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Overview

magnetoquasistatic formulation
discretisation in space

boundary and symmetry conditions
reduction to 2D models

modelling of coils and permanent magnets
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EM Field Simulation
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Magnetoquasistatics (1)

* neglect displacement currents with respect to  Wimagr

conducting currents 95 TP oss
- Ampere-Maxwell VxH =j+%t/ W,

* magnetic vector potential A
— conservation of magnetic flux

V-B=0 mmy B=0+UxA
* electric scalar potential ¢ (voltage)
—Faraday-Lenz

-

. 0B 9A S
UXB= —— = Jx— m) E=——w7
% ot * ot PR
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Magnetoquasistatics (2)

——— permeability

Ampere VxH =] B=uH==H
| 7=oF v'\reluctivity
=0
\7><(v§) = oE T conductivity
.
S 0A

x(vVxA) + o= =—aV¢p * donei

\—,—i/ source current density

s
parabolic partial differential equation

<> elliptic