sE/BMIDnC3mYuWbP3we6eGI6AvY2Fiq2/xt7Of+MmsdDEFxYe3neGnZkgFVxpx/myCguLS8srxVV7bX1jc6u0vXOjkkwy9FgiEtkMqELBY/Q01wKbqUQaBQIbweBynDfuUCqexNd6mKIf0V7MQ86oNlb9vlMqOxVnIjIP7g+Uzz/sswcAqHVKn+1uwrIIY80EVarlOqn2cyo1ZwJHdjtTmFI2oD1sGYxphMrPJ4OOyIFxuiRMpHmxJhP3d0dOI6WGUWAqI6r7ajYbm/9lrUyHJ37O4zTTGLPpR2EmiE7IeGvS5RKZFkMDlEluZiWsTyVl2tzGNkdwZ1eeB++oclpx6k65egFTFWEP9uEQXDiGKlxBDTxggPAIz/Bi3VpP1qv1Ni0tWD89u/BH1vs3wHiOmA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit>

�0x
0 + ↵0x

<latexit sha1_base64="TcMIvc69vIb4ECVCsEIhd9Qgcag=">AAAB/XicbZDLSsNAFIZP6q3WW1Rc6WKwiIJQEjfqrujGZQvGFpoQJtNJOzi5MDMRSyj4Km5cqLjV53DnzkdxmnahrT8MfPznHM6ZP0g5k8qyvozS3PzC4lJ5ubKyura+YW5u3cgkE4Q6JOGJaAdYUs5i6iimOG2nguIo4LQV3F6O6q07KiRL4ms1SKkX4V7MQkaw0pZv7rgBVdi30P3hsYt52i/YN6tWzSqEZsGeQLW+99H8BoCGb3663YRkEY0V4VjKjm2lysuxUIxwOqy4maQpJre4RzsaYxxR6eXF+UN0oJ0uChOhX6xQ4f6eyHEk5SAKdGeEVV9O10bmf7VOpsIzL2dxmikak/GiMONIJWiUBeoyQYniAw2YCKZvRaSPBSZKJ1bRIdjTX54F56R2XrOaOowLGKsMu7APR2DDKdThChrgAIEcHuEZXowH48l4Nd7GrSVjMrMNf2S8/wDatJaL</latexit><latexit sha1_base64="HRmkBMlyteh2GMThGEJUvhlAvhk=">AAAB/XicbZDNSsNAFIUn9a/Wv6i4UmSwiIJQEjfqrujGZQvGFpoQJtNJO3QyCTMTsYSCGx/EjQsVt/Y53PkMvoTTtAttPTDwce693DsnSBiVyrK+jMLc/MLiUnG5tLK6tr5hbm7dyjgVmDg4ZrFoBkgSRjlxFFWMNBNBUBQw0gh6V6N6444ISWN+o/oJ8SLU4TSkGClt+eaOGxCFfAveH524iCXdnH2zbFWsXHAW7AmUq3vD+vfj/rDmm59uO8ZpRLjCDEnZsq1EeRkSimJGBiU3lSRBuIc6pKWRo4hIL8vPH8BD7bRhGAv9uIK5+3siQ5GU/SjQnRFSXTldG5n/1VqpCs+9jPIkVYTj8aIwZVDFcJQFbFNBsGJ9DQgLqm+FuIsEwkonVtIh2NNfngXntHJRseo6jEswVhHsggNwDGxwBqrgGtSAAzDIwBN4Aa/Gg/FsvBnv49aCMZnZBn9kfPwAt5OX8Q==</latexit><latexit sha1_base64="HRmkBMlyteh2GMThGEJUvhlAvhk=">AAAB/XicbZDNSsNAFIUn9a/Wv6i4UmSwiIJQEjfqrujGZQvGFpoQJtNJO3QyCTMTsYSCGx/EjQsVt/Y53PkMvoTTtAttPTDwce693DsnSBiVyrK+jMLc/MLiUnG5tLK6tr5hbm7dyjgVmDg4ZrFoBkgSRjlxFFWMNBNBUBQw0gh6V6N6444ISWN+o/oJ8SLU4TSkGClt+eaOGxCFfAveH524iCXdnH2zbFWsXHAW7AmUq3vD+vfj/rDmm59uO8ZpRLjCDEnZsq1EeRkSimJGBiU3lSRBuIc6pKWRo4hIL8vPH8BD7bRhGAv9uIK5+3siQ5GU/SjQnRFSXTldG5n/1VqpCs+9jPIkVYTj8aIwZVDFcJQFbFNBsGJ9DQgLqm+FuIsEwkonVtIh2NNfngXntHJRseo6jEswVhHsggNwDGxwBqrgGtSAAzDIwBN4Aa/Gg/FsvBnv49aCMZnZBn9kfPwAt5OX8Q==</latexit>

p
�0✏0

<latexit sha1_base64="lSY3VA69d96gWgXNTsLj2ky6BHk=">AAACAHicbVC7SgNREJ2NrxhfURvBZkkQrMLGwkcXtLGM4JpANoS7N5PkkrsP750VwhIbf8TCxkLF1o+wsPNvvHkUmnhg4HDODDNz/FgKTY7zbWUWFpeWV7KrubX1jc2t/PbOjY4SxdHlkYxU3WcapQjRJUES67FCFvgSa37/YuTX7lBpEYXXNIixGbBuKDqCMzJSK7/n6VtFqecjsZbjYayFNLozbOWLTskZw54n5SkpVgqfx48AUG3lv7x2xJMAQ+KSad0oOzE1U6ZIcInDnJdojBnvsy42DA1ZgLqZjj8Y2gdGadudSJkKyR6rvydSFmg9CHzTGTDq6VlvJP7nNRLqnDZTEcYJYcgnizqJtCmyR3HYbaGQkxwYwrgS5lab95hinExoORNCefbleeIelc5KzpUJ4xwmyMI+FOAQynACFbiEKrjA4R6e4AVerQfr2Xqz3ietGWs6swt/YH38AP6SmPo=</latexit><latexit sha1_base64="ISMgXTgbTWd29dFm2VHhMrl/F3U=">AAACAHicbVDJSgNBEO2JW4zbqBfBy5AgeAoTwe0W9OIxgjGBzDD0dGqSJj2L3TVCGOLFf/ALvHhwu/oRHrz5N3aWgyY+KHi8V0VVPT8RXKFtfxu5ufmFxaX8cmFldW19w9zculZxKhnUWSxi2fSpAsEjqCNHAc1EAg19AQ2/dz70G7cgFY+jK+wn4Ia0E/GAM4pa8swdR91IzBwfkHq2A4niQuv2wDNLdtkewZollQkpVYufR28Ph7TmmV9OO2ZpCBEyQZVqVewE3YxK5EzAoOCkChLKerQDLU0jGoJys9EHA2tPK20riKWuCK2R+nsio6FS/dDXnSHFrpr2huJ/XivF4MTNeJSkCBEbLwpSYWFsDeOw2lwCQ9HXhDLJ9a0W61JJGerQCjqEyvTLs6R+UD4t25c6jDMyRp7skiLZJxVyTKrkgtRInTByRx7JM3kx7o0n49V4H7fmjMnMNvkD4+MHo/GaNg==</latexit><latexit sha1_base64="ISMgXTgbTWd29dFm2VHhMrl/F3U=">AAACAHicbVDJSgNBEO2JW4zbqBfBy5AgeAoTwe0W9OIxgjGBzDD0dGqSJj2L3TVCGOLFf/ALvHhwu/oRHrz5N3aWgyY+KHi8V0VVPT8RXKFtfxu5ufmFxaX8cmFldW19w9zculZxKhnUWSxi2fSpAsEjqCNHAc1EAg19AQ2/dz70G7cgFY+jK+wn4Ia0E/GAM4pa8swdR91IzBwfkHq2A4niQuv2wDNLdtkewZollQkpVYufR28Ph7TmmV9OO2ZpCBEyQZVqVewE3YxK5EzAoOCkChLKerQDLU0jGoJys9EHA2tPK20riKWuCK2R+nsio6FS/dDXnSHFrpr2huJ/XivF4MTNeJSkCBEbLwpSYWFsDeOw2lwCQ9HXhDLJ9a0W61JJGerQCjqEyvTLs6R+UD4t25c6jDMyRp7skiLZJxVyTKrkgtRInTByRx7JM3kx7o0n49V4H7fmjMnMNvkD4+MHo/GaNg==</latexit>

p
�0✏0

<latexit sha1_base64="lSY3VA69d96gWgXNTsLj2ky6BHk=">AAACAHicbVC7SgNREJ2NrxhfURvBZkkQrMLGwkcXtLGM4JpANoS7N5PkkrsP750VwhIbf8TCxkLF1o+wsPNvvHkUmnhg4HDODDNz/FgKTY7zbWUWFpeWV7KrubX1jc2t/PbOjY4SxdHlkYxU3WcapQjRJUES67FCFvgSa37/YuTX7lBpEYXXNIixGbBuKDqCMzJSK7/n6VtFqecjsZbjYayFNLozbOWLTskZw54n5SkpVgqfx48AUG3lv7x2xJMAQ+KSad0oOzE1U6ZIcInDnJdojBnvsy42DA1ZgLqZjj8Y2gdGadudSJkKyR6rvydSFmg9CHzTGTDq6VlvJP7nNRLqnDZTEcYJYcgnizqJtCmyR3HYbaGQkxwYwrgS5lab95hinExoORNCefbleeIelc5KzpUJ4xwmyMI+FOAQynACFbiEKrjA4R6e4AVerQfr2Xqz3ietGWs6swt/YH38AP6SmPo=</latexit><latexit sha1_base64="ISMgXTgbTWd29dFm2VHhMrl/F3U=">AAACAHicbVDJSgNBEO2JW4zbqBfBy5AgeAoTwe0W9OIxgjGBzDD0dGqSJj2L3TVCGOLFf/ALvHhwu/oRHrz5N3aWgyY+KHi8V0VVPT8RXKFtfxu5ufmFxaX8cmFldW19w9zculZxKhnUWSxi2fSpAsEjqCNHAc1EAg19AQ2/dz70G7cgFY+jK+wn4Ia0E/GAM4pa8swdR91IzBwfkHq2A4niQuv2wDNLdtkewZollQkpVYufR28Ph7TmmV9OO2ZpCBEyQZVqVewE3YxK5EzAoOCkChLKerQDLU0jGoJys9EHA2tPK20riKWuCK2R+nsio6FS/dDXnSHFrpr2huJ/XivF4MTNeJSkCBEbLwpSYWFsDeOw2lwCQ9HXhDLJ9a0W61JJGerQCjqEyvTLs6R+UD4t25c6jDMyRp7skiLZJxVyTKrkgtRInTByRx7JM3kx7o0n49V4H7fmjMnMNvkD4+MHo/GaNg==</latexit><latexit sha1_base64="ISMgXTgbTWd29dFm2VHhMrl/F3U=">AAACAHicbVDJSgNBEO2JW4zbqBfBy5AgeAoTwe0W9OIxgjGBzDD0dGqSJj2L3TVCGOLFf/ALvHhwu/oRHrz5N3aWgyY+KHi8V0VVPT8RXKFtfxu5ufmFxaX8cmFldW19w9zculZxKhnUWSxi2fSpAsEjqCNHAc1EAg19AQ2/dz70G7cgFY+jK+wn4Ia0E/GAM4pa8swdR91IzBwfkHq2A4niQuv2wDNLdtkewZollQkpVYufR28Ph7TmmV9OO2ZpCBEyQZVqVewE3YxK5EzAoOCkChLKerQDLU0jGoJys9EHA2tPK20riKWuCK2R+nsio6FS/dDXnSHFrpr2huJ/XivF4MTNeJSkCBEbLwpSYWFsDeOw2lwCQ9HXhDLJ9a0W61JJGerQCjqEyvTLs6R+UD4t25c6jDMyRp7skiLZJxVyTKrkgtRInTByRx7JM3kx7o0n49V4H7fmjMnMNvkD4+MHo/GaNg==</latexit>

�0, ↵0: periodic functions of the synchrotron
�, ↵: functions delivered by the beam line

<latexit sha1_base64="Eg24736VWcPjUzVMrpZ71tsbZus=">AAACYnicbVFNT9tAEF2bQqn5MnAsh1GTShxQ5OQC9ITg0iOVmoKURNF6PcYr1rvW7riSieiP5MaNC/+j6yRSKTDSSk9v5mnevE0rJR0lyWMQrnxYXfu4/ina2Nza3ol39345U1uBQ2GUsdcpd6ikxiFJUnhdWeRlqvAqvb1o+1e/0Tpp9E9qKpyU/EbLXApOnprGd91xisSnSfcIumOuqqLF3wAqtNJkUkBea9HOOjA5UIHgGi 0Ka8gaHUUL+T9xK/3zQpN5Z34/ZpA2c3XqzUHrNprGnaSXzAvegv4SdNiyLqfxwzgzoi5Rk1DcuVE/qWgy45akUHgfjWuHFRe3/AZHHmpeopvM5hndw1fPZJAb658mmLMvFTNeOteUqZ8sORXuda8l3+uNaspPJjOpq5pQi8WivFZABtrAIZMWBanGAy6s9F5BFNxyQf5b2hD6r09+C4aD3mkv+THonJ0v01hnn9kXdsj67Jidse/skg2ZYE/BWrATxMFzuBHuhvuL0TBYavbZfxUe/AXomLOO</latexit><latexit sha1_base64="Eg24736VWcPjUzVMrpZ71tsbZus=">AAACYnicbVFNT9tAEF2bQqn5MnAsh1GTShxQ5OQC9ITg0iOVmoKURNF6PcYr1rvW7riSieiP5MaNC/+j6yRSKTDSSk9v5mnevE0rJR0lyWMQrnxYXfu4/ina2Nza3ol39345U1uBQ2GUsdcpd6ikxiFJUnhdWeRlqvAqvb1o+1e/0Tpp9E9qKpyU/EbLXApOnprGd91xisSnSfcIumOuqqLF3wAqtNJkUkBea9HOOjA5UIHgGi 0Ka8gaHUUL+T9xK/3zQpN5Z34/ZpA2c3XqzUHrNprGnaSXzAvegv4SdNiyLqfxwzgzoi5Rk1DcuVE/qWgy45akUHgfjWuHFRe3/AZHHmpeopvM5hndw1fPZJAb658mmLMvFTNeOteUqZ8sORXuda8l3+uNaspPJjOpq5pQi8WivFZABtrAIZMWBanGAy6s9F5BFNxyQf5b2hD6r09+C4aD3mkv+THonJ0v01hnn9kXdsj67Jidse/skg2ZYE/BWrATxMFzuBHuhvuL0TBYavbZfxUe/AXomLOO</latexit><latexit sha1_base64="Eg24736VWcPjUzVMrpZ71tsbZus=">AAACYnicbVFNT9tAEF2bQqn5MnAsh1GTShxQ5OQC9ITg0iOVmoKURNF6PcYr1rvW7riSieiP5MaNC/+j6yRSKTDSSk9v5mnevE0rJR0lyWMQrnxYXfu4/ina2Nza3ol39345U1uBQ2GUsdcpd6ikxiFJUnhdWeRlqvAqvb1o+1e/0Tpp9E9qKpyU/EbLXApOnprGd91xisSnSfcIumOuqqLF3wAqtNJkUkBea9HOOjA5UIHgGi 0Ka8gaHUUL+T9xK/3zQpN5Z34/ZpA2c3XqzUHrNprGnaSXzAvegv4SdNiyLqfxwzgzoi5Rk1DcuVE/qWgy45akUHgfjWuHFRe3/AZHHmpeopvM5hndw1fPZJAb658mmLMvFTNeOteUqZ8sORXuda8l3+uNaspPJjOpq5pQi8WivFZABtrAIZMWBanGAy6s9F5BFNxyQf5b2hD6r09+C4aD3mkv+THonJ0v01hnn9kXdsj67Jidse/skg2ZYE/BWrATxMFzuBHuhvuL0TBYavbZfxUe/AXomLOO</latexit>

