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1.) Reminder:

N’

eguation of motion

X"+ K(s)*x=0

K :_k+%2

single particle trajectory

sl
X'(s) X',

e.g. matrix for a quadrupole lens:
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2.) Dispersion

momentum error:

general solution:

X(8) = %, (8) + % (9)

D(s) = ‘A'Ffs)
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Dispersion:

the dispersion function D(s) is (...obviously) defined by the focusing properties of the
|attice and is given by:

1 1
D(s)=(s)* ('§)d§—C(s)*S('§)d'§

| weak dipoles > large bending radius = small dispersion

Example: Drift
M _(1 q D(s)=S(8)* | = C(§)d5 — C(8)* | = (3)d5
o p(S) p(3)
H/_/ %/_/
=0 -0
1 ¢ O
%MD: O 1 O . o |
00 1 ..iIn similar way for quadrupole matrices,

11 inaquite different way for dipole matrix (see appendix)



Dispersion in a FoDo Call:
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Il we have now introduced dipole magnets in the FoDo:
- we still neglect the weak focusing contribution 1/p?
- but take into account 1/p for the dispersion effect
assume: length of the dipole = 1,

1.) calculate the matrix of the FoDo half cell in thin lens approximation:

in analogy to the derivations of 3, ,6’

* thin lens approximation: Y
1
* length of quad negligible (=0, = [, =§L

* start at half quadrupole 1_1
f



matrix of the half cell

— * *
M hacar = Mg * Mg MQ_F
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M jat cal = _]- 11 lo 1 __~1 1
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1—£ 14
C S f
M Gart car = C' S = _y /
T T

calculate the dispersion terms D, D” from the matrix elements

D(s)=S(s) jp(g)C(s)ds C(s) jp(g)S(s)ds
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in full analogy on derivesfor D”:
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and we get the complete matrix including
the dispersionterms D, D’

M halfCell

boundary conditions for the transfer from
the center of the foc. to the center of the
defoc. quadrupole
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Dispersion in a FoDo Cell
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Nota bene:
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where n denotes the phase
advance of the full cell
and |/f = sin(u/2)

I small dispersion needs strong focusing

— large phase advance

Il « thereis an optimum phase for small

111 ...do you remember the stability criterion?
Yotrace= cosu < u< 180°

1 lifeisnot easy



3.) Lattice Design: Insertions

... the most complicated one: the drift space

Question to the auditorium: what will happen to the beam parameters a, £, y if we
stop focusing for awhile ...?

g (¢ 2 2 (B
a| =|-CC'" LL+SC -S'[*|l o
7/ ; C|2 _ZSICI S|2 7/ ;

C S 1 s
transfer matrix for a drift: M :( j:[ j

c' S 0 1

S) =B, - 20,5+ 7,S°
p) =15, 0> /o , 0" refersto the position of the last

o(S) =, — 7,S |attice element
. S' refersto the position in the drift
o(s) = Oy — YoS P



location of the waist: i beam waist: o = 0

v

A
v

given theinitial conditions a, S, y,: Whereisthe point of smallest beam
dimension in thedrift ... or at which location occurs the beamwaist ?

beam wai st: a(8)=0 — o,=9,*s

beam size at that position:

0= 70}% Ly 1 p1)=
o()=0 BO A0




p-Function in a Drift:

let’ s assume we are at a symmetry point in the center of a drift.
B(s) = f, — 2,5+ 7/032

2
as aozo, - 7/0:1+a0 = 1

B B
and we get for the 5 function in the neighborhood of the symmetry point

2

ﬂ(s)=ﬂo+s— 11

0

Nota bene:
1.) thisisvery bad !!!
2.) thisis a direct consequence of the
conservation of phase space density
(... inour words. ¢ = const) ... and
there is no way out.
3.) Thank you, Mr. Liouville!!!

Joseph Liouville,
1809-1882



p-Function in a Drift:

If we cannot fight against Liouvuille theorem ... at least we can optimise

Optimisation of the beam dimension:

62
p0) = fo+—
b
Find the /5 at the center of the drift that leads to the lowest maximum g at the end:
s, 5 ]
— f= 2180

a
A 4
a

A 4

M
U — U

|f we choose 8, = £ we get the smallest g at the end of the drift and the
maximum g isjust twice the distance ¢



... Clearly thereisanother problem !!!

