Introduction to Transverse Beam Optics IT

Bernhard Holzer, DESY-HERA
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The Beta Function
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Beam parameters of a typical

high energy ring:

Example: HERA Bunch pattern

. question: do we really have to calculate some 10! single particle trajectories ?
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Beam Emittance and Phase Space Ellipse

X’ £ = Y(9)* X°(3) + 2a(S)X(5) X (9) + B(5) X (9)*

B
e

Usually we get in a quadrupole  ¢(s) =0

Inside foc quadrupoles g reaches maximum
- largest aperture needed

v
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... thenot so 1deal world

1.) Emittance ... sosorry £ # const.

According to Hamiltonian mechanics: g = position = X
phase space diagram relates the variables g and p p = momentum = mcyp

Liouvilles Theorem: Ipdq = const

for convenience (i.e. because we are lazy bones) we use in accelerator theory:

X,:dx:dxdt:,BX
ds dtds S

where f = v/c
_[pdq:const: mc_[;ﬁxdx: mc;ﬁj%dx

— g= j)(dxoc 1 the beam emittance shrinks
By during acceleration ¢~ 1/yp



2.) Dispersion

Momentum error: A% =0

Question: do you remember yesterday on page 11 ... sure you do:

2 2
Force acting on the particles F = md_ (X+p)— =eB,v
dt? X+ p
1 1 1 B Ap)

x——l—i exg (
Q/' ™ pe+AD By P

neglecting higher order terms....

x”+x(i2—k)—& 1

p p p

Momentum spread of the beam adds a term on ther.h.s. of the equation of motion.
- inhomogeneous differential equation.



X"+ x(iz—k) _4p 1
P PP
general solution: X (S)+K(8) % (s)=0
(=59 {x(9 )
K(9)+K(9) % ()=
o,
Normalise with respect to Ap/p: /

Ay
P

Dispersion function D(s)
* Isthat special orbit, an ideal particle would have for Adp/p=1
* the orbit of any particle isthe sum of the well known x, and the dispersion

* asD(s) isjust another orbit it will be subject to the focusing properties of the lattice



Dispersion
Example: uniform dipolefield

S - Closed orbit for Ap/p >0

Matrix formalism:

X(s) = X5(8) + D(s)-ﬁ

P X C S X Ap( D
- e e
X(S)=C(S)-x0+S(s)-xg+D(s)-@ s o P




C S D
X | =|{C S D || X
A% .0 0 1 A% .

Example HERA
\
Xg=1...2mm
D(s)=1...2m |}  Amplitude of Orbit oscillation
contribution due to Dispersion = beam size
AV ~1.10°3
P )
Calculate D, D’

1 1
D(s) = S(s) j ~C(8)ds—C(s) j ~S(5)ds
sO '0 sO '0



Example: Drift

1 1 1
M orife = D(s) = S(s) [=C(8)d5—C(s) [=S(3)ds
01 sO'O sO'O
11 0 =0 =0
Mpig =0 1 0
001

Example: Dipole

|
COSI— Jo, sin I_ D(S) =p- (1_ COS;)
p p

Dipole — 1 I I , R I
——sin— cos— D(s)=sin—

pp p




3.) Momentum Compaction Factor:

The dispersion function relates the momentum error of a particle to the horizontal
orbit coordinate.

inhomogeneous differential equation

general solution

X(8) = X5 (s) + D(S)A—pp

But it does much more:
it changesthe length of the off - energy - orbit !!



particle with a displacement x to the design orbit

> path length dl ..

di— p+X
ds yo,

— dlz(1+ X jds
p(s)

circumference of an off-energy closed orbit

lae = 4dI cj( )]ds

particle trajectory

design orbit

remember:

Xse () = D(s) ap
P

particlesis given by the dispersion function

* : . )
_Ap 4[ D(s) j ds The lengthening of the orbit for off-momentum
and the bending radius.



Definition: ~ 9le — 5 AP
L " p
1 D (s
— - ({[ ( )jd
L “{ p(s)
. . 1
For first estimates assume: 5 = const
I D(S)dszIdipoles'<D>dipo|e
dipoles
1 1 1 1 27 (D)
acp L dlpoles< >,0 L 7[:0< >,0 acp L <D> R
Assume; V=2C
ST S Ap @, combines via the dispersion function
— = £ =

the momentum spread with the longitudinal
motion of the particle.