Then, after the distribution tumbles and filaments in 
phase space, the emittance will have grown…

ha2i = 2�2 = (
p
b �0)

2 + (
1p
b
�0)

2

<latexit sha1_base64="ktMKR0iM8vt6Kb/C35zpVBMhS34="></latexit><latexit sha1_base64="mqlIvIqlG+HONuGIZwcJ8Od7RpQ="></latexit><latexit sha1_base64="mqlIvIqlG+HONuGIZwcJ8Od7RpQ="></latexit>

2�2 = b �2
0 +

1

b
�2
0

<latexit sha1_base64="x2ZitGDWYv8PORRyzfxD6ojmEDM=">AAACHXicbVDLSgMxFL1TX7W+Rl26CRZBEMpMQayIUHTjsoJjC52xZNJMG5p5kGSEMvRL3PgrblyoiLgRV/6K6WNRWw9cODnnXnLv8RPOpLKsbyO3sLi0vJJfLaytb2xumds7tzJOBaEOiXksGj6WlLOIOoopThuJoDj0Oa37vcuhX7+nQrI4ulH9hHoh7kQsYAQrLbXM4zJyJeuE+K6M0Dny3bPxs2Vp4Qi5gcAksweZP5h2WmbRKlkjoHliT0ixWvn5QABQa5mfbjsmaUgjRTiWsmlbifIyLBQjnA4KbippgkkPd2hT0wiHVHrZ6LwBOtBKGwWx0BUpNFKnJzIcStkPfd0ZYtWVs95Q/M9rpiqoeBmLklTRiIw/ClKOVIyGWaE2E5Qo3tcEE8H0roh0sU5E6UQLOgR79uR54pRLpyXrWodxAWPkYQ/24RBsOIEqXEENHCDwAE/wAq/Go/FsvBnv49acMZnZhT8wvn4B1baiTQ==</latexit><latexit sha1_base64="4xeKHZf40JV+bS78TnVWimFCSgg="></latexit><latexit sha1_base64="4xeKHZf40JV+bS78TnVWimFCSgg="></latexit>

✏/✏0 =
1 + b2

2b
<latexit sha1_base64="gCqv4291QCfETZbrYmOX91fw9vE=">AAACD3icbZC7SgNBFIbPxluMt6ilzWAQBSHupjEWQtDGMoIxgWRdZiezyZDZ2WVmVghLHsHGV7GxULG1EzsrX8XJRdDEHwY+/nMOZ87vx5wpbdufVmZufmFxKbucW1ldW9/Ib25dqyiRhNZIxCPZ8LGinAla00xz2oglxaHPad3vnQ/r9VsqFYvEle7H1A1xR7CAEayN5eX3WzRWjEfi6Ac8G6FT1AokJqlz6N+UBmnJH3j5gl20R0Kz4EygUCl/vSMAqHr5j1Y7IklIhSYcK9V07Fi7KZaaEU4HuVaiaIxJD3do06DAIVVuOjpogPaM00ZBJM0TGo3c3xMpDpXqh77pDLHuquna0Pyv1kx0UHZTJuJEU0HGi4KEIx2hYTqozSQlmvcNYCKZ+SsiXWyi0CbDnAnBmT55Fmql4knRvjRhnMFYWdiBXTgAB46hAhdQhRoQuIMHeIJn6956tF6s13FrxprMbMMfWW/fnByeGA==</latexit><latexit sha1_base64="0XABDdgrypwVn/1PreiKZLwiu90=">AAACD3icbZC7SgNBFIZn4y3GW9RCxGYwiIIQd9MYCyFoYxnBNYFsXGYns8mQ2dllZlYIyz6Cja9iY6Fiayd22tj6GE4ugib+MPDxn3M4c34vYlQq03w3MlPTM7Nz2fncwuLS8kp+de1ShrHAxMYhC0XdQ5IwyomtqGKkHgmCAo+Rmtc97ddr10RIGvIL1YtIM0BtTn2KkdKWm991SCQpC/nBD7gmhMfQ8QXCibXvXZXSpOSlbr5gFs2B4CRYIyhUyp+vGx9fm1U3/+a0QhwHhCvMkJQNy4xUM0FCUcxImnNiSSKEu6hNGho5CohsJoODUrijnRb0Q6EfV3Dg/p5IUCBlL/B0Z4BUR47X+uZ/tUas/HIzoTyKFeF4uMiPGVQh7KcDW1QQrFhPA8KC6r9C3EE6CqUzzOkQrPGTJ8EuFY+K5rkO4wQMlQVbYBvsAQscggo4A1VgAwxuwB14AI/GrXFvPBnPw9aMMZpZB39kvHwDCbKf6g==</latexit><latexit sha1_base64="0XABDdgrypwVn/1PreiKZLwiu90=">AAACD3icbZC7SgNBFIZn4y3GW9RCxGYwiIIQd9MYCyFoYxnBNYFsXGYns8mQ2dllZlYIyz6Cja9iY6Fiayd22tj6GE4ugib+MPDxn3M4c34vYlQq03w3MlPTM7Nz2fncwuLS8kp+de1ShrHAxMYhC0XdQ5IwyomtqGKkHgmCAo+Rmtc97ddr10RIGvIL1YtIM0BtTn2KkdKWm991SCQpC/nBD7gmhMfQ8QXCibXvXZXSpOSlbr5gFs2B4CRYIyhUyp+vGx9fm1U3/+a0QhwHhCvMkJQNy4xUM0FCUcxImnNiSSKEu6hNGho5CohsJoODUrijnRb0Q6EfV3Dg/p5IUCBlL/B0Z4BUR47X+uZ/tUas/HIzoTyKFeF4uMiPGVQh7KcDW1QQrFhPA8KC6r9C3EE6CqUzzOkQrPGTJ8EuFY+K5rkO4wQMlQVbYBvsAQscggo4A1VgAwxuwB14AI/GrXFvPBnPw9aMMZpZB39kvHwDCbKf6g==</latexit>

⇡ 1 +
1

2
(��/�0)

2

<latexit sha1_base64="VKySaZrOQ3vvvqLrk1mQmRzWuVE=">AAACEHicbVA9TxtBEJ0DEhwTggNlmhUIyVEkc+cG01lAQelIOEbyGWtuPQcr9j60O4diWf4LNPyVNCkA0VJF6VLxV7L+KBLDk2b09N6MdudFuVaWff+Pt7S88ubtauldee39+oeNysfNbzYrjKS2zHRmziK0pFVKbVas6Sw3hEmkqRNdHU38zjUZq7L0lIc59RK8SFWsJLKT+pVqiHlusu8i+BLGBmVQr4bHpBnDiBj3pr3vfz6v9ys7fs2fQrwkwZzsNBvPvwQAtPqV3+Egk0VCKUuN1nYDP+feCA0rqWlcDgtLOcorvKCuoykmZHuj6UVjseuUgYgz4yplMVX/3RhhYu0widxkgnxpF72J+JrXLThu9EYqzQumVM4eigstOBOTeMRAGZKsh46gNMr9VchLdMGwC7HsQggWT35J2vXaQc3/6sI4hBlK8Am2oQoB7EMTTqAFbZBwAz/gDu69W++n9+A9zkaXvPnOFvwH7+kve9Wd8w==</latexit><latexit sha1_base64="fMzJ73QiplYnMucSutISUD/ApmA=">AAACEHicbVA9SwNBEN3zM8avqIWIzaIIESHepVE7UQtLBaNCLoa5zZwu7n2wOyeGkL9g41+xsVCxtRI7bWz9GW4SC78ezPB4b4bdeUGqpCHXfXX6+gcGh4ZzI/nRsfGJycLU9KFJMi2wIhKV6OMADCoZY4UkKTxONUIUKDwKzrc7/tEFaiOT+ICaKdYiOI1lKAWQleqFog9pqpNL7q34oQbhlYv+DioCP0CC1W6vu8sn5Xph0S25XfC/xPsii5vr78+zbx9ze/XCi99IRBZhTEKBMVXPTanWAk1SKGzn/cxgCuIcTrFqaQwRmlqre1GbL1mlwcNE24qJd9XvGy2IjGlGgZ2MgM7Mb68j/udVMwrXay0ZpxlhLHoPhZnilPBOPLwhNQpSTUtAaGn/ysUZ2GDIhpi3IXi/T/5LKuXSRsndt2FssR5ybJ4tsCLz2BrbZLtsj1WYYFfsht2xe+fauXUenMfeaJ/ztTPDfsB5+gTpXJ/F</latexit><latexit sha1_base64="fMzJ73QiplYnMucSutISUD/ApmA=">AAACEHicbVA9SwNBEN3zM8avqIWIzaIIESHepVE7UQtLBaNCLoa5zZwu7n2wOyeGkL9g41+xsVCxtRI7bWz9GW4SC78ezPB4b4bdeUGqpCHXfXX6+gcGh4ZzI/nRsfGJycLU9KFJMi2wIhKV6OMADCoZY4UkKTxONUIUKDwKzrc7/tEFaiOT+ICaKdYiOI1lKAWQleqFog9pqpNL7q34oQbhlYv+DioCP0CC1W6vu8sn5Xph0S25XfC/xPsii5vr78+zbx9ze/XCi99IRBZhTEKBMVXPTanWAk1SKGzn/cxgCuIcTrFqaQwRmlqre1GbL1mlwcNE24qJd9XvGy2IjGlGgZ2MgM7Mb68j/udVMwrXay0ZpxlhLHoPhZnilPBOPLwhNQpSTUtAaGn/ysUZ2GDIhpi3IXi/T/5LKuXSRsndt2FssR5ybJ4tsCLz2BrbZLtsj1WYYFfsht2xe+fauXUenMfeaJ/ztTPDfsB5+gTpXJ/F</latexit>

b ⌘ �/�0
<latexit sha1_base64="sOYVbqcWGlcshk1EJeqJehwv34c=">AAAB/nicbVA9SwNBEJ3zM8avqGBjsyQIghDvbNQuaGMZwTOBXAh7m0myZO/D3b1AOFP4T8TGQsXW32Hnv3FzSaGJD2Z4vDfDzj4/Flxp2/62FhaXlldWc2v59Y3Nre3Czu6dihLJ0GWRiGTdpwoFD9HVXAusxxJp4Aus+f2rsV8boFQ8Cm/1MMZmQLsh73BGtZFahX2feHif8AHxfNT0JOstu1Uo2WU7A5knzpSUKkXv+AkAqq3Cl9eOWBJgqJmgSjUcO9bNlErNmcBR3ksUxpT1aRcbhoY0QNVMs/tH5NAobdKJpKlQk0z9vZHSQKlh4JvJgOqemvXG4n9eI9Gd82bKwzjRGLLJQ51EEB2RcRikzSUyLYaGUCa5uZWwHpWUaRNZ3oTgzH55nrin5YuyfWPCuIQJcnAARTgCB86gAtdQBRcYPMAzvMKb9Wi9WO/Wx2R0wZru7MEfWJ8/WzSWtQ==</latexit><latexit sha1_base64="UV/LpUDaKqRKk9efLn+/UMmHyWg=">AAAB/nicbVDLSgMxFM3UV62vquDGTWgRBKHOuFF3RTcuK1hb6AxDJr1tQzOZMckUhrEL/8EvcONCxa3f4a5/Y/pYaOuBezmccy+5OUHMmdK2PbJyS8srq2v59cLG5tb2TnF3715FiaRQpxGPZDMgCjgTUNdMc2jGEkgYcGgE/eux3xiAVCwSdzqNwQtJV7AOo0QbyS8eBNiFh4QNsBuAJqeT7tt+sWxX7AnwInFmpFwtuSfPo2pa84vfbjuiSQhCU06Uajl2rL2MSM0oh2HBTRTEhPZJF1qGChKC8rLJ/UN8ZJQ27kTSlNB4ov7eyEioVBoGZjIkuqfmvbH4n9dKdOfCy5iIEw2CTh/qJBzrCI/DwG0mgWqeGkKoZOZWTHtEEqpNZAUTgjP/5UVSP6tcVuxbE8YVmiKPDlEJHSMHnaMqukE1VEcUPaIX9IberSfr1fqwPqejOWu2s4/+wPr6AWMYmDs=</latexit><latexit sha1_base64="UV/LpUDaKqRKk9efLn+/UMmHyWg=">AAAB/nicbVDLSgMxFM3UV62vquDGTWgRBKHOuFF3RTcuK1hb6AxDJr1tQzOZMckUhrEL/8EvcONCxa3f4a5/Y/pYaOuBezmccy+5OUHMmdK2PbJyS8srq2v59cLG5tb2TnF3715FiaRQpxGPZDMgCjgTUNdMc2jGEkgYcGgE/eux3xiAVCwSdzqNwQtJV7AOo0QbyS8eBNiFh4QNsBuAJqeT7tt+sWxX7AnwInFmpFwtuSfPo2pa84vfbjuiSQhCU06Uajl2rL2MSM0oh2HBTRTEhPZJF1qGChKC8rLJ/UN8ZJQ27kTSlNB4ov7eyEioVBoGZjIkuqfmvbH4n9dKdOfCy5iIEw2CTh/qJBzrCI/DwG0mgWqeGkKoZOZWTHtEEqpNZAUTgjP/5UVSP6tcVuxbE8YVmiKPDlEJHSMHnaMqukE1VEcUPaIX9IberSfr1fqwPqejOWu2s4/+wPr6AWMYmDs=</latexit>
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Injection “Beta” Mismatch
• Can write a more general result in terms of the “mismatch” 

invariant mentioned earlier:
‣                 | det(+J ) |  =  | +(+, - +α2 |  =  invariant 

• If inject with “beam” parameters α,(, ,, whereas the ring has 
periodic parameters α0,(0, ,0, then…

• … after filamentation, the final emittance will be given by

98

�J =

✓
�↵ ��
��� ��↵

◆
✏/✏0 = 1 +

1

2
| det�J |
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Injection Beta Mismatch

99
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Mismatch of the Dispersion Function
• Can also imagine having the dispersion function entering the 

accelerator from a beam line having the wrong value
‣ amounts to an injection steering error for an off-momentum 

particle — similar analysis as before

100

especially	important	if	the	incoming	beam	

has	a	large	momentum	spread⇢
<latexit sha1_base64="Ej6rOXtTb8ch3x7z6jszy6Lr5Xg=">AAAB6nicbVA9T8MwEL2Ur1K+CowwWFRITFXCAmwVLIytRGilNqoc12ms2k5kO0hV1L/AwgCIlR/B72Bj46fgtB2g5UknPb13p7t7YcqZNq775ZRWVtfWN8qbla3tnd296v7BvU4yRahPEp6oTog15UxS3zDDaSdVFIuQ03Y4uin89gNVmiXyzoxTGgg8lCxiBJtC6qk46Vdrbt2dAi0Tb05qjeOP1jcANPvVz94gIZmg0hCOte56bmqCHCvDCKeTSi/TNMVkhIe0a6nEguogn946QadWGaAoUbakQVP190SOhdZjEdpOgU2sF71C/M/rZia6DHIm08xQSWaLoowjk6DicTRgihLDx5Zgopi9FZEYK0yMjadiQ/AWX14m/nn9qu62bBjXMEMZjuAEzsCDC2jALTTBBwIxPMIzvDjCeXJenbdZa8mZzxzCHzjvP5j2kFs=</latexit><latexit sha1_base64="Jsr5zujkrtcBqimEbWSxb4lVeDU=">AAAB6nicbVA9SwNBEJ3zM8avqKUii0GwChcbtQvaWCbgmUByhL3NXm7J7u2xuyeEI6WtjYWKrT8iv8PO3+CfcC9JoYkPBh7vzTAzL0g408Z1v5yl5ZXVtfXCRnFza3tnt7S3f69lqgj1iORStQKsKWcx9QwznLYSRbEIOG0Gg5vcbz5QpZmM78wwob7A/ZiFjGCTSx0VyW6p7FbcCdAiqc5IuXY0bnw/Ho/r3dJnpydJKmhsCMdat6tuYvwMK8MIp6NiJ9U0wWSA+7RtaYwF1X42uXWETq3SQ6FUtmKDJurviQwLrYcisJ0Cm0jPe7n4n9dOTXjpZyxOUkNjMl0UphwZifLHUY8pSgwfWoKJYvZWRCKsMDE2nqINoTr/8iLxzitXFbdhw7iGKQpwCCdwBlW4gBrcQh08IBDBE7zAqyOcZ+fNeZ+2LjmzmQP4A+fjB3XVkcE=</latexit><latexit sha1_base64="Jsr5zujkrtcBqimEbWSxb4lVeDU=">AAAB6nicbVA9SwNBEJ3zM8avqKUii0GwChcbtQvaWCbgmUByhL3NXm7J7u2xuyeEI6WtjYWKrT8iv8PO3+CfcC9JoYkPBh7vzTAzL0g408Z1v5yl5ZXVtfXCRnFza3tnt7S3f69lqgj1iORStQKsKWcx9QwznLYSRbEIOG0Gg5vcbz5QpZmM78wwob7A/ZiFjGCTSx0VyW6p7FbcCdAiqc5IuXY0bnw/Ho/r3dJnpydJKmhsCMdat6tuYvwMK8MIp6NiJ9U0wWSA+7RtaYwF1X42uXWETq3SQ6FUtmKDJurviQwLrYcisJ0Cm0jPe7n4n9dOTXjpZyxOUkNjMl0UphwZifLHUY8pSgwfWoKJYvZWRCKsMDE2nqINoTr/8iLxzitXFbdhw7iGKQpwCCdwBlW4gBrcQh08IBDBE7zAqyOcZ+fNeZ+2LjmzmQP4A+fjB3XVkcE=</latexit>