Example: Luminosity optics at HERA: f° = 18 cm
for smallest 5., We have to limit the overall length
of thedrifttoL = 2*¢
L=36cm

But: ... unfortunately ... in general
high energy detectorsthat are
Installed in that drift spaces
area little bit bigger ...
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The Mini-p Insertion:

Is determined by the
crosssection 2,

and a parameter L that is given
by the design of the accelerator:
... the luminosity

\
R — L * Ereact- // :
production rate of (scattering) events | |

ZEUS detector: inelastic
scattering event of et+/p




The Mini-g Insertion:

Event rateof a collider ring: R=0,*L

Luminosity: given by the total stored beam currents and the beam size at the
collision point (1P) N
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How to create a mini S insertion:

* symmetric drift space (Iength adequate for the experiment)

* guadrupole doublet on each side (as close as possible)

* additional quadrupole lenses to match twiss parametersto
the periodic cell inthe arc




Mini-g I nsertions: Betafunctions

A mini-f insertion is always a kind of special symmetric drift space.
—>greetings from Liouville

at a symmetry point f isjust the ratio of beam dimension and beam divergence.



size of 4 at the second quadrupole lens (in thin lens approx):
... after some transformations and a couple of beer ...
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Mini-p I nsertions. Phase advance

By definition the phase advance is given by: d(s) = % ds
S2
Now in amini £ insertion: p(s)=p, 1+ F)
0
%(I)(S)—l LJ' 1 ds—arctanL
By o 1+ B, o
0 %
50 Consider the drift spaces on both
30 sides of the IP: the phase advance
d(9) _ig of amini g insertionis
T -3p approximately r,
—50 in other words:. the tune will increase
- 90_38 by half an integer.

-4 -32-24-16-08 0 08 16 24 32 4
-4 S ] 4




Are there any problems ??

surethereare...
* large f values at the doublet quadrupoles = large contribution to
chromaticity & ... and no local correction
1
= cf {{K (s)B(s)}ds -
* aperture of mini £ quadrupoles L /m\ .
limit the luminosity o \_/)

beam envelope at the first g |
mini # quadrupolelensin - , 1
the HERA proton storage ring T s

* field quality and magnet stability most critical at the high S sections
effect of aquad error:

Ao jAk(S)ﬂ(S)ds

- keep distance,, s* to thefirst mini g quadrupole as small as possible



Mini-g I nsertions. some guide lines

* calculate the periodic solution in the arc

* Introduce the drift space needed for the insertion device (detector ...)

* put a quadrupole doublet (triplet ?) as close as possible

* Introduce additional quadrupole lenses to match the beam parameters
to the values at the beginning of the arc structure

. . . . . ax’ IBX DX’ DX,
parameters to be optimised & matched to the periodic solution:

Ay, lBy Q. Qy

HERA F—Ring. Lumi—&—Catik, 7705 ., pie+
T T

20 GeV, 19%9, ng??z, hie920e+2, IA*E Marnzn
8 individually
powered quad s A /\ :
magnets are P | :
needed to match / \
theinsertion =
(... atleast) g / \ ) v
IO Akv”ﬁv’z\u’\i /\\, p \/ \ ! / L,\ J \J\/\v_a'\\;f\/\vﬁ\/\vﬂk AN
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Dispersion Suppressors
There are two comments of paramount importance about dispersion:
it isnasty

ITitisnot easy to get rid of it.

remember: oscillation amplitude for a particle
with momentum deviation

X(s) = X,;(s)+ D(s)* A_lf

beam size at the IP o, =118 um, o,=32 um

D(s)=1.5 m
dispersion trajectory Ap
P

510 [ Xp = 0.75 mm
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Dispersion Suppressors . .
D(s) = () j ic:(é)dg— C(s) j 15(§)d§
sO'O sOp

m s
optical functions of a FoDo cell without
dipoles: D=0

Remember: Dispersion in a FoDo cell including dipoles

1. u 1. u
. 2 (+Zsin7) v 2 (—=sin%)
D:K * 2 2 sz_* 2 2
2 K P sin? &

P sin® —
2



FoDo cell including the effect of Nf . | /\ / \ ///\\ /\\\//

the bending magnets A \ B

(225568 --
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Dispersion Suppressor Schemes

|.) The straight forward one: use additional quadrupole lensesto
match the optical parameters ... including the D(s), D" (s) terms

* Dispersion suppressed by 2 quadrupole lenses,

* p and a restored to the values of the periodic solution by 4
additional quadrupoles .
D(s), D(s)

B.(s) e (s)
B,(s) e, (s) |

6 additional quadrupole
lenses required

\J
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Dispersion Suppressors
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—

DISPERSICN ¥ /7

periodic FoDo matching section dispersi on free
structure including 6 additional section, regular
guadrupoles FoDo without dipoles

Advantage:

I easy,

I flexible: it works for any phase
advance per cell

I does not change the geometry
of the storagering,

I can be used to match between different lattice
structures (i.e. phase advances)

Disadvantage:

