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Coordinate System and Matrix Formalism
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Horizontal and Vertical Transfer Matrix ‘

Rotational Symmetric Systems
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The Paraxial Ray Equation
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Kinematics ‘

Relation between Kinetic Energy 1" and Electric Potential V'

V=0 V(s)
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5 (-pc)g 2mc? + T rz’ﬂlﬂz —qV
pUv = ymuv~ = = , = —qV , .
E mc2 + T mc2 — qV

(11)



The Paraxial Ray Equation
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Paraxial Ray Equation in Linear Approximation
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Solution of the Paraxial Ray Equation
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Solution of the Paraxial Ray Equation

Between s1 and g9 Constant Acceleration (V' = 0):

I

' gV’ p p
P pv pu p

2, / 2 ds
To — T = rds =xp ,
J1 J1 P

Relativistic Exact Solution:
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Transport Matrix of Acceleration Tube
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Rough Approximation
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(26)
Accelerating Tube Lens

focusing lens — modified drift — defocusing lens
Decelerating Tube Lens

defocusing lens — modified drift — focusing lens

det(Ry) = p1/p2. (27)



Refined Treatment: Segmentation
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Segment i:
! 0 1 L.g, 1 0
R, = n EE—I—I_E?' 1 | 0 Py _Ei—l—l_Ef 1 1
2Pi1vit1 Ly Pi+1 2pivi Ly
(28)
Complete Transport Matrix
R=R,R,_1 - Rj. (29)

Analytical Approximation for V' (sg)
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Driftspace

Constant Energy Gradient (V' = const)

Elements of Electrostatic lon Optics

Aperture Lens: Sudden Change of Energy Gradient E’

Focusing Power
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Elements of Electrostatic lonoptics

'R'.'

Transition from Segment ¢ — 1 to Segment ¢

Sudden Change of Energy Gradient E' = dE /ds like Aperture Lens
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Einzel Lens

Scheme of an Einzel Lens

W - W

~ 5

Einzel Lens: Focusing Lens for Vo = V7 and Vo < Vi,
Einzel lens does not change the beam energy

Transport Matrix: Product of two Tube Lense Matrices

R = R(Vi, V) R(V2, V1). (36)



‘ Longitudinal Transfer Matrix ‘

Drift Space
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Constant Energy Gradient (V' = const)
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Geometric Optics ‘
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Telescopic Systems

Transport Matrix between Focal Planes of a Thick Focusing Lens

w=(3 ) (L DG D-(5 )

Telescope of Two Identical Focusing Lenses: —1 Transformation

re=( 0 ) 0)=(% L) @

Telescope of 4 Einzel Lenses and Optical Analogon: +1 Transformation
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Electrostatic Deflector
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‘ Phase Ellipses \ ’/_7]._,;1 .S
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Transverse and Longitudinal Phase Ellipses
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Phase Ellipse Emittance: Area of the Ellipse

/
Er = mex = T\ 011022 — {T%E, (57)
Maximum Displacement in = and z':
ix! X=1;,v/Cyy ’
‘ / Tmazr = VO11ly Tpar = VI22. (58}

VG,
—X'=1,
: {:Grrelatlan Parameter rqo:
-

/
C// ue rig = (59)

£/ "511"3'22

Often Definition of o,, oy, and o) as Covariance Matrix of Beam Density
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Gaussian Beam Density Distribution p(7) with 7 = (x, z'):
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Phase Ellipse

Transformation of the Phase Ellipse Beam Envelopes
T . !
0z(s) = Ra(s)0x(0)R;(s), Tmax(s) = y/o11(s),
oy(s) = Ry(s)oy(0)R, (s). ymax(s) = y/03s(s),
pr—
C"E(Sjl — RE(S}JE(D)RET(S] . 31113_:{(3) — v UEE(S) .

Electrostatic Acceleration: Transverse and Longitudinal Beam Emittances

ex(s) = ig“(”)’
() = Ele). (63)
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Phase Ellipsoid

Extension of the Phase Ellipse Formalism: Phase Ellipsoid

#lolzg=1 (64)

Systems with Midplane Symmetry:
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Gaussian Beam Density Distribution p(Z):

p(T) = —— exp| —<f o &
(2m)3\/det(0) 2




Acceleration Tube: Beam Envelopes
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PSI Graphic Transport Framework by U. Rohrer
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