�x0 + ↵x
<latexit sha1_base64="md2aXQYClwbG9iOL7TOGNE+78Zs=">AAAB+XicbZC7TsMwFIZPyq2UWwojDBYVAgmpSliArYKFsZUIrdREleM6rVXHiWwHqEofhYUBECsLz8HGxqPgXgZo+SVLn/5zjs7xH6acKe04X1ZuYXFpeSW/Wlhb39jcsovbNyrJJKEeSXgiGyFWlDNBPc00p41UUhyHnNbD3uWoXr+lUrFEXOt+SoMYdwSLGMHaWC276IdUY3R/eOxjnnYNteySU3bGQvPgTqFU2fuofQNAtWV/+u2EZDEVmnCsVNN1Uh0MsNSMcDos+JmiKSY93KFNgwLHVAWD8elDdGCcNooSaZ7QaOz+nhjgWKl+HJrOGOuumq2NzP9qzUxHZ8GAiTTTVJDJoijjSCdolANqM0mJ5n0DmEhmbkWkiyUm2qRVMCG4s1+eB++kfF52aiaMC5goD7uwD0fgwilU4Aqq4AGBO3iEZ3ixHqwn69V6m7TmrOnMDvyR9f4DfYKVRQ==</latexit><latexit sha1_base64="w/9H793szI/xBDZwXyvByt0Y6NQ=">AAAB+XicbZC7SgNBFIZn4y3G20ZLRQaDKAhh10btgjaWCbgmkF3C2clsMjh7YWZWDWtKH8PGQsXWJs9h5zP4Ek4uhSb+MPDxn3M4Z34/4Uwqy/oycnPzC4tL+eXCyura+oZZ3LyWcSoIdUjMY9HwQVLOIuoopjhtJIJC6HNa928uhvX6LRWSxdGV6iXUC6ETsYARUNpqmUXXpwrw/cGRCzzpamqZJatsjYRnwZ5AqbIzqH0/7g6qLfPTbcckDWmkCAcpm7aVKC8DoRjhtF9wU0kTIDfQoU2NEYRUetno9D7e104bB7HQL1J45P6eyCCUshf6ujME1ZXTtaH5X62ZquDUy1iUpIpGZLwoSDlWMR7mgNtMUKJ4TwMQwfStmHRBAFE6rYIOwZ7+8iw4x+WzslXTYZyjsfJoG+2hQ2SjE1RBl6iKHETQHXpCL+jVeDCejTfjfdyaMyYzW+iPjI8fWmGWqw==</latexit><latexit sha1_base64="w/9H793szI/xBDZwXyvByt0Y6NQ=">AAAB+XicbZC7SgNBFIZn4y3G20ZLRQaDKAhh10btgjaWCbgmkF3C2clsMjh7YWZWDWtKH8PGQsXWJs9h5zP4Ek4uhSb+MPDxn3M4Z34/4Uwqy/oycnPzC4tL+eXCyura+oZZ3LyWcSoIdUjMY9HwQVLOIuoopjhtJIJC6HNa928uhvX6LRWSxdGV6iXUC6ETsYARUNpqmUXXpwrw/cGRCzzpamqZJatsjYRnwZ5AqbIzqH0/7g6qLfPTbcckDWmkCAcpm7aVKC8DoRjhtF9wU0kTIDfQoU2NEYRUetno9D7e104bB7HQL1J45P6eyCCUshf6ujME1ZXTtaH5X62ZquDUy1iUpIpGZLwoSDlWMR7mgNtMUKJ4TwMQwfStmHRBAFE6rYIOwZ7+8iw4x+WzslXTYZyjsfJoG+2hQ2SjE1RBl6iKHETQHXpCL+jVeDCejTfjfdyaMyYzW+iPjI8fWmGWqw==</latexit>

x
<latexit sha1_base64="aTBWSkgm+x5k8R2EYQhb3/yt/5I=">AAAB53icbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBm0sE/BMIDnC3mYuWbP3we6eGI6AvY2Fiq2/xt7Of+MmsdDEFxYe3neGnZkgFVxpx/myCguLS8srxVV7bX1jc6u0vXOjkkwy9FgiEtkMqELBY/Q01wKbqUQaBQIbweBynDfuUCqexNd6mKIf0V7MQ86oNlb9vlMqOxVnIjIP7g+Uzz/sswcAqHVKn+1uwrIIY80EVarlOqn2cyo1ZwJHdjtTmFI2oD1sGYxphMrPJ4OOyIFxuiRMpHmxJhP3d0dOI6WGUWAqI6r7ajYbm/9lrUyHJ37O4zTTGLPpR2EmiE7IeGvS5RKZFkMDlEluZiWsTyVl2tzGNkdwZ1eeB++oclpx6k65egFTFWEP9uEQXDiGKlxBDTxggPAIz/Bi3VpP1qv1Ni0tWD89u/BH1vs3wHiOmA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit><latexit sha1_base64="iVtVyurkXk7Vl+OcAYJDba7gcfw=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIAlhbzOXrNnbO3b3xHDkF9hYqNiKP8beRvw3bj4KTXxh4eF9Z9iZCRLOlHbdbyu3sLi0vJJftdfWNza3Cts7NypOJUWfxjyW9YAo5Eygr5nmWE8kkijgWAv6l6O8dodSsVhc60GCrYh0BQsZJdpY1ft2oeiW3LGcefCmUDz/sM+S9y+70i58NjsxTSMUmnKiVMNzE93KiNSMchzazVRhQmifdLFhUJAIVSsbDzp0DozTccJYmie0M3Z/d2QkUmoQBaYyIrqnZrOR+V/WSHV40sqYSFKNgk4+ClPu6NgZbe10mESq+cAAoZKZWR3aI5JQbW5jmyN4syvPg39UOi25VbdYvoCJ8rAH+3AIHhxDGa6gAj5QQHiAJ3i2bq1H68V6nZTmrGnPLvyR9fYDsJOQDA==</latexit>

a
<latexit sha1_base64="5oSxsjq4F0P99b5zPTaGsK/6s6o=">AAAB53icbZA9SwNBEIbn4lc8v6KWNodBsAp3NmohBm0sE/BMIDnC3mYuWbO3d+zuCeEI2NtYqNj6a+zt/DduPgpNfGHh4X1n2JkJU86Udt1vq7C0vLK6Vly3Nza3tndKu3t3KskkRZ8mPJHNkCjkTKCvmebYTCWSOOTYCAfX47zxgFKxRNzqYYpBTHqCRYwSbaw66ZTKbsWdyFkEbwbly0/74hEAap3SV7ub0CxGoSknSrU8N9VBTqRmlOPIbmcKU0IHpIctg4LEqIJ8MujIOTJO14kSaZ7QzsT93ZGTWKlhHJrKmOi+ms/G5n9ZK9PRWZAzkWYaBZ1+FGXc0Ykz3trpMolU86EBQiUzszq0TySh2tzGNkfw5ldeBP+kcl5x6265egVTFeEADuEYPDiFKtxADXyggPAEL/Bq3VvP1pv1Pi0tWLOeffgj6+MHnbOOgQ==</latexit><latexit sha1_base64="yB5U+0aZPNOugC5CC/RaYs5nBi8=">AAAB53icbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBm0sE/BMIDnC3mYuWbP3we6eEI78AhsLFVvxx9jbiP/GTWKhiS8sPLzvDDszQSq40o7zZRUWFpeWV4qr9tr6xuZWaXvnRiWZZOixRCSyGVCFgsfoaa4FNlOJNAoENoLB5Thv3KFUPImv9TBFP6K9mIecUW2sOu2Uyk7FmYjMg/sD5fN3+yx9+7RrndJHu5uwLMJYM0GVarlOqv2cSs2ZwJHdzhSmlA1oD1sGYxqh8vPJoCNyYJwuCRNpXqzJxP3dkdNIqWEUmMqI6r6azcbmf1kr0+GJn/M4zTTGbPpRmAmiEzLemnS5RKbF0ABlkptZCetTSZk2t7HNEdzZlefBO6qcVpy6U65ewFRF2IN9OAQXjqEKV1ADDxgg3MMjPFm31oP1bL1MSwvWT88u/JH1+g2Nzo/1</latexit><latexit sha1_base64="yB5U+0aZPNOugC5CC/RaYs5nBi8=">AAAB53icbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBm0sE/BMIDnC3mYuWbP3we6eEI78AhsLFVvxx9jbiP/GTWKhiS8sPLzvDDszQSq40o7zZRUWFpeWV4qr9tr6xuZWaXvnRiWZZOixRCSyGVCFgsfoaa4FNlOJNAoENoLB5Thv3KFUPImv9TBFP6K9mIecUW2sOu2Uyk7FmYjMg/sD5fN3+yx9+7RrndJHu5uwLMJYM0GVarlOqv2cSs2ZwJHdzhSmlA1oD1sGYxqh8vPJoCNyYJwuCRNpXqzJxP3dkdNIqWEUmMqI6r6azcbmf1kr0+GJn/M4zTTGbPpRmAmiEzLemnS5RKbF0ABlkptZCetTSZk2t7HNEdzZlefBO6qcVpy6U65ewFRF2IN9OAQXjqEKV1ADDxgg3MMjPFm31oP1bL1MSwvWT88u/JH1+g2Nzo/1</latexit>

D0
�p

p
<latexit sha1_base64="3h2LcKfbQJNcMQ1i78wDO6SDI3Y=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIrkriRl1ZtAuXFYwtNCFMppN26OTBzEQoIdBfceNCxa3foTtX/orTx0JbD1w4nHMv994TpJxJZVlfRmlpeWV1rbxe2djc2t4xd/fuZZIJQh2S8ES0AywpZzF1FFOctlNBcRRw2goG12O/9UCFZEl8p4Yp9SLci1nICFZa8s2Dhm+5ocAkdxuUK4zSIk8L36xaNWsCtEjsGanWL78/RgDQ9M1Pt5uQLKKxIhxL2bGtVHk5FooRTouKm0maYjLAPdrRNMYRlV4+Ob9Ax1rpojARumKFJurviRxHUg6jQHdGWPXlvDcW//M6mQrPvZzFaaZoTKaLwowjlaBxFqjLBCWKDzXBRDB9KyJ9rMNQOrGKDsGef3mROKe1i5p1q8O4ginKcAhHcAI2nEEdbqAJDhDI4RGe4cUYGU/Gq/E2bS0Zs5l9+APj/Qf7u5f8</latexit><latexit sha1_base64="aMCOWpZZ4tcFrUpmGcOmncRjdUY=">AAAB/XicbVDLSsNAFJ34rPUVFVduBovgxpK6sa4sWtBlBWMLTQiT6aQdOpkMMxOxhIC/4saFilu/Q3eu/BWnj4W2HrhwOOde7r0nFIwq7Thf1tz8wuLScmGluLq2vrFpb23fqiSVmLg4YYlshUgRRjlxNdWMtIQkKA4ZaYb9i6HfvCNS0YTf6IEgfoy6nEYUI22kwN6tB44XSYQzr06YRlDkmcgDu+SUnRHgLKlMSKl29v1xf1S9bAT2p9dJcBoTrjFDSrUrjtB+hqSmmJG86KWKCIT7qEvahnIUE+Vno/NzeGCUDowSaYprOFJ/T2QoVmoQh6YzRrqnpr2h+J/XTnVU9TPKRaoJx+NFUcqgTuAwC9ihkmDNBoYgLKm5FeIeMmFok1jRhFCZfnmWuMfl07JzbcI4B2MUwB7YB4egAk5ADVyBBnABBhl4BM/gxXqwnqxX623cOmdNZnbAH1jvP9YUmKA=</latexit><latexit sha1_base64="aMCOWpZZ4tcFrUpmGcOmncRjdUY=">AAAB/XicbVDLSsNAFJ34rPUVFVduBovgxpK6sa4sWtBlBWMLTQiT6aQdOpkMMxOxhIC/4saFilu/Q3eu/BWnj4W2HrhwOOde7r0nFIwq7Thf1tz8wuLScmGluLq2vrFpb23fqiSVmLg4YYlshUgRRjlxNdWMtIQkKA4ZaYb9i6HfvCNS0YTf6IEgfoy6nEYUI22kwN6tB44XSYQzr06YRlDkmcgDu+SUnRHgLKlMSKl29v1xf1S9bAT2p9dJcBoTrjFDSrUrjtB+hqSmmJG86KWKCIT7qEvahnIUE+Vno/NzeGCUDowSaYprOFJ/T2QoVmoQh6YzRrqnpr2h+J/XTnVU9TPKRaoJx+NFUcqgTuAwC9ihkmDNBoYgLKm5FeIeMmFok1jRhFCZfnmWuMfl07JzbcI4B2MUwB7YB4egAk5ADVyBBnABBhl4BM/gxXqwnqxX623cOmdNZnbAH1jvP9YUmKA=</latexit>