Tune and Quadrupoles

Question: what will happen, if you do not make too o ? o ol T
many mistakes and your particle performs lssges, /"‘ B\ "
one complete turn ? ; | s
/ """'., Tr' -
7
Transfer Matrix from point ,, 0“ in the lattice to point ,, S"*:
B . .
Fs(cosz//s+aosmz//s) BB SNy
0

(0(0 B 053) COSy/ s — (1+ 050053) sin Vs IBO

W % (COSl/ls _asSinl//s)
si~0




Matrix for one complete turn
p(s+L)=f(s)

a(s+L)=a(s)
y(s+L)=7(s)

the Twiss parameters are periodicin L:

C S

" _(C Sj_[asgpﬁ,,nwcsin%n Bany j
o _73. NY%m QBY m —04 Y

Definition: phase advance
of the particle oscillation A
per revolution in unitsof 2z X(8)

iscalled tune

_AWun _ M
Q 27 27

v



Quadrupole Error in the Lattice

optic perturbation described by thin lens quadrupole

1 O
Mg =My -My=

(OBYmtoSnYy, SN,
—Aks 1

_7S-m//tun CIBl//tLrn_Ols-m//th
—— = —— _
qguad error ideal storagering
M. sy +oSny pany
4| Ak (cosp+asnp)—ydany —Akds: Bsny+cosy—asny

rule for getting the tune

Traog(M) =200y = 2008, +Akdsfany,

V=Y, +AW Quadrupole error = Tune Shift



oos(%+Am=oos%+Akaﬁzsn%

remember the old fashioned trigonometric stuff and assume that the error issmall !'!'!

Akdsffany,
2

C0SY, - COSAY —INY, - INAY =00SY, +

and referring to Q instead of y: W= 27Q

Ao IAk 94




a quadrupol error leadsto a shift of the tune:

SO+ n

I thetune snift is proportional to the g-function at the quadrupole
T field quality, power supply tolerances etc are much tighter at places where g islarge
T mini beta quads. g = 1900
arc quads. £~ 80

I pisameasure for the sensitivity of the beam

Example: measurement of £ in a storage ring:

GI06 NR

y=-6.7863x+ 0.3883
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tune spectrum ... : : :
¥ tune shift as a function of a gadient change



Chromaticity: &

| nfluence of external fields on the beam: prop. to magn. field & prop. zu 1/p

IB*dI
dipole magnet o=
i ) % Xy = D(S)*£
P

sample trajectory

fOCUS ng IenS k —_— A o Bl o |

cell length t_ le havi
Figure 29: FODO cell - particie naving ...

to high energy
to low energy
ideal energy



Chromaticity: &

g
k=07 p=p,+Ap
Ve

In case of a momentum spread:

k=_°9 ze(l_ﬂ).g:ko_Ak
Po+AP Py Po

Ak=2P.

Po

.. which actslike a quadrupole error in the machine and leads to a tune spread:

Ap.

dQ="P. 2 k.- A5)ds

0

definition of chromaticity:

AQ=¢ 2P

Po



Problem: chromaticity is generated by the lattice itself !!

¢ isanumber indicating the size of the tune spot in the working diagram,
¢ isalways created if the beam is focussed
- it is determined by the focusing strength k of all quadrupoles

_ 1,
&= dk(s)B(s)ds

k = quadrupole strength
p = betafunction indicates the beam size ... and even more the sensitivity of
the beam to external fields

Example: HERA

HERA-p: &=-70...-80
A plp=05*103 .
Q=0.257 ... 0.337

- Some particles get very close to
resonances and are lost




Correction of &

Ap
1.) sort the particles acording to their momentum Xp (8) = D(s) Y

2.) apply a magnetic field that rises quadratically with x (sextupole field)

B, = gxz | .
JB, 9B, _ linear rising
— — X H 0 .
B, = E (j(x2 — z° 0z JX 9 , gradient”:
2
Sextupole Magnets:
Z nor malised quadrupole strength:
Eisenjoch = Eisenjoch Spulen
Ksext = m = Mggy X
b4 y Ap
e nxl sche ! kSGX'[ = mSGX'[. D ?

corrected chromaticity:

-1
£ = Ecj‘{k(s) —-mD(s)} B(s)ds



Chroma“ Cl ty | N the FODO Lattl ce Test~FODO Ring fur Zeuthan IyR_Teuthen, zeuthencel, M=—0.5¢1,/me2
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using some TLC transformations... ¢ can be expressed in a very smple form:

. M
fo_ 1 \ 1 2L sin >
4r fo sinu
Lsin“
£ 12 2 remember ...
ar 1, sin“ cos” SianZSingcosg
H
£ 1 L tan 2 putting ...
Ce _ .U L
47[ fQ S|nﬁ SIHEI—fQ
éCeII - = * tan%

contribution of one FoDo Cell to the chromaticity of thering:



Chromaticity

-1
&=~ 9k(s)B(s)ds

guestion: main contribution to £in alattice ... ?

B/m
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Resume’:

beam emittance

dispersion orbit

momentum compaction

quadrupole error

chromaticity

1
£ oc —

By

X(s) = X5(s) + D(s)ﬂ

ol, Ap
L e
O‘CDNZTE<D> %
o IAk(S)ﬁ(S)ds

_1,
&= qdk(9)B(s)ds



Question:

... after all the very exciting question:

why do our particles not obey gravity and just fall down in
the storage ring ??77?

Answer will be discussed in the evening, having a good glass of red
wine at the bar.