I additional power supplies needed
(— expensive)

| requires stronger quadrupoles

| dueto higher g values: more aperture
required



I1.)The Half Bend Dispersion Suppressor

sl 1 sl 1
D(s) = S(s) j ~C(3)d5-C(s) j ~S(5)ds
p 0P

SL—FODO Ring Ffur Fewthes 0 wpessulben. ceulhenssiZ, k= -0

rrrrrrrrrr

“-1 thefirst regular quadrupoles: D(s) = D, D'(s)=0

e eathAat\l fitsexa Iytheéo/dltlonégthecentreof

DISFERSIN /2

no
20, sin*(—&) =4
supr ( 2 ) arc §wpr :%é‘arc
sin(n®.)=0

- n®d. =k*xz, k=13, ..

in the n suppressor cells the phase advance
has to accumulate to a odd multiple of

strength of suppressor dipolesis half as strong
asthat of arc dipoles, & = | jipge/p

Example: phase advanceinthearc @. = 60°
number of suppr. cells n=3

Sauppr = U2 0y
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|1.)The Missing Bend Dispersion Suppressor

at the end of the arc: add m cells without dipoles followed by n regular arc cells.
condition for dispersion suppression:

nde :E, k=0,2 ... or

2m+n

:(2k+1)% -
C=_~ k=13 ..

Test— FODO Ring fur Zel U'\ typ7 a2, ki=—0, 541/m A4

w M/v\ff .
\/ \/ phase advance in the arc @-= 60°

number of suppr. cells m=1
_number of regular cells n=1

Z




Resume’

1.) Dispersion in a FoDo cell:

small dispersion < large bending radius e (@ 1 sin‘)
short cells D=+ 2 2
strong focusing P &n? lzl
2.) Chromaticity of a cell: 1
small ¢ « wezk focusing ba =7 ${K(98(5)+ m(s)D(s) A(s)}dls
small B Ar *
3.) Position of awaist at the cell end: =% B :}/
0 Bo = values at the end of the cell Yo Yo
4.) g function in a drift B(s) = B, - 20,5+ ¥,S°
5.) Mini B insertion /2
small B« short drift space required B =L, +F
0

phase advance~ 180 °






Dispersion Suppressors

.. the calculation in full detail (for purists only)

1.) thelatticeis split into 3 parts: (Gallia divisa est in partes tres)

* periodic solution of the arc
* section of the dispersion suppressor
* FoDo cells without dispersion

periodic 3, periodic dispersion D
periodic 3, dispersion vanishes
periodicp,D=D" =0
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2.) calculate the dispersion D in the periodic part of the lattice

transfer matrix of aperiodic cell:

%(cos¢+a03in¢) BB, Sing
My,s= ’
(o —ag)cosg — 1+ ayo)sin g Bs B :
’—ﬂsﬂo 7, (cosg —agsing)

for the transformation from one symmetriy point to the next (i.e. one cell) we have:
O = phase advance of the cell, o = 0 at a symmetry point. Theindex “c” refers to the periodic
solution of one cell.

cosd. fp.sind. D(l)

M

Cell

C S D .

=({C' S' D'|=|—sin® cos® D'(I)

ﬁ C C
O 0 1 ¢

0) 0) 1

The matrix elements D and D* are given by the C and S elements in the usual way:

D(I) = S(I)* J%C(é)dé—C(l)* J%S(é)dé

0 0

D'(1)=S'(l)* I%C(é)dé —C'(1)* j%sw)dg

0 0



here the values C(l) and S(I) refer to the symmetry point of the cell (middle of the quadrupole) and the
integral is to be taken over the dipole magnet where p # 0. For p = const the integral over C(s) and S(s) is
approximated by the values in the middle of the dipole magnet.

N ¥, N
o dwemns  dwemane

<
<

4
vY
A
S
v

B2

Transformation of C(s) from the symmetry point to the center of the dipole:

sz\/'g::cosACDz\/%cos(%cigom) S, ,B,Bcsm( Ct+q )

where B is the periodic $ function at the beginning and end of the cell, B, its value at the middle of
the dipole and o, the phase advance from the quadrupole lens to the dipole center.