(D0 +�D)
�p

p
<latexit sha1_base64="rK1/sz209QDcBih86c7HJY/BvVI=">AAACCHicbVC7SgNBFL3rM8bXqqXNYBAiQti1USuDprCM4JpAdllmJ7PJkNkHM7NCWAJWNv6KjYWKrX+gnZW/4uRRaOKBC2fOuZe59wQpZ1JZ1pcxN7+wuLRcWCmurq1vbJpb2zcyyQShDkl4IpoBlpSzmDqKKU6bqaA4CjhtBL2Lod+4pUKyJL5W/ZR6Ee7ELGQEKy35JirXfOvQrVGuMKoduKHAJJ8800GeDnyzZFWsEdAssSekVD37/rgDgLpvfrrthGQRjRXhWMqWbaXKy7FQjHA6KLqZpCkmPdyhLU1jHFHp5aNLBmhfK20UJkJXrNBI/T2R40jKfhTozgirrpz2huJ/XitT4YmXszjNFI3J+KMw40glaBgLajNBieJ9TTARTO+KSBfrMJQOr6hDsKdPniXOUeW0Yl3pMM5hjALswh6UwYZjqMIl1MEBAvfwCM/wYjwYT8ar8TZunTMmMzvwB8b7D6j0m5A=</latexit><latexit sha1_base64="Ys8fxqLUYthAbDI25HR38WipTEU=">AAACCHicbVC7TsMwFHXKq5RXgJHFokIqQlQJC2WigkowFonQSk1UOa7TWnWcyHYQVZSVhV9hYQDEyh/AxsSv4D4GaDnSlY7PuVe+9/gxo1JZ1peRm5tfWFzKLxdWVtfWN8zNrRsZJQITB0csEk0fScIoJ46iipFmLAgKfUYafv986DduiZA04tdqEBMvRF1OA4qR0lLbhKVa2zpwa4QpBGv7biAQTifPOEvjrG0WrbI1Apwl9oQUq6ffH3eHlYt62/x0OxFOQsIVZkjKlm3FykuRUBQzkhXcRJIY4T7qkpamHIVEeunokgzuaaUDg0jo4gqO1N8TKQqlHIS+7gyR6slpbyj+57USFVS8lPI4UYTj8UdBwqCK4DAW2KGCYMUGmiAsqN4V4h7SYSgdXkGHYE+fPEuco/JJ2brSYZyBMfJgB+yCErDBMaiCS1AHDsDgHjyCZ/BiPBhPxqvxNm7NGZOZbfAHxvsPg02cNA==</latexit><latexit sha1_base64="Ys8fxqLUYthAbDI25HR38WipTEU=">AAACCHicbVC7TsMwFHXKq5RXgJHFokIqQlQJC2WigkowFonQSk1UOa7TWnWcyHYQVZSVhV9hYQDEyh/AxsSv4D4GaDnSlY7PuVe+9/gxo1JZ1peRm5tfWFzKLxdWVtfWN8zNrRsZJQITB0csEk0fScIoJ46iipFmLAgKfUYafv986DduiZA04tdqEBMvRF1OA4qR0lLbhKVa2zpwa4QpBGv7biAQTifPOEvjrG0WrbI1Apwl9oQUq6ffH3eHlYt62/x0OxFOQsIVZkjKlm3FykuRUBQzkhXcRJIY4T7qkpamHIVEeunokgzuaaUDg0jo4gqO1N8TKQqlHIS+7gyR6slpbyj+57USFVS8lPI4UYTj8UdBwqCK4DAW2KGCYMUGmiAsqN4V4h7SYSgdXkGHYE+fPEuco/JJ2brSYZyBMfJgB+yCErDBMaiCS1AHDsDgHjyCZ/BiPBhPxqvxNm7NGZOZbfAHxvsPg02cNA==</latexit>

each particle of momentum +p/p will 
have an injection steering error of 
amplitude       +xp = +D +p/p

ha2i = h⇢2i+�D2h(�p

p
)2i

<latexit sha1_base64="s15Q3xMb9DkwxXaMVnVVyxDLgLs="></latexit><latexit sha1_base64="yfXr9oR1V5mTCUMyVO8LqNoEppw="></latexit><latexit sha1_base64="yfXr9oR1V5mTCUMyVO8LqNoEppw="></latexit>

�✏N =
⇡�

2

�D2
e

�

✓
�p

p

◆2

<latexit sha1_base64="Mim+Tq07OCaFnC2iqUceCePItqA="></latexit><latexit sha1_base64="A1GxgW2m3a7aNerIq10a1G0RFRc="></latexit><latexit sha1_base64="A1GxgW2m3a7aNerIq10a1G0RFRc="></latexit>

�De ⌘
p

�D2 + (�0�D0 + ↵0�D)2
<latexit sha1_base64="wJfwveUgSX0/srVKJpxdyWZGPMk="></latexit><latexit sha1_base64="KXe130m8Ilg5jnLDPv6EYshy4tA="></latexit><latexit sha1_base64="KXe130m8Ilg5jnLDPv6EYshy4tA="></latexit>
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Diffusion
§ Random sources (power supply noise; beam-gas 

scattering in vacuum tube; ground motion) will alter the 
oscillation amplitudes of individual particles

§ in simplest cases will grow like  √N,  amplitudes of the 
particle oscillations will eventually reach the limiting 
aperture

§ Thus, beam lifetime will develop, affecting beam 
intensity, emittance, and thus luminosity

101
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The Diffusion Equation
• particle velocities are 

randomly altered
• particles will move 

from one region into 
another

• the rate at which 
particles cross into or 
out of a region 
depends on the 
slope of the 
distribution function

102

@

@t
(f ·A · dx) = A · J(x)�A · J(x+ dx)

<latexit sha1_base64="kB7hMmcyJdYDYcXF6T32ON4cmWo="></latexit><latexit sha1_base64="KWtziy2jxe5OgXndtXHE5ol5IPc="></latexit><latexit sha1_base64="KWtziy2jxe5OgXndtXHE5ol5IPc="></latexit>

J = average number of particles per unit time passing position x
<latexit sha1_base64="GdEQPhJd2WML5RvyoMZUkmDqI+s="></latexit><latexit sha1_base64="GdEQPhJd2WML5RvyoMZUkmDqI+s="></latexit><latexit sha1_base64="GdEQPhJd2WML5RvyoMZUkmDqI+s="></latexit>

=) @f

@t
= �@J

@x
<latexit sha1_base64="YlbYmzpZJ1LZ10cD1Nm6xtD0fy8=">AAACN3icbVBLSwMxGMzWV62vqkcvwSJ4sWxFUA9C0YuIYAXXFrpLyabZbWg2WZKsWpb9WV78Gd7EiwcVr/4D0wdYWwcCw8x8Sb7xY0aVtu0XKzczOze/kF8sLC2vrK4V1zdulUgkJg4WTMiGjxRhlBNHU81II5YERT4jdb971vfrd0QqKviN7sXEi1DIaUAx0kZqFa/cS8FDScOORlKKe+gGEuHUjZHUFDEYZL9cZ/AE7k0mLsYSD1mrWLLL9gBwmlRGpARGqLWKz25b4CQiXGOGlGpW7Fh7af9CzEhWcBNFYoS7KCRNQzmKiPLSweIZ3DFKGwZCmsM1HKjjEymKlOpFvklGSHfUpNcX//OaiQ6OvJTyONGE4+FDQWIqELDfImxTSbBmPUMQltT8FeIOMr1o03XBlFCZXHmaOPvl47J9fVCqno7ayIMtsA12QQUcgio4BzXgAAwewSt4Bx/Wk/VmfVpfw2jOGs1sgj+wvn8AvO+tww==</latexit><latexit sha1_base64="YlbYmzpZJ1LZ10cD1Nm6xtD0fy8=">AAACN3icbVBLSwMxGMzWV62vqkcvwSJ4sWxFUA9C0YuIYAXXFrpLyabZbWg2WZKsWpb9WV78Gd7EiwcVr/4D0wdYWwcCw8x8Sb7xY0aVtu0XKzczOze/kF8sLC2vrK4V1zdulUgkJg4WTMiGjxRhlBNHU81II5YERT4jdb971vfrd0QqKviN7sXEi1DIaUAx0kZqFa/cS8FDScOORlKKe+gGEuHUjZHUFDEYZL9cZ/AE7k0mLsYSD1mrWLLL9gBwmlRGpARGqLWKz25b4CQiXGOGlGpW7Fh7af9CzEhWcBNFYoS7KCRNQzmKiPLSweIZ3DFKGwZCmsM1HKjjEymKlOpFvklGSHfUpNcX//OaiQ6OvJTyONGE4+FDQWIqELDfImxTSbBmPUMQltT8FeIOMr1o03XBlFCZXHmaOPvl47J9fVCqno7ayIMtsA12QQUcgio4BzXgAAwewSt4Bx/Wk/VmfVpfw2jOGs1sgj+wvn8AvO+tww==</latexit><latexit sha1_base64="YlbYmzpZJ1LZ10cD1Nm6xtD0fy8=">AAACN3icbVBLSwMxGMzWV62vqkcvwSJ4sWxFUA9C0YuIYAXXFrpLyabZbWg2WZKsWpb9WV78Gd7EiwcVr/4D0wdYWwcCw8x8Sb7xY0aVtu0XKzczOze/kF8sLC2vrK4V1zdulUgkJg4WTMiGjxRhlBNHU81II5YERT4jdb971vfrd0QqKviN7sXEi1DIaUAx0kZqFa/cS8FDScOORlKKe+gGEuHUjZHUFDEYZL9cZ/AE7k0mLsYSD1mrWLLL9gBwmlRGpARGqLWKz25b4CQiXGOGlGpW7Fh7af9CzEhWcBNFYoS7KCRNQzmKiPLSweIZ3DFKGwZCmsM1HKjjEymKlOpFvklGSHfUpNcX//OaiQ6OvJTyONGE4+FDQWIqELDfImxTSbBmPUMQltT8FeIOMr1o03XBlFCZXHmaOPvl47J9fVCqno7ayIMtsA12QQUcgio4BzXgAAwewSt4Bx/Wk/VmfVpfw2jOGs1sgj+wvn8AvO+tww==</latexit>

if f uniform, then J = 0; otherwise, J / �@f
@x

<latexit sha1_base64="taYIhGB/fwwpLP/LR9rDlMyj/Uw="></latexit><latexit sha1_base64="taYIhGB/fwwpLP/LR9rDlMyj/Uw="></latexit><latexit sha1_base64="taYIhGB/fwwpLP/LR9rDlMyj/Uw="></latexit>

@f

@t
= C · @

2f

@x2
<latexit sha1_base64="GT/V6qpJI8tUj10YLM/wYtqtmQA=">AAACMXicbVDNS8MwHE3n15xfVY9egkPwNNohqAdhuIveJlg3WLuRpukWln6QpOIo/Zu8+JcIHvSg4tV/wnQr6DYfBB7vvV+S33NjRoU0jFettLS8srpWXq9sbG5t7+i7e3ciSjgmFo5YxDsuEoTRkFiSSkY6MScocBlpu6Nm7rfvCRc0Cm/lOCZOgAYh9SlGUkl9/dr2OcKpHSMuKWLQz365zOAFbEIbe5GEs7lefSb50Ktnfb1q1IwJ4CIxC1IFBVp9/dn2IpwEJJSYISG6phFLJ82vxIxkFTsRJEZ4hAakq2iIAiKcdLJyBo+U4kE/4uqEEk7UvxMpCoQYB65KBkgOxbyXi/953UT6Z05KwziRJMTTh/xElRHBvD/oUU6wZGNFEOZU/RXiIVLdSNVyRZVgzq+8SKx67bxm3JxUG5dFG2VwAA7BMTDBKWiAK9ACFsDgEbyAd/ChPWlv2qf2NY2WtGJmH8xA+/4Bwc6qqg==</latexit><latexit sha1_base64="GT/V6qpJI8tUj10YLM/wYtqtmQA=">AAACMXicbVDNS8MwHE3n15xfVY9egkPwNNohqAdhuIveJlg3WLuRpukWln6QpOIo/Zu8+JcIHvSg4tV/wnQr6DYfBB7vvV+S33NjRoU0jFettLS8srpWXq9sbG5t7+i7e3ciSjgmFo5YxDsuEoTRkFiSSkY6MScocBlpu6Nm7rfvCRc0Cm/lOCZOgAYh9SlGUkl9/dr2OcKpHSMuKWLQz365zOAFbEIbe5GEs7lefSb50Ktnfb1q1IwJ4CIxC1IFBVp9/dn2IpwEJJSYISG6phFLJ82vxIxkFTsRJEZ4hAakq2iIAiKcdLJyBo+U4kE/4uqEEk7UvxMpCoQYB65KBkgOxbyXi/953UT6Z05KwziRJMTTh/xElRHBvD/oUU6wZGNFEOZU/RXiIVLdSNVyRZVgzq+8SKx67bxm3JxUG5dFG2VwAA7BMTDBKWiAK9ACFsDgEbyAd/ChPWlv2qf2NY2WtGJmH8xA+/4Bwc6qqg==</latexit><latexit sha1_base64="GT/V6qpJI8tUj10YLM/wYtqtmQA=">AAACMXicbVDNS8MwHE3n15xfVY9egkPwNNohqAdhuIveJlg3WLuRpukWln6QpOIo/Zu8+JcIHvSg4tV/wnQr6DYfBB7vvV+S33NjRoU0jFettLS8srpWXq9sbG5t7+i7e3ciSjgmFo5YxDsuEoTRkFiSSkY6MScocBlpu6Nm7rfvCRc0Cm/lOCZOgAYh9SlGUkl9/dr2OcKpHSMuKWLQz365zOAFbEIbe5GEs7lefSb50Ktnfb1q1IwJ4CIxC1IFBVp9/dn2IpwEJJSYISG6phFLJ82vxIxkFTsRJEZ4hAakq2iIAiKcdLJyBo+U4kE/4uqEEk7UvxMpCoQYB65KBkgOxbyXi/953UT6Z05KwziRJMTTh/xElRHBvD/oUU6wZGNFEOZU/RXiIVLdSNVyRZVgzq+8SKx67bxm3JxUG5dFG2VwAA7BMTDBKWiAK9ACFsDgEbyAd/ChPWlv2qf2NY2WtGJmH8xA+/4Bwc6qqg==</latexit>

@f

@t
= C r2f

<latexit sha1_base64="NfGH/lt+BOLhCFuv/2Ae7bm7jvg=">AAACF3icbVBNSwMxFMzWr1q/Vj16CRbBU90WQUWEYi8eK1hb6NbyNs22odnskmSFsuzP8OJf8eJBxave/Dem7YLaOhAYZt7jZcaLOFPacb6s3MLi0vJKfrWwtr6xuWVv79yqMJaENkjIQ9nyQFHOBG1opjltRZJC4HHa9Ia1sd+8p1KxUNzoUUQ7AfQF8xkBbaSufeT6EkjiRiA1A4799IfrFF/gGnbPsSvA43BXwX7XLjolZwI8T8oZKaIM9a796fZCEgdUaMJBqXbZiXQnGZ8gnKYFN1Y0AjKEPm0bKiCgqpNMgqX4wCg97IfSPKHxRP29kUCg1CjwzGQAeqBmvbH4n9eOtX/aSZiIYk0FmR7yYxM5xOOWcI9JSjQfGQJEMvNXTAZgmtKmy4IpoTwbeZ40KqWzknN9XKxeZm3k0R7aR4eojE5QFV2hOmoggh7QE3pBr9aj9Wy9We/T0ZyV7eyiP7A+vgF40J7v</latexit><latexit sha1_base64="NfGH/lt+BOLhCFuv/2Ae7bm7jvg=">AAACF3icbVBNSwMxFMzWr1q/Vj16CRbBU90WQUWEYi8eK1hb6NbyNs22odnskmSFsuzP8OJf8eJBxave/Dem7YLaOhAYZt7jZcaLOFPacb6s3MLi0vJKfrWwtr6xuWVv79yqMJaENkjIQ9nyQFHOBG1opjltRZJC4HHa9Ia1sd+8p1KxUNzoUUQ7AfQF8xkBbaSufeT6EkjiRiA1A4799IfrFF/gGnbPsSvA43BXwX7XLjolZwI8T8oZKaIM9a796fZCEgdUaMJBqXbZiXQnGZ8gnKYFN1Y0AjKEPm0bKiCgqpNMgqX4wCg97IfSPKHxRP29kUCg1CjwzGQAeqBmvbH4n9eOtX/aSZiIYk0FmR7yYxM5xOOWcI9JSjQfGQJEMvNXTAZgmtKmy4IpoTwbeZ40KqWzknN9XKxeZm3k0R7aR4eojE5QFV2hOmoggh7QE3pBr9aj9Wy9We/T0ZyV7eyiP7A+vgF40J7v</latexit><latexit sha1_base64="NfGH/lt+BOLhCFuv/2Ae7bm7jvg=">AAACF3icbVBNSwMxFMzWr1q/Vj16CRbBU90WQUWEYi8eK1hb6NbyNs22odnskmSFsuzP8OJf8eJBxave/Dem7YLaOhAYZt7jZcaLOFPacb6s3MLi0vJKfrWwtr6xuWVv79yqMJaENkjIQ9nyQFHOBG1opjltRZJC4HHa9Ia1sd+8p1KxUNzoUUQ7AfQF8xkBbaSufeT6EkjiRiA1A4799IfrFF/gGnbPsSvA43BXwX7XLjolZwI8T8oZKaIM9a796fZCEgdUaMJBqXbZiXQnGZ8gnKYFN1Y0AjKEPm0bKiCgqpNMgqX4wCg97IfSPKHxRP29kUCg1CjwzGQAeqBmvbH4n9eOtX/aSZiIYk0FmR7yYxM5xOOWcI9JSjQfGQJEMvNXTAZgmtKmy4IpoTwbeZ40KqWzknN9XKxeZm3k0R7aR4eojE5QFV2hOmoggh7QE3pBr9aj9Wy9We/T0ZyV7eyiP7A+vgF40J7v</latexit>

first, look at 1-D case:

more general 3-D case:

C = constant
<latexit sha1_base64="rQtm4PmjYP78CStPUPCcE7GqC70=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEo9uKxgrGFNpTNdtMu3WzC7kQooX/DiwcVr/4ab/4bt20O2vpg4PHeDDPzwlQKg6777aysrq1vbJa2yts7u3v7lYPDR5NkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4akz91hPXRiTqAccpD2I6UCISjKKVug1yQ1iiDFKFvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGc3T8ipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugpyodIMuWLzRVEmCSZkGgDpC80ZyrEllGlhbyVsSDVlaGMq2xC8xZeXiX9eu6659xfV+m2RRgmO4QTOwINLqMMdNMEHBik8wyu8OZnz4rw7H/PWFaeYOYI/cD5/AJQOkO8=</latexit><latexit sha1_base64="rQtm4PmjYP78CStPUPCcE7GqC70=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEo9uKxgrGFNpTNdtMu3WzC7kQooX/DiwcVr/4ab/4bt20O2vpg4PHeDDPzwlQKg6777aysrq1vbJa2yts7u3v7lYPDR5NkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4akz91hPXRiTqAccpD2I6UCISjKKVug1yQ1iiDFKFvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGc3T8ipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugpyodIMuWLzRVEmCSZkGgDpC80ZyrEllGlhbyVsSDVlaGMq2xC8xZeXiX9eu6659xfV+m2RRgmO4QTOwINLqMMdNMEHBik8wyu8OZnz4rw7H/PWFaeYOYI/cD5/AJQOkO8=</latexit><latexit sha1_base64="rQtm4PmjYP78CStPUPCcE7GqC70=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokI6kEo9uKxgrGFNpTNdtMu3WzC7kQooX/DiwcVr/4ab/4bt20O2vpg4PHeDDPzwlQKg6777aysrq1vbJa2yts7u3v7lYPDR5NkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4akz91hPXRiTqAccpD2I6UCISjKKVug1yQ1iiDFKFvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGc3T8ipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugpyodIMuWLzRVEmCSZkGgDpC80ZyrEllGlhbyVsSDVlaGMq2xC8xZeXiX9eu6659xfV+m2RRgmO4QTOwINLqMMdNMEHBik8wyu8OZnz4rw7H/PWFaeYOYI/cD5/AJQOkO8=</latexit>

# into # out of

x
<latexit sha1_base64="wrYRrS9nqr2/jTKdHNfdRLtLB0k=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx5bMLbQhrLZTtq1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0M/Vbj6g0j+WdGSfoR3QgecgZNVZqPvXKFbfqzkCWSS0nFcjR6JW/uv2YpRFKwwTVulNzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1ISXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2ZRsCLXFl5eJd1a9qrrN80r9Ok+jCEdwDKdQgwuowy00wAMGCM/wCm/Og/PivDsf89aCk88cwh84nz9UTYzP</latexit><latexit sha1_base64="wrYRrS9nqr2/jTKdHNfdRLtLB0k=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx5bMLbQhrLZTtq1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0M/Vbj6g0j+WdGSfoR3QgecgZNVZqPvXKFbfqzkCWSS0nFcjR6JW/uv2YpRFKwwTVulNzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1ISXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2ZRsCLXFl5eJd1a9qrrN80r9Ok+jCEdwDKdQgwuowy00wAMGCM/wCm/Og/PivDsf89aCk88cwh84nz9UTYzP</latexit><latexit sha1_base64="wrYRrS9nqr2/jTKdHNfdRLtLB0k=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx5bMLbQhrLZTtq1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0M/Vbj6g0j+WdGSfoR3QgecgZNVZqPvXKFbfqzkCWSS0nFcjR6JW/uv2YpRFKwwTVulNzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1ISXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2ZRsCLXFl5eJd1a9qrrN80r9Ok+jCEdwDKdQgwuowy00wAMGCM/wCm/Og/PivDsf89aCk88cwh84nz9UTYzP</latexit> x+ dx

<latexit sha1_base64="Au2j67dYDicJGQFkv5lr17pxF2k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoqgnorevFYwdhCG8pms2mX7m7C7kZaQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmBQln2rjut1NaWV1b3yhvVra2d3b3qvsHjzpOFaEeiXmsOgHWlDNJPcMMp51EUSwCTtvB6Db3209UaRbLBzNJqC/wQLKIEWxyaXwWjvvVmlt3Z0DLpFGQGhRo9atfvTAmqaDSEI617jbcxPgZVoYRTqeVXqppgskID2jXUokF1X42u3WKTqwSoihWtqRBM/X3RIaF1hMR2E6BzVAvern4n9dNTXTlZ0wmqaGSzBdFKUcmRvnjKGSKEsMnlmCimL0VkSFWmBgbT8WG0Fh8eZl45/Xrunt/UWveFGmU4QiO4RQacAlNuIMWeEBgCM/wCm+OcF6cd+dj3lpyiplD+APn8wdS0Y30</latexit><latexit sha1_base64="Au2j67dYDicJGQFkv5lr17pxF2k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoqgnorevFYwdhCG8pms2mX7m7C7kZaQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmBQln2rjut1NaWV1b3yhvVra2d3b3qvsHjzpOFaEeiXmsOgHWlDNJPcMMp51EUSwCTtvB6Db3209UaRbLBzNJqC/wQLKIEWxyaXwWjvvVmlt3Z0DLpFGQGhRo9atfvTAmqaDSEI617jbcxPgZVoYRTqeVXqppgskID2jXUokF1X42u3WKTqwSoihWtqRBM/X3RIaF1hMR2E6BzVAvern4n9dNTXTlZ0wmqaGSzBdFKUcmRvnjKGSKEsMnlmCimL0VkSFWmBgbT8WG0Fh8eZl45/Xrunt/UWveFGmU4QiO4RQacAlNuIMWeEBgCM/wCm+OcF6cd+dj3lpyiplD+APn8wdS0Y30</latexit><latexit sha1_base64="Au2j67dYDicJGQFkv5lr17pxF2k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoqgnorevFYwdhCG8pms2mX7m7C7kZaQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmBQln2rjut1NaWV1b3yhvVra2d3b3qvsHjzpOFaEeiXmsOgHWlDNJPcMMp51EUSwCTtvB6Db3209UaRbLBzNJqC/wQLKIEWxyaXwWjvvVmlt3Z0DLpFGQGhRo9atfvTAmqaDSEI617jbcxPgZVoYRTqeVXqppgskID2jXUokF1X42u3WKTqwSoihWtqRBM/X3RIaF1hMR2E6BzVAvern4n9dNTXTlZ0wmqaGSzBdFKUcmRvnjKGSKEsMnlmCimL0VkSFWmBgbT8WG0Fh8eZl45/Xrunt/UWveFGmU4QiO4RQacAlNuIMWeEBgCM/wCm+OcF6cd+dj3lpyiplD+APn8wdS0Y30</latexit>

f(x)
<latexit sha1_base64="2IHK+tpqrQLa1G/nCn8omN1v90A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8pmu2mX7m7C7kYsoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJP77UeqNIvlvZkkNBB4KFnECDa5FNWfTvvVmttwZ0DLxCtIDQq0+tWv3iAmqaDSEI617npuYoIMK8MIp9NKL9U0wWSMh7RrqcSC6iCb3TpFJ1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQZZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nooNwVt8eZn4Z42rhnt3XmteF2mU4QiOoQ4eXEATbqEFPhAYwTO8wpsjnBfn3fmYt5acYuYQ/sD5/AHZqo2k</latexit><latexit sha1_base64="2IHK+tpqrQLa1G/nCn8omN1v90A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8pmu2mX7m7C7kYsoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJP77UeqNIvlvZkkNBB4KFnECDa5FNWfTvvVmttwZ0DLxCtIDQq0+tWv3iAmqaDSEI617npuYoIMK8MIp9NKL9U0wWSMh7RrqcSC6iCb3TpFJ1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQZZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nooNwVt8eZn4Z42rhnt3XmteF2mU4QiOoQ4eXEATbqEFPhAYwTO8wpsjnBfn3fmYt5acYuYQ/sD5/AHZqo2k</latexit><latexit sha1_base64="2IHK+tpqrQLa1G/nCn8omN1v90A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8pmu2mX7m7C7kYsoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJP77UeqNIvlvZkkNBB4KFnECDa5FNWfTvvVmttwZ0DLxCtIDQq0+tWv3iAmqaDSEI617npuYoIMK8MIp9NKL9U0wWSMh7RrqcSC6iCb3TpFJ1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQZZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nooNwVt8eZn4Z42rhnt3XmteF2mU4QiOoQ4eXEATbqEFPhAYwTO8wpsjnBfn3fmYt5acYuYQ/sD5/AHZqo2k</latexit>

cross-section 
  of area A

x
<latexit sha1_base64="wrYRrS9nqr2/jTKdHNfdRLtLB0k=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx5bMLbQhrLZTtq1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0M/Vbj6g0j+WdGSfoR3QgecgZNVZqPvXKFbfqzkCWSS0nFcjR6JW/uv2YpRFKwwTVulNzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1ISXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2ZRsCLXFl5eJd1a9qrrN80r9Ok+jCEdwDKdQgwuowy00wAMGCM/wCm/Og/PivDsf89aCk88cwh84nz9UTYzP</latexit><latexit sha1_base64="wrYRrS9nqr2/jTKdHNfdRLtLB0k=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx5bMLbQhrLZTtq1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0M/Vbj6g0j+WdGSfoR3QgecgZNVZqPvXKFbfqzkCWSS0nFcjR6JW/uv2YpRFKwwTVulNzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1ISXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2ZRsCLXFl5eJd1a9qrrN80r9Ok+jCEdwDKdQgwuowy00wAMGCM/wCm/Og/PivDsf89aCk88cwh84nz9UTYzP</latexit>
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The Diffusion Equation
• Analytical 

Calculations:
‣ solve, and make plots:
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✓
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random	number	each	time,	
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• Numerical Simulations
‣ give particles random 

kicks over time, track 
in phase space, and 
plot distribution, etc.
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Transverse Diffusion — Scattering
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each	particle	gets	a	

random	“kick”	in	x’	
each	turn,	taken	from	

a	Gaussian	distribution	

with	rms	value	of	$rms

Numerical	Solutions

Phase 
Space

Beam 
Intensity

Beam 
Emittance

Beam 
Profile
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Transverse Diffusion
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R	=	d%/dt	=	constant			(given	by	mechanism)

final	N(t)	~	e-t/τ	

									τ	=	(4/2.4052)(W/R)

beam	has	not	

reached	the	

aperture	yet

final	equilibrium	

distribution	is	

well-defined

no	apparent	emittance	

growth,	but	particle	

amplitudes	are	indeed	

growing,	and	particles	

are	being	lost

W	=	!a2/(

aperture	at	x	=	a

Numerical	Solutions
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Effects on Luminosity ...

• Diffusion of transverse particle 
amplitudes leads to beam loss 
at locations other than at the IP

• In absence of luminosity 
interactions, beam attains an 
equilibrium lifetime
‣ if beam initially nearly fills the 

aperture, this lifetime is achieved 
early
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... and, on Integrated Luminosity
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Tevatron conditions, in this example

d�/dt
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Optimization of Integrated Luminosity
• The ultimate goal for the accelerator -- provide largest total number of 

collisions possible
• So, optimize initial luminosity, according to turn-around time, emittance 

growth rates, etc. to produce most integrated luminosity per week (say)
• More straightforward for LHC than it was for Tevatron

‣ in Tevatron operation, needed to balance the above with the production rate of 
antiprotons, longer turn-around times, to find optimum running conditions
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Longitudinal Diffusion — DC Beam
• Noise from RF system (phase noise, 

voltage noise) will increase the beam 
longitudinal emittance

• Particles will “leak” out of their original 
bucket, and circulate around the 
circumference out of phase with the RF
‣ “DC Beam”

• Hence, collisions can occur between 
nominal bunch crossings; can be of 
concern for the experiments

• Perhaps more important, must remove DC 
beam that wanders into the abort gap(s) 
to permit clean removal of stored beams
‣ typically “cleaned up” using fast, low-

amplitude kicker magnets, electron lens 
deflectors, etc.
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The Role of Synchrotron Radiation
• As hadron energies get higher, synchrotron radiation 

will no longer be just a nuisance, but will actually 
enhance performance as in a lepton collider

• Damping of oscillations toward an equilibrium 
emittance will increase the luminosity of the collider, 
also make the system less forgiving of emittance 
errors and mismatches along the injector chain

• Review some important concepts…
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Synchrotron Radiation
• Energy loss per revolution:

• Average Synchrotron Radiation Power: 

• Local power loss per meter:
‣  (scale to get “per magnet”, for instance)
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C� = 8.85⇥ 10�5 m

GeV3
<latexit sha1_base64="bnM/a87De4U6pQzVh8CyFaxPdgs="></latexit><latexit sha1_base64="ye7ViNHwsTbozdyAPJazPLuX+Oc="></latexit><latexit sha1_base64="ye7ViNHwsTbozdyAPJazPLuX+Oc="></latexit>