Now we can solve theintergal for D and D’:
01 e 1
D(l)=S()* | —=C(8)dS-C(l)* |——-S(5)dS
I (S) J/O(S)

0 0

D(I):ﬂcsin¢c*%*\/"g7m*cos( —=+ ¢ )—Ccosd_ *p‘/'B ,BC*S|n(—C+(pm)



D) = 6B {sincb [ )}—
—cos®, {sin(cDTC+ o) +sin(q)7‘3—gom)}}
| have put & = L/p for the strength of the dipole

remember therelations cosx+cosy=2cos— 2y*cos =

snx+siny=2sn Zy*cosTy

D(I)=9d+B.Bc {sind) *ZCOS(DZC*COS(Dm—COS(D *Zsmq)zc*cosgom}

D(l) =258/, * cosg,, {sincpc * cos%* —cos®_ * sin%}

remember:  sin2x=2snx* cosx
COS2X = COS* X—Sin® X

D(|)=2§ /,Bm,BC*COS¢m{28in(DT 2(I)2c 2(I)2c : 2(137(;)* . (I)ZC}



D(l) =268, 5. *cosp,_* sinq)TC{Zcoszq)Tc— cosZ(DTC+ sinzq)TC}

D(I)=20./p,.B: *cose, *sin (ch

in full analogy one derives the expression for D*:

D(I)=28p.. 1P *cosep, * cos(I)TC

Aswerefer the expression for D and D’ to a periodic struture, namly a FoDo cell we require
periodicity conditons;

D
D

O~NO0

D¢
=M¢*| D¢
1 1

and by symmetry: D'.=0

With these boundary conditions the Dispersion in the FoDo is determined:

D, * cos®. + 5./ 5.B- * cosg, * 23in%C =D,



(A D. =0/ 8.5 *cose,, /sin%C

Thisisthe value of the periodic dispersion in the cell evaluated at the position of the dipole magnets.

3.) Calculate the dispersion in the suppressor part:

We will now move to the second part of the dispersion suppressor: The section where ... starting
from D=D"'=0 the dispesion is generated ... or turning it around where the Dispersion of the arc is
reduced to zero.
The goal will be to generate the dispersion in this section in away that the values of the periodic cell
that have been calculated above are obtained.

A

v, v,

<
<

Therelation for D, generated in acell still holds in the same way:

D(I) = S(I)* I%C(é)dé—C(l)* J‘%S(é)dé

0 0



as the dispersion is generated in a number of n cells the matrix for these n cellsis

cosnd. B.sinnd. D

n

M, =M_= _—13innd>c cosnd. D'
C

0 0 1

n

D, =f.sinn®_* 4, Zcos(ub 1 —D .t )* P
2 \ B
—cosnd,. * wpr*zw/ﬁmﬁc*sin(icbc—%d)ci(pm)
i=1

D, = B0 *Snnd * 5, Zcos((2| -1 C+(pm) JBB- * 8, * COSND ZSIH((ZI -1 C+gom)

y —y

remember:  sinx+siny= 26in 21 Y xgos XY COSX+COSY = 2C0S———— Zy*cos

D, = 8, * \[BuBe SN * Y. cos((2i ~1) ©2)* 2c08p, -
i=1
~Ogpe ¥\ B * cOSND Zsm((2| 1) )*Zcosgom



D, =20, * /BB * cosg, {21: cos((2i —1) q)—zc)* sinn® - le sin((2i —1) CD—ZC)* cosncpc}
sin&* cos& sin Lt *sin Lot
D, =20, * /BB * cosg,, 1sinnd 2 D 2 —cosnd . * 2 > 2
sin7C sin7C

" ()

2040, * | BB ¥ COSQ,, | . . nd nd ., Nd

D, =—2= PrPe 4 {smncbc*s.m—c*cos.—c—cosnd)c*s.m2 =
sin—%
2

set for more convenience X = n® /2

D = 255upr * v ﬂmﬂc * COs @, {

n

s Sin 2x* sin X* COS X — COS2X* sin? x}
sin—¢&
2

D = 25511pr * \ ﬁmﬁc * COS¢m {

n

ps 2sin Xcosx* cosxsin x— (cos’ x—sin® x)sin® x}
sin—%
2



n

(AZ) D _ 25&1pr * \/ ﬁmﬁc * COS@m * Sin2 n(I)C
sinq)zc 2
and in similar calculations:

20, * ./ * COS
D. — supr ﬁmﬁc (Dm*sinnq)c

n

. D
sin—¢&

This expression gives the dispersion generated in a certain number of n cells as afunction of the dipole
kick o in these cells.

At the end of the dispersion generating section the value obtained for D(s) and D*(s) has to be equal
to the value of the periodic solution:

—>equating (Al) and (A2) gives the conditions for the matching of the periodic dispersionin the arc
to the values D = D*= 0 afte the suppressor.

20, % * COS
0, = 2 PP O0  ga0O s e 050

sin 2C sin—¢




nd,
=0
2 ) e 55upr :%Jarc

— sin(n®.)=0

P2
— 20, Sin“(

and at the same time the phase advance in the arc cell hasto obey the relation:

nd. =k*rz, k=13, ...