C� = 7.8⇥ 10�12 km

TeV3
<latexit sha1_base64="FoVGPJP7AODam/8yhE+39HaOYhA="></latexit><latexit sha1_base64="Bd6/WkJtdbe78L7le3IUDw2rfrk="></latexit><latexit sha1_base64="Bd6/WkJtdbe78L7le3IUDw2rfrk="></latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="WiSLf4bP0iHOwR6McdzeeQRp00M=">AAACF3icbZBLSwMxFIXv+Ky1anXrJlgEN5aZumgVBKEblxU6baHTlkyaaUOTmSHJCGWY/+LGv+LGha+V/8b0sdDWA4GPcxJy7/FjzpS27W9rY3Nre2c3t5ffLxwcHhWPCy0VJZJQl0Q8kh0fK8pZSF3NNKedWFIsfE7b/qQ+y9uPVCoWhU09jWlP4FHIAkawNtageFMfeCMsBEa3qFqueZoJqpBj99NLp5IhL5CYpKknBZqILFtQk7ay/lU2KJbssj0XWgdnCSVYqjEofnrDiCSChppwrFTXsWPdS7HUjHCa5b1E0RiTCR7RrsEQm1F66XzHDJ0bZ4iCSJoTajR3f79IsVBqKnxzU2A9VqvZzPwv6yY6qPVSFsaJpiFZfBQkHOkIzQpDQyYp0XxqABPJzKyIjLGpRZta86YEZ3XldXAr5euy/WBDDk7hDC7AgSrcwT00wAUCT/ACb/BuPVuv1seirQ1rWdsJ/JH19QP80qFb</latexit><latexit sha1_base64="WiSLf4bP0iHOwR6McdzeeQRp00M=">AAACF3icbZBLSwMxFIXv+Ky1anXrJlgEN5aZumgVBKEblxU6baHTlkyaaUOTmSHJCGWY/+LGv+LGha+V/8b0sdDWA4GPcxJy7/FjzpS27W9rY3Nre2c3t5ffLxwcHhWPCy0VJZJQl0Q8kh0fK8pZSF3NNKedWFIsfE7b/qQ+y9uPVCoWhU09jWlP4FHIAkawNtageFMfeCMsBEa3qFqueZoJqpBj99NLp5IhL5CYpKknBZqILFtQk7ay/lU2KJbssj0XWgdnCSVYqjEofnrDiCSChppwrFTXsWPdS7HUjHCa5b1E0RiTCR7RrsEQm1F66XzHDJ0bZ4iCSJoTajR3f79IsVBqKnxzU2A9VqvZzPwv6yY6qPVSFsaJpiFZfBQkHOkIzQpDQyYp0XxqABPJzKyIjLGpRZta86YEZ3XldXAr5euy/WBDDk7hDC7AgSrcwT00wAUCT/ACb/BuPVuv1seirQ1rWdsJ/JH19QP80qFb</latexit><latexit sha1_base64="NF8hBCtJz08QJYBc5mZFlp4KVxA="></latexit><latexit sha1_base64="NF8hBCtJz08QJYBc5mZFlp4KVxA="></latexit><latexit sha1_base64="Bd6/WkJtdbe78L7le3IUDw2rfrk="></latexit><latexit sha1_base64="Bd6/WkJtdbe78L7le3IUDw2rfrk="></latexit><latexit sha1_base64="Bd6/WkJtdbe78L7le3IUDw2rfrk="></latexit><latexit sha1_base64="Bd6/WkJtdbe78L7le3IUDw2rfrk="></latexit>

electron :

proton :

dP

ds
=

cC�E4

4⇡2⇢3
<latexit sha1_base64="CzY2AknvHLV9MgRzQk8NBQ+KIBI=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSloL6kIoFsFlBWMLTRomk0k7dCYJMxOhhPyHG3/FjQsVd+LGv3HaZqGtBy6cOede5t7jJ4xKZVnfxtLyyuraemmjvLm1vbNr7u3fyzgVmNg4ZrHo+kgSRiNiK6oY6SaCIO4z0vFHrYnfeSBC0ji6U+OEuBwNIhpSjJSWPLPuhALhLGjnWSBzeAlnb9zynAHiHMHrfiPPGk5C+3VHDOP+ae6ZFatqTQEXSa0gFVCg7ZmfThDjlJNIYYak7NWsRLkZEopiRvKyk0qSIDxCA9LTNEKcSDeb3pbDY60EMIyFrkjBqfp7IkNcyjH3dSdHaijnvYn4n9dLVXjuZjRKUkUiPPsoTBlUMZwEBQMqCFZsrAnCgupdIR4iHY7ScZZ1CLX5kxeJXa9eVK3bRqV5VaRRAofgCJyAGjgDTXAD2sAGGDyCZ/AK3own48V4Nz5mrUtGMXMA/sD4+gHJjqDU</latexit><latexit sha1_base64="CzY2AknvHLV9MgRzQk8NBQ+KIBI=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSloL6kIoFsFlBWMLTRomk0k7dCYJMxOhhPyHG3/FjQsVd+LGv3HaZqGtBy6cOede5t7jJ4xKZVnfxtLyyuraemmjvLm1vbNr7u3fyzgVmNg4ZrHo+kgSRiNiK6oY6SaCIO4z0vFHrYnfeSBC0ji6U+OEuBwNIhpSjJSWPLPuhALhLGjnWSBzeAlnb9zynAHiHMHrfiPPGk5C+3VHDOP+ae6ZFatqTQEXSa0gFVCg7ZmfThDjlJNIYYak7NWsRLkZEopiRvKyk0qSIDxCA9LTNEKcSDeb3pbDY60EMIyFrkjBqfp7IkNcyjH3dSdHaijnvYn4n9dLVXjuZjRKUkUiPPsoTBlUMZwEBQMqCFZsrAnCgupdIR4iHY7ScZZ1CLX5kxeJXa9eVK3bRqV5VaRRAofgCJyAGjgDTXAD2sAGGDyCZ/AK3own48V4Nz5mrUtGMXMA/sD4+gHJjqDU</latexit><latexit sha1_base64="CzY2AknvHLV9MgRzQk8NBQ+KIBI=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSloL6kIoFsFlBWMLTRomk0k7dCYJMxOhhPyHG3/FjQsVd+LGv3HaZqGtBy6cOede5t7jJ4xKZVnfxtLyyuraemmjvLm1vbNr7u3fyzgVmNg4ZrHo+kgSRiNiK6oY6SaCIO4z0vFHrYnfeSBC0ji6U+OEuBwNIhpSjJSWPLPuhALhLGjnWSBzeAlnb9zynAHiHMHrfiPPGk5C+3VHDOP+ae6ZFatqTQEXSa0gFVCg7ZmfThDjlJNIYYak7NWsRLkZEopiRvKyk0qSIDxCA9LTNEKcSDeb3pbDY60EMIyFrkjBqfp7IkNcyjH3dSdHaijnvYn4n9dLVXjuZjRKUkUiPPsoTBlUMZwEBQMqCFZsrAnCgupdIR4iHY7ScZZ1CLX5kxeJXa9eVK3bRqV5VaRRAofgCJyAGjgDTXAD2sAGGDyCZ/AK3own48V4Nz5mrUtGMXMA/sD4+gHJjqDU</latexit>

hP i = f0U0 =
cU0

2⇡R
=

cC�E4

2⇡R⇢2
<latexit sha1_base64="DnhI5GgNqGp9v+UGI8k/QCfNmL0="></latexit><latexit sha1_base64="DnhI5GgNqGp9v+UGI8k/QCfNmL0="></latexit><latexit sha1_base64="DnhI5GgNqGp9v+UGI8k/QCfNmL0="></latexit>

18

Angular distribution – relativistic acceleration

D. H. Tomboulian and P. L. Hartman, Phys. Rev., 102, 1423 (1956).

• Narrow cone of radiation 1
𝛾

• Tangential to the direction of acceleration
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Synchrotron Radiation
• As in our example of adiabatic damping during 

acceleration, the release of photon radiation is along the 
direction of motion of the particle (x’, y’ ), while the 
acceleration is in the ideal direction, s.
‣ thus, returning energy to the particle will damp the 

oscillations
• However, the spontaneous emission of a photon is a 

discrete, random process and hence will instantly alter 
the betatron amplitude (emittance) of the particle

• These competing effects will result in an equilibrium 
transverse emittance and an equilibrium momentum 
spread

112



February	2018						MJS CAS	Beam	Dynamics/Tech	for	Future	Colliders

Damping Times and Equilibrium Emittance
• Characteristic Damping Time:
• Betatron amplitude damping time:
• Emittance damping time:

• Equilibrium Emittance:
‣ horizontal —
‣ vertical     — 

• Equilibrium Momentum Spread:

113

⌧0 =
E

hP i
<latexit sha1_base64="7cWhIG0SvajEqpbVOTiHvj7O1Hg=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqkxFUBdCUQSXFRxb6JRyJ820oZnMkGSEMvQD3PgrblyouPUH3Pk3pu0stHogcDjn3CT3BIng2rjul1NYWFxaXimultbWNza3yts7dzpOFWUejUWsWgFqJrhknuFGsFaiGEaBYM1geDnxm/dMaR7LWzNKWCfCvuQhp2is1C1XfINp1yXnxA8V0uxqnPkCZV8w0vDVlIxtyq26U5C/pJaTCuRodMuffi+macSkoQK1btfcxHQyVIZTe1/JTzVLkA6xz9qWSoyY7mTTZcbkwCo9EsbKHmnIVP05kWGk9SgKbDJCM9Dz3kT8z2unJjztZFwmqWGSzh4KU0FMTCbNkB5XjBoxsgSp4vavhA7QlmJsfyVbQm1+5b/EO6qeVd2b40r9Im+jCHuwD4dQgxOowzU0wAMKD/AEL/DqPDrPzpvzPosWnHxmF37B+fgGa6eazw==</latexit><latexit sha1_base64="7cWhIG0SvajEqpbVOTiHvj7O1Hg=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqkxFUBdCUQSXFRxb6JRyJ820oZnMkGSEMvQD3PgrblyouPUH3Pk3pu0stHogcDjn3CT3BIng2rjul1NYWFxaXimultbWNza3yts7dzpOFWUejUWsWgFqJrhknuFGsFaiGEaBYM1geDnxm/dMaR7LWzNKWCfCvuQhp2is1C1XfINp1yXnxA8V0uxqnPkCZV8w0vDVlIxtyq26U5C/pJaTCuRodMuffi+macSkoQK1btfcxHQyVIZTe1/JTzVLkA6xz9qWSoyY7mTTZcbkwCo9EsbKHmnIVP05kWGk9SgKbDJCM9Dz3kT8z2unJjztZFwmqWGSzh4KU0FMTCbNkB5XjBoxsgSp4vavhA7QlmJsfyVbQm1+5b/EO6qeVd2b40r9Im+jCHuwD4dQgxOowzU0wAMKD/AEL/DqPDrPzpvzPosWnHxmF37B+fgGa6eazw==</latexit><latexit sha1_base64="7cWhIG0SvajEqpbVOTiHvj7O1Hg=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqkxFUBdCUQSXFRxb6JRyJ820oZnMkGSEMvQD3PgrblyouPUH3Pk3pu0stHogcDjn3CT3BIng2rjul1NYWFxaXimultbWNza3yts7dzpOFWUejUWsWgFqJrhknuFGsFaiGEaBYM1geDnxm/dMaR7LWzNKWCfCvuQhp2is1C1XfINp1yXnxA8V0uxqnPkCZV8w0vDVlIxtyq26U5C/pJaTCuRodMuffi+macSkoQK1btfcxHQyVIZTe1/JTzVLkA6xz9qWSoyY7mTTZcbkwCo9EsbKHmnIVP05kWGk9SgKbDJCM9Dz3kT8z2unJjztZFwmqWGSzh4KU0FMTCbNkB5XjBoxsgSp4vavhA7QlmJsfyVbQm1+5b/EO6qeVd2b40r9Im+jCHuwD4dQgxOowzU0wAMKD/AEL/DqPDrPzpvzPosWnHxmF37B+fgGa6eazw==</latexit>

⌧x = ⌧y = 2⌧0
<latexit sha1_base64="MwtLWYDzNGeOdIndJ3b/cp22TG4=">AAACAXicbZDLSsNAFIZPvNZ6i7oSN4NFcFWSIqgLoejGZQVjC20Ik+mkHTq5MDMRQyhufBU3LlTc+hbufBunaRba+sPAx3/O4cz5/YQzqSzr21hYXFpeWa2sVdc3Nre2zZ3dOxmnglCHxDwWHR9LyllEHcUUp51EUBz6nLb90dWk3r6nQrI4ulVZQt0QDyIWMIKVtjxzv6dw6j2gC1RApqFRkOWZNatuFULzYJdQg1Itz/zq9WOShjRShGMpu7aVKDfHQjHC6bjaSyVNMBnhAe1qjHBIpZsXJ4zRkXb6KIiFfpFChft7IsehlFno684Qq6GcrU3M/2rdVAVnbs6iJFU0ItNFQcqRitEkD9RnghLFMw2YCKb/isgQC0yUTq2qQ7BnT54Hp1E/r1s3J7XmZZlGBQ7gEI7BhlNowjW0wAECj/AMr/BmPBkvxrvxMW1dMMqZPfgj4/MHmtGV1A==</latexit><latexit sha1_base64="MwtLWYDzNGeOdIndJ3b/cp22TG4=">AAACAXicbZDLSsNAFIZPvNZ6i7oSN4NFcFWSIqgLoejGZQVjC20Ik+mkHTq5MDMRQyhufBU3LlTc+hbufBunaRba+sPAx3/O4cz5/YQzqSzr21hYXFpeWa2sVdc3Nre2zZ3dOxmnglCHxDwWHR9LyllEHcUUp51EUBz6nLb90dWk3r6nQrI4ulVZQt0QDyIWMIKVtjxzv6dw6j2gC1RApqFRkOWZNatuFULzYJdQg1Itz/zq9WOShjRShGMpu7aVKDfHQjHC6bjaSyVNMBnhAe1qjHBIpZsXJ4zRkXb6KIiFfpFChft7IsehlFno684Qq6GcrU3M/2rdVAVnbs6iJFU0ItNFQcqRitEkD9RnghLFMw2YCKb/isgQC0yUTq2qQ7BnT54Hp1E/r1s3J7XmZZlGBQ7gEI7BhlNowjW0wAECj/AMr/BmPBkvxrvxMW1dMMqZPfgj4/MHmtGV1A==</latexit><latexit sha1_base64="MwtLWYDzNGeOdIndJ3b/cp22TG4=">AAACAXicbZDLSsNAFIZPvNZ6i7oSN4NFcFWSIqgLoejGZQVjC20Ik+mkHTq5MDMRQyhufBU3LlTc+hbufBunaRba+sPAx3/O4cz5/YQzqSzr21hYXFpeWa2sVdc3Nre2zZ3dOxmnglCHxDwWHR9LyllEHcUUp51EUBz6nLb90dWk3r6nQrI4ulVZQt0QDyIWMIKVtjxzv6dw6j2gC1RApqFRkOWZNatuFULzYJdQg1Itz/zq9WOShjRShGMpu7aVKDfHQjHC6bjaSyVNMBnhAe1qjHBIpZsXJ4zRkXb6KIiFfpFChft7IsehlFno684Qq6GcrU3M/2rdVAVnbs6iJFU0ItNFQcqRitEkD9RnghLFMw2YCKb/isgQC0yUTq2qQ7BnT54Hp1E/r1s3J7XmZZlGBQ7gEI7BhlNowjW0wAECj/AMr/BmPBkvxrvxMW1dMMqZPfgj4/MHmtGV1A==</latexit>

⌧e = ⌧y/2
<latexit sha1_base64="tq4B4DBLv1r0oXhWA95okuZT9Jw=">AAAB+XicbZDLSsNAFIYnXmu9pbp0M1gEVzUpgroQim5cVjC20IYwmU7aoZMLMydKiH0UNy5U3Pom7nwbp2kW2vrDwMd/zuGc+f1EcAWW9W0sLa+srq1XNqqbW9s7u2Zt717FqaTMobGIZdcnigkeMQc4CNZNJCOhL1jHH19P650HJhWPozvIEuaGZBjxgFMC2vLMWh9I6jF8iQvITpqeWbcaViG8CHYJdVSq7Zlf/UFM05BFQAVRqmdbCbg5kcCpYJNqP1UsIXRMhqynMSIhU25enD7BR9oZ4CCW+kWAC/f3RE5CpbLQ150hgZGar03N/2q9FIJzN+dRkgKL6GxRkAoMMZ7mgAdcMgoi00Co5PpWTEdEEgo6raoOwZ7/8iI4zcZFw7o9rbeuyjQq6AAdomNkozPUQjeojRxE0SN6Rq/ozXgyXox342PWumSUM/voj4zPH1D+ku4=</latexit><latexit sha1_base64="tq4B4DBLv1r0oXhWA95okuZT9Jw=">AAAB+XicbZDLSsNAFIYnXmu9pbp0M1gEVzUpgroQim5cVjC20IYwmU7aoZMLMydKiH0UNy5U3Pom7nwbp2kW2vrDwMd/zuGc+f1EcAWW9W0sLa+srq1XNqqbW9s7u2Zt717FqaTMobGIZdcnigkeMQc4CNZNJCOhL1jHH19P650HJhWPozvIEuaGZBjxgFMC2vLMWh9I6jF8iQvITpqeWbcaViG8CHYJdVSq7Zlf/UFM05BFQAVRqmdbCbg5kcCpYJNqP1UsIXRMhqynMSIhU25enD7BR9oZ4CCW+kWAC/f3RE5CpbLQ150hgZGar03N/2q9FIJzN+dRkgKL6GxRkAoMMZ7mgAdcMgoi00Co5PpWTEdEEgo6raoOwZ7/8iI4zcZFw7o9rbeuyjQq6AAdomNkozPUQjeojRxE0SN6Rq/ozXgyXox342PWumSUM/voj4zPH1D+ku4=</latexit><latexit sha1_base64="tq4B4DBLv1r0oXhWA95okuZT9Jw=">AAAB+XicbZDLSsNAFIYnXmu9pbp0M1gEVzUpgroQim5cVjC20IYwmU7aoZMLMydKiH0UNy5U3Pom7nwbp2kW2vrDwMd/zuGc+f1EcAWW9W0sLa+srq1XNqqbW9s7u2Zt717FqaTMobGIZdcnigkeMQc4CNZNJCOhL1jHH19P650HJhWPozvIEuaGZBjxgFMC2vLMWh9I6jF8iQvITpqeWbcaViG8CHYJdVSq7Zlf/UFM05BFQAVRqmdbCbg5kcCpYJNqP1UsIXRMhqynMSIhU25enD7BR9oZ4CCW+kWAC/f3RE5CpbLQ150hgZGar03N/2q9FIJzN+dRkgKL6GxRkAoMMZ7mgAdcMgoi00Co5PpWTEdEEgo6raoOwZ7/8iI4zcZFw7o9rbeuyjQq6AAdomNkozPUQjeojRxE0SN6Rq/ozXgyXox342PWumSUM/voj4zPH1D+ku4=</latexit>

✏x = ��2
x/�x �!

1

2
hHi

hw2
i

mc2hwi
<latexit sha1_base64="mNddKfC4yFbHbUfu0bf5jkxadII="></latexit><latexit sha1_base64="mNddKfC4yFbHbUfu0bf5jkxadII="></latexit><latexit sha1_base64="mNddKfC4yFbHbUfu0bf5jkxadII="></latexit>

�E/E �! 1

2

s
hw2i
Ehwi

<latexit sha1_base64="Q7L5KZPz9OF7ZEu1ep0HNRALVsw="></latexit><latexit sha1_base64="Q7L5KZPz9OF7ZEu1ep0HNRALVsw="></latexit><latexit sha1_base64="Q7L5KZPz9OF7ZEu1ep0HNRALVsw="></latexit>

!0 ⌘ c/⇢
<latexit sha1_base64="pYEMH0gva2dNkRbHRH1QSbTgOxY=">AAAB/nicbVBNS8NAEN34WetXVPDiZbEInmoqgnorevFYwdhCE8JmO2mXbrJxd1MosQf/ihcPKl79Hd78N27bHLT1wcDjvRlm5oUpZ0o7zre1sLi0vLJaWiuvb2xubds7u/dKZJKCSwUXshUSBZwl4GqmObRSCSQOOTTD/vXYbw5AKiaSOz1MwY9JN2ERo0QbKbD3PRFDlwQO9uAhYwNMTzzZE4FdcarOBHie1ApSQQUagf3ldQTNYkg05USpds1JtZ8TqRnlMCp7mYKU0D7pQtvQhMSg/Hxy/wgfGaWDIyFNJRpP1N8TOYmVGsah6YyJ7qlZbyz+57UzHV34OUvSTENCp4uijGMt8DgM3GESqOZDQwiVzNyKaY9IQrWJrGxCqM2+PE/c0+pl1bk9q9SvijRK6AAdomNUQ+eojm5QA7mIokf0jF7Rm/VkvVjv1se0dcEqZvbQH1ifP3VnlUs=</latexit><latexit sha1_base64="pYEMH0gva2dNkRbHRH1QSbTgOxY=">AAAB/nicbVBNS8NAEN34WetXVPDiZbEInmoqgnorevFYwdhCE8JmO2mXbrJxd1MosQf/ihcPKl79Hd78N27bHLT1wcDjvRlm5oUpZ0o7zre1sLi0vLJaWiuvb2xubds7u/dKZJKCSwUXshUSBZwl4GqmObRSCSQOOTTD/vXYbw5AKiaSOz1MwY9JN2ERo0QbKbD3PRFDlwQO9uAhYwNMTzzZE4FdcarOBHie1ApSQQUagf3ldQTNYkg05USpds1JtZ8TqRnlMCp7mYKU0D7pQtvQhMSg/Hxy/wgfGaWDIyFNJRpP1N8TOYmVGsah6YyJ7qlZbyz+57UzHV34OUvSTENCp4uijGMt8DgM3GESqOZDQwiVzNyKaY9IQrWJrGxCqM2+PE/c0+pl1bk9q9SvijRK6AAdomNUQ+eojm5QA7mIokf0jF7Rm/VkvVjv1se0dcEqZvbQH1ifP3VnlUs=</latexit><latexit sha1_base64="pYEMH0gva2dNkRbHRH1QSbTgOxY=">AAAB/nicbVBNS8NAEN34WetXVPDiZbEInmoqgnorevFYwdhCE8JmO2mXbrJxd1MosQf/ihcPKl79Hd78N27bHLT1wcDjvRlm5oUpZ0o7zre1sLi0vLJaWiuvb2xubds7u/dKZJKCSwUXshUSBZwl4GqmObRSCSQOOTTD/vXYbw5AKiaSOz1MwY9JN2ERo0QbKbD3PRFDlwQO9uAhYwNMTzzZE4FdcarOBHie1ApSQQUagf3ldQTNYkg05USpds1JtZ8TqRnlMCp7mYKU0D7pQtvQhMSg/Hxy/wgfGaWDIyFNJRpP1N8TOYmVGsah6YyJ7qlZbyz+57UzHV34OUvSTENCp4uijGMt8DgM3GESqOZDQwiVzNyKaY9IQrWJrGxCqM2+PE/c0+pl1bk9q9SvijRK6AAdomNUQ+eojm5QA7mIokf0jF7Rm/VkvVjv1se0dcEqZvbQH1ifP3VnlUs=</latexit>

wc =
3

2
�3~!0

<latexit sha1_base64="rO7QT+ZDGir9beCjYH1Sqb9Zins=">AAACC3icbVDLSgMxFM34rPVVdekmWARXZaYV1IVQdOOygrWFTi130sw0NMkMSUYpQz/Ajb/ixoWKW3/AnX9j+lho64HA4ZxzubknSDjTxnW/nYXFpeWV1dxafn1jc2u7sLN7q+NUEVonMY9VMwBNOZO0bpjhtJkoCiLgtBH0L0d+454qzWJ5YwYJbQuIJAsZAWOlTqH40CH4HPuhAlIp+xEIAXcV7PcCUH4saAQd16bckjsGnifelBTRFLVO4cvvxiQVVBrCQeuW5yamnYEyjHA6zPuppgmQPkS0ZakEQXU7Gx8zxIdW6eIwVvZJg8fq74kMhNYDEdikANPTs95I/M9rpSY8bWdMJqmhkkwWhSnHJsajZnCXKUoMH1gCRDH7V0x6YHsxtr+8LcGbPXme1Muls5J7fVysXkzbyKF9dICOkIdOUBVdoRqqI4Ie0TN6RW/Ok/PivDsfk+iCM53ZQ3/gfP4ACI6Z7A==</latexit><latexit sha1_base64="rO7QT+ZDGir9beCjYH1Sqb9Zins=">AAACC3icbVDLSgMxFM34rPVVdekmWARXZaYV1IVQdOOygrWFTi130sw0NMkMSUYpQz/Ajb/ixoWKW3/AnX9j+lho64HA4ZxzubknSDjTxnW/nYXFpeWV1dxafn1jc2u7sLN7q+NUEVonMY9VMwBNOZO0bpjhtJkoCiLgtBH0L0d+454qzWJ5YwYJbQuIJAsZAWOlTqH40CH4HPuhAlIp+xEIAXcV7PcCUH4saAQd16bckjsGnifelBTRFLVO4cvvxiQVVBrCQeuW5yamnYEyjHA6zPuppgmQPkS0ZakEQXU7Gx8zxIdW6eIwVvZJg8fq74kMhNYDEdikANPTs95I/M9rpSY8bWdMJqmhkkwWhSnHJsajZnCXKUoMH1gCRDH7V0x6YHsxtr+8LcGbPXme1Muls5J7fVysXkzbyKF9dICOkIdOUBVdoRqqI4Ie0TN6RW/Ok/PivDsfk+iCM53ZQ3/gfP4ACI6Z7A==</latexit><latexit sha1_base64="rO7QT+ZDGir9beCjYH1Sqb9Zins=">AAACC3icbVDLSgMxFM34rPVVdekmWARXZaYV1IVQdOOygrWFTi130sw0NMkMSUYpQz/Ajb/ixoWKW3/AnX9j+lho64HA4ZxzubknSDjTxnW/nYXFpeWV1dxafn1jc2u7sLN7q+NUEVonMY9VMwBNOZO0bpjhtJkoCiLgtBH0L0d+454qzWJ5YwYJbQuIJAsZAWOlTqH40CH4HPuhAlIp+xEIAXcV7PcCUH4saAQd16bckjsGnifelBTRFLVO4cvvxiQVVBrCQeuW5yamnYEyjHA6zPuppgmQPkS0ZakEQXU7Gx8zxIdW6eIwVvZJg8fq74kMhNYDEdikANPTs95I/M9rpSY8bWdMJqmhkkwWhSnHJsajZnCXKUoMH1gCRDH7V0x6YHsxtr+8LcGbPXme1Muls5J7fVysXkzbyKF9dICOkIdOUBVdoRqqI4Ie0TN6RW/Ok/PivDsfk+iCM53ZQ3/gfP4ACI6Z7A==</latexit>

hwi = 8

15
p
3
wc

<latexit sha1_base64="WL2ZgSxT4pykFiGRWCC6apxW2o4=">AAACEnicbZC7TsMwFIYdrqXcAowsFhUSYqgSLqIMSBUsjEUitFITRY7rtFYdJ9gOVRXlHVh4FRYGQKxMbLwNbpsBWn7J0qf/nKPj8wcJo1JZ1rcxN7+wuLRcWimvrq1vbJpb23cyTgUmDo5ZLFoBkoRRThxFFSOtRBAUBYw0g/7VqN58IELSmN+qYUK8CHU5DSlGSlu+eegyxLuMwIErJnAB3VAgnNXyzD515b1Q2XGeD3zsmxWrao0FZ8EuoAIKNXzzy+3EOI0IV5ghKdu2lSgvQ0JRzEhedlNJEoT7qEvaGjmKiPSy8U053NdOB4ax0I8rOHZ/T2QoknIYBbozQqonp2sj879aO1VhzcsoT1JFOJ4sClMGVQxHAcEOFQQrNtSAsKD6rxD3kE5E6RjLOgR7+uRZcI6q51Xr5qRSvyzSKIFdsAcOgA3OQB1cgwZwAAaP4Bm8gjfjyXgx3o2PSeucUczsgD8yPn8AI2id6g==</latexit><latexit sha1_base64="WL2ZgSxT4pykFiGRWCC6apxW2o4=">AAACEnicbZC7TsMwFIYdrqXcAowsFhUSYqgSLqIMSBUsjEUitFITRY7rtFYdJ9gOVRXlHVh4FRYGQKxMbLwNbpsBWn7J0qf/nKPj8wcJo1JZ1rcxN7+wuLRcWimvrq1vbJpb23cyTgUmDo5ZLFoBkoRRThxFFSOtRBAUBYw0g/7VqN58IELSmN+qYUK8CHU5DSlGSlu+eegyxLuMwIErJnAB3VAgnNXyzD515b1Q2XGeD3zsmxWrao0FZ8EuoAIKNXzzy+3EOI0IV5ghKdu2lSgvQ0JRzEhedlNJEoT7qEvaGjmKiPSy8U053NdOB4ax0I8rOHZ/T2QoknIYBbozQqonp2sj879aO1VhzcsoT1JFOJ4sClMGVQxHAcEOFQQrNtSAsKD6rxD3kE5E6RjLOgR7+uRZcI6q51Xr5qRSvyzSKIFdsAcOgA3OQB1cgwZwAAaP4Bm8gjfjyXgx3o2PSeucUczsgD8yPn8AI2id6g==</latexit><latexit sha1_base64="WL2ZgSxT4pykFiGRWCC6apxW2o4=">AAACEnicbZC7TsMwFIYdrqXcAowsFhUSYqgSLqIMSBUsjEUitFITRY7rtFYdJ9gOVRXlHVh4FRYGQKxMbLwNbpsBWn7J0qf/nKPj8wcJo1JZ1rcxN7+wuLRcWimvrq1vbJpb23cyTgUmDo5ZLFoBkoRRThxFFSOtRBAUBYw0g/7VqN58IELSmN+qYUK8CHU5DSlGSlu+eegyxLuMwIErJnAB3VAgnNXyzD515b1Q2XGeD3zsmxWrao0FZ8EuoAIKNXzzy+3EOI0IV5ghKdu2lSgvQ0JRzEhedlNJEoT7qEvaGjmKiPSy8U053NdOB4ax0I8rOHZ/T2QoknIYBbozQqonp2sj879aO1VhzcsoT1JFOJ4sClMGVQxHAcEOFQQrNtSAsKD6rxD3kE5E6RjLOgR7+uRZcI6q51Xr5qRSvyzSKIFdsAcOgA3OQB1cgwZwAAaP4Bm8gjfjyXgx3o2PSeucUczsgD8yPn8AI2id6g==</latexit>

hw2i = 11

27
w2

c
<latexit sha1_base64="WigJGdZKrW+Bh1g+yAjf0pbiiXQ=">AAACD3icbZC9TsMwFIUdfkv5CzCyWFQIpiqpkAoDUgULY5EIrdSkkeM6rVXHiWyHqoryCCy8CgsDIFZWNt4Gt80ALUey9Once3V9T5AwKpVlfRtLyyura+uljfLm1vbOrrm3fy/jVGDi4JjFoh0gSRjlxFFUMdJOBEFRwEgrGF5P6q0HIiSN+Z0aJ8SLUJ/TkGKktOWbJy5DvM8IHHVrrpjhJXRDgXBm23lWq+cjH3drvlmxqtZUcBHsAiqgUNM3v9xejNOIcIUZkrJjW4nyMiQUxYzkZTeVJEF4iPqko5GjiEgvmx6Uw2Pt9GAYC/24glP390SGIinHUaA7I6QGcr42Mf+rdVIVnnsZ5UmqCMezRWHKoIrhJB3Yo4JgxcYaEBZU/xXiAdJhKJ1hWYdgz5+8CE6telG1bs8qjasijRI4BEfgFNigDhrgBjSBAzB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkDc3WbyA==</latexit><latexit sha1_base64="WigJGdZKrW+Bh1g+yAjf0pbiiXQ=">AAACD3icbZC9TsMwFIUdfkv5CzCyWFQIpiqpkAoDUgULY5EIrdSkkeM6rVXHiWyHqoryCCy8CgsDIFZWNt4Gt80ALUey9Once3V9T5AwKpVlfRtLyyura+uljfLm1vbOrrm3fy/jVGDi4JjFoh0gSRjlxFFUMdJOBEFRwEgrGF5P6q0HIiSN+Z0aJ8SLUJ/TkGKktOWbJy5DvM8IHHVrrpjhJXRDgXBm23lWq+cjH3drvlmxqtZUcBHsAiqgUNM3v9xejNOIcIUZkrJjW4nyMiQUxYzkZTeVJEF4iPqko5GjiEgvmx6Uw2Pt9GAYC/24glP390SGIinHUaA7I6QGcr42Mf+rdVIVnnsZ5UmqCMezRWHKoIrhJB3Yo4JgxcYaEBZU/xXiAdJhKJ1hWYdgz5+8CE6telG1bs8qjasijRI4BEfgFNigDhrgBjSBAzB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkDc3WbyA==</latexit><latexit sha1_base64="WigJGdZKrW+Bh1g+yAjf0pbiiXQ=">AAACD3icbZC9TsMwFIUdfkv5CzCyWFQIpiqpkAoDUgULY5EIrdSkkeM6rVXHiWyHqoryCCy8CgsDIFZWNt4Gt80ALUey9Once3V9T5AwKpVlfRtLyyura+uljfLm1vbOrrm3fy/jVGDi4JjFoh0gSRjlxFFUMdJOBEFRwEgrGF5P6q0HIiSN+Z0aJ8SLUJ/TkGKktOWbJy5DvM8IHHVrrpjhJXRDgXBm23lWq+cjH3drvlmxqtZUcBHsAiqgUNM3v9xejNOIcIUZkrJjW4nyMiQUxYzkZTeVJEF4iPqko5GjiEgvmx6Uw2Pt9GAYC/24glP390SGIinHUaA7I6QGcr42Mf+rdVIVnnsZ5UmqCMezRWHKoIrhJB3Yo4JgxcYaEBZU/xXiAdJhKJ1hWYdgz5+8CE6telG1bs8qjasijRI4BEfgFNigDhrgBjSBAzB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkDc3WbyA==</latexit>

for hh collider-
style lattices

critical photon energy average photon energy photon energy variance

✏y = 0 maybe ⇠ 1% ✏x
<latexit sha1_base64="sY1A8e0V56h42vlJVXs8ALjz+u8=">AAACKXicbVDLSgMxFM34rPU16tJNsBRclRkR1IVQdeOygmMLnVIy6W0bmswMSUYchvZ33PgrbrrwtfVHTB/4aD0QOJxzDzf3BDFnSjvOu7WwuLS8sppby69vbG5t2zu7dypKJAWPRjyStYAo4CwETzPNoRZLICLgUA16VyO/eg9SsSi81WkMDUE6IWszSrSRmvaFD7Fi3NAUn2MHD36Q+VJgQdIA+thXTOCx4PrFPh7g79hD0y44JWcMPE/cKSmgKSpNe+i3IpoICDXlRKm668S6kRGpGeXQz/uJgpjQHulA3dCQCFCNbHxqHxeN0sLtSJoXajxWfycyIpRKRWAmBdFdNeuNxP+8eqLbp42MhXGiIaSTRe2EYx3hUW+4xSRQzVNDCJXM/BXTLpGEatNu3pTgzp48T7yj0lnJuTkulC+nbeTQPjpAh8hFJ6iMrlEFeYiiR/SMXtCr9WQNrTfrYzK6YE0ze+gPrM8vt96now==</latexit><latexit sha1_base64="sY1A8e0V56h42vlJVXs8ALjz+u8=">AAACKXicbVDLSgMxFM34rPU16tJNsBRclRkR1IVQdeOygmMLnVIy6W0bmswMSUYchvZ33PgrbrrwtfVHTB/4aD0QOJxzDzf3BDFnSjvOu7WwuLS8sppby69vbG5t2zu7dypKJAWPRjyStYAo4CwETzPNoRZLICLgUA16VyO/eg9SsSi81WkMDUE6IWszSrSRmvaFD7Fi3NAUn2MHD36Q+VJgQdIA+thXTOCx4PrFPh7g79hD0y44JWcMPE/cKSmgKSpNe+i3IpoICDXlRKm668S6kRGpGeXQz/uJgpjQHulA3dCQCFCNbHxqHxeN0sLtSJoXajxWfycyIpRKRWAmBdFdNeuNxP+8eqLbp42MhXGiIaSTRe2EYx3hUW+4xSRQzVNDCJXM/BXTLpGEatNu3pTgzp48T7yj0lnJuTkulC+nbeTQPjpAh8hFJ6iMrlEFeYiiR/SMXtCr9WQNrTfrYzK6YE0ze+gPrM8vt96now==</latexit><latexit sha1_base64="sY1A8e0V56h42vlJVXs8ALjz+u8=">AAACKXicbVDLSgMxFM34rPU16tJNsBRclRkR1IVQdeOygmMLnVIy6W0bmswMSUYchvZ33PgrbrrwtfVHTB/4aD0QOJxzDzf3BDFnSjvOu7WwuLS8sppby69vbG5t2zu7dypKJAWPRjyStYAo4CwETzPNoRZLICLgUA16VyO/eg9SsSi81WkMDUE6IWszSrSRmvaFD7Fi3NAUn2MHD36Q+VJgQdIA+thXTOCx4PrFPh7g79hD0y44JWcMPE/cKSmgKSpNe+i3IpoICDXlRKm668S6kRGpGeXQz/uJgpjQHulA3dCQCFCNbHxqHxeN0sLtSJoXajxWfycyIpRKRWAmBdFdNeuNxP+8eqLbp42MhXGiIaSTRe2EYx3hUW+4xSRQzVNDCJXM/BXTLpGEatNu3pTgzp48T7yj0lnJuTkulC+nbeTQPjpAh8hFJ6iMrlEFeYiiR/SMXtCr9WQNrTfrYzK6YE0ze+gPrM8vt96now==</latexit>

H ⌘
D2 + (↵xD + �xD0)2

�x
<latexit sha1_base64="0MbjRsdjM+bseNRX13Lc1teyx/M="></latexit><latexit sha1_base64="0MbjRsdjM+bseNRX13Lc1teyx/M="></latexit><latexit sha1_base64="0MbjRsdjM+bseNRX13Lc1teyx/M="></latexit>

✏y = 0 maybe ⇠ 1% ✏x
<latexit sha1_base64="sY1A8e0V56h42vlJVXs8ALjz+u8=">AAACKXicbVDLSgMxFM34rPU16tJNsBRclRkR1IVQdeOygmMLnVIy6W0bmswMSUYchvZ33PgrbrrwtfVHTB/4aD0QOJxzDzf3BDFnSjvOu7WwuLS8sppby69vbG5t2zu7dypKJAWPRjyStYAo4CwETzPNoRZLICLgUA16VyO/eg9SsSi81WkMDUE6IWszSrSRmvaFD7Fi3NAUn2MHD36Q+VJgQdIA+thXTOCx4PrFPh7g79hD0y44JWcMPE/cKSmgKSpNe+i3IpoICDXlRKm668S6kRGpGeXQz/uJgpjQHulA3dCQCFCNbHxqHxeN0sLtSJoXajxWfycyIpRKRWAmBdFdNeuNxP+8eqLbp42MhXGiIaSTRe2EYx3hUW+4xSRQzVNDCJXM/BXTLpGEatNu3pTgzp48T7yj0lnJuTkulC+nbeTQPjpAh8hFJ6iMrlEFeYiiR/SMXtCr9WQNrTfrYzK6YE0ze+gPrM8vt96now==</latexit><latexit sha1_base64="sY1A8e0V56h42vlJVXs8ALjz+u8=">AAACKXicbVDLSgMxFM34rPU16tJNsBRclRkR1IVQdeOygmMLnVIy6W0bmswMSUYchvZ33PgrbrrwtfVHTB/4aD0QOJxzDzf3BDFnSjvOu7WwuLS8sppby69vbG5t2zu7dypKJAWPRjyStYAo4CwETzPNoRZLICLgUA16VyO/eg9SsSi81WkMDUE6IWszSrSRmvaFD7Fi3NAUn2MHD36Q+VJgQdIA+thXTOCx4PrFPh7g79hD0y44JWcMPE/cKSmgKSpNe+i3IpoICDXlRKm668S6kRGpGeXQz/uJgpjQHulA3dCQCFCNbHxqHxeN0sLtSJoXajxWfycyIpRKRWAmBdFdNeuNxP+8eqLbp42MhXGiIaSTRe2EYx3hUW+4xSRQzVNDCJXM/BXTLpGEatNu3pTgzp48T7yj0lnJuTkulC+nbeTQPjpAh8hFJ6iMrlEFeYiiR/SMXtCr9WQNrTfrYzK6YE0ze+gPrM8vt96now==</latexit><latexit sha1_base64="sY1A8e0V56h42vlJVXs8ALjz+u8=">AAACKXicbVDLSgMxFM34rPU16tJNsBRclRkR1IVQdeOygmMLnVIy6W0bmswMSUYchvZ33PgrbrrwtfVHTB/4aD0QOJxzDzf3BDFnSjvOu7WwuLS8sppby69vbG5t2zu7dypKJAWPRjyStYAo4CwETzPNoRZLICLgUA16VyO/eg9SsSi81WkMDUE6IWszSrSRmvaFD7Fi3NAUn2MHD36Q+VJgQdIA+thXTOCx4PrFPh7g79hD0y44JWcMPE/cKSmgKSpNe+i3IpoICDXlRKm668S6kRGpGeXQz/uJgpjQHulA3dCQCFCNbHxqHxeN0sLtSJoXajxWfycyIpRKRWAmBdFdNeuNxP+8eqLbp42MhXGiIaSTRe2EYx3hUW+4xSRQzVNDCJXM/BXTLpGEatNu3pTgzp48T7yj0lnJuTkulC+nbeTQPjpAh8hFJ6iMrlEFeYiiR/SMXtCr9WQNrTfrYzK6YE0ze+gPrM8vt96now==</latexit>
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Luminosity Enhancement at Higher Energies
• Synchrotron Radiation at high energies will
‣ Enhance instantaneous luminosity
‣ Enhance integrated luminosity
‣ Forgive (somewhat) numerous injection errors

• As momentum spread damps, local charge density 
increases, enhancing the space charge effects and 
the “intra-beam” scattering of particles
‣ can lead to transverse emittance growth, possible 

instabilities
• Thus, will likely wish to control longitudinal emittance 

damping rate via RF noise source, for example
114
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Beam Parameter Evolution — an Example

115

X. Buffat 

actively	vary	the	

final	focus	optics	to	

mitigate	beam-

beam	interaction	

effects

luminosity	rises,	falls	

as	in	the	SSC	design

early FCC example…

  

Example of beam 
parameter evolution

Nominal scheme is 
limited by HO tune shift: 
what is the real limit ?

Lower β* could be 
achieved with 
smaller emittance

Very small emittances 
are reached : limitations 
due to BB +IBS + QE + 
noise ?

0             2             4             6             8            10 hr
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Luminosity Optimization

• As luminosity will increase, plateau, and decrease, 
may wish to control the instantaneous luminosity 
through various means, such as
‣ varying the final focus ((*)
‣ varying the crossing angle (α)
‣ controlling the damping rates through intentional noise 

sources:
  in addition to the natural (and sometimes un-natural) 
development of the emittance, etc.

116
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<latexit sha1_base64="Vu9NvcZejMBSgKkGEYP3YSuhBFo="></latexit><latexit sha1_base64="2/eGao52+fvMhA/SlqCxTTns3Y8="></latexit><latexit sha1_base64="2/eGao52+fvMhA/SlqCxTTns3Y8="></latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="edyU4OWKHsL6x6zbODy6pcUGMw4="></latexit><latexit sha1_base64="edyU4OWKHsL6x6zbODy6pcUGMw4="></latexit><latexit sha1_base64="0LWDAYJBvRWFoL6n7xoAi9FmQMk="></latexit><latexit sha1_base64="0LWDAYJBvRWFoL6n7xoAi9FmQMk="></latexit><latexit sha1_base64="2/eGao52+fvMhA/SlqCxTTns3Y8="></latexit><latexit sha1_base64="2/eGao52+fvMhA/SlqCxTTns3Y8="></latexit><latexit sha1_base64="2/eGao52+fvMhA/SlqCxTTns3Y8="></latexit><latexit sha1_base64="2/eGao52+fvMhA/SlqCxTTns3Y8="></latexit>

✏̇N , �̇z
<latexit sha1_base64="QzUA4Nt2vXDmahgF7jqiGBXdYdY=">AAACC3icbVC9TsMwGPzCbyl/BUYYLCokBlQlLMBWwcKEWonQSm1UOa7TWnWcyHaQStTuLLwKC0NBrLwAGxuPgtt0gJaTLJ3u7rP9nR9zprRtf1kLi0vLK6u5tfz6xubWdmFn905FiSTUJRGPZN3HinImqKuZ5rQeS4pDn9Oa37sa+7V7KhWLxK3ux9QLcUewgBGsjdQqFJvtSKdNGivGIzFo3Zyg4RBlomKdEA9aDyZll+wJ0DxxpqRYPhhVvwGg0ip8mgtIElKhCcdKNRw71l6KpWaE00G+mSgaY9LDHdowVOCQKi+dLDNAR0ZpoyCS5giNJurviRSHSvVD3yRDrLtq1huL/3mNRAfnXspEnGgqSPZQkHCkIzRuBrWZpETzviGYSGb+ikgXS0y06S9vSnBmV54n7mnpomRXTRmXkCEH+3AIx+DAGZThGirgAoFHeIYRvFpP1ov1Zr1n0QVrOrMHf2B9/AABP54E</latexit><latexit sha1_base64="9XEHlURau/KrXqcUStzCC2ZjYFc=">AAACC3icbVC9TsMwGHTKXyl/BUYQsqiQGFCVsABbBQsTaiVCK7VR5LhOa9V2IttBKlG7MbDwKiwMBbHyAmw8Ay+B23SAwkmWTnf32f4uiBlV2rY/rdzc/MLiUn65sLK6tr5R3Ny6UVEiMXFxxCLZCJAijAriaqoZacSSIB4wUg96F2O/fkukopG41v2YeBx1BA0pRtpIfrHUakc6bZFYURaJgX91BIdDmImKdjga+HcmZZftCeBf4kxJqbI7qn3d742qfvHDXIATToTGDCnVdOxYeymSmmJGBoVWokiMcA91SNNQgThRXjpZZgAPjNKGYSTNERpO1J8TKeJK9Xlgkhzprpr1xuJ/XjPR4amXUhEnmgicPRQmDOoIjpuBbSoJ1qxvCMKSmr9C3EUSYW36K5gSnNmV/xL3uHxWtmumjHOQIQ92wD44BA44ARVwCarABRg8gCcwAi/Wo/VsvVpvWTRnTWe2wS9Y79/eD59q</latexit><latexit sha1_base64="9XEHlURau/KrXqcUStzCC2ZjYFc=">AAACC3icbVC9TsMwGHTKXyl/BUYQsqiQGFCVsABbBQsTaiVCK7VR5LhOa9V2IttBKlG7MbDwKiwMBbHyAmw8Ay+B23SAwkmWTnf32f4uiBlV2rY/rdzc/MLiUn65sLK6tr5R3Ny6UVEiMXFxxCLZCJAijAriaqoZacSSIB4wUg96F2O/fkukopG41v2YeBx1BA0pRtpIfrHUakc6bZFYURaJgX91BIdDmImKdjga+HcmZZftCeBf4kxJqbI7qn3d742qfvHDXIATToTGDCnVdOxYeymSmmJGBoVWokiMcA91SNNQgThRXjpZZgAPjNKGYSTNERpO1J8TKeJK9Xlgkhzprpr1xuJ/XjPR4amXUhEnmgicPRQmDOoIjpuBbSoJ1qxvCMKSmr9C3EUSYW36K5gSnNmV/xL3uHxWtmumjHOQIQ92wD44BA44ARVwCarABRg8gCcwAi/Wo/VsvVpvWTRnTWe2wS9Y79/eD59q</latexit>
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Final Summary
• Have provided a glimpse of the basic physics of 

particle accelerators and particle beam dynamics 
relevant to colliders

• Hope this will enhance your future explorations into
‣ Wake fields, impedance, coherent instabilities
‣ Beam cooling techniques
‣ RF manipulations
‣ Energy deposition, collimation techniques
‣ Magnet, cavity design considerations
‣ Beam Instrumentation and diagnostics
‣ ...
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• See also:
• Physical Review Accelerators and Beams (PRAB)

‣ previously called  PR Special Topics —AB
‣ prominent peer-reviewed journal for the field

• Nuclear Instruments and Methods - A (NIM-A)
‣ many peer-reviewed accelerator articles 

• Joint Accelerator Conferences Website (JACoW)
‣ on-line proceedings of major accelerator conferences
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https://journals.aps.org/prab/
https://www.journals.elsevier.com/nuclear-instruments-and-methods-in-physics-research-section-a-accelerators-spectrometers-detectors-and-associated-equipment
http://www.jacow.org/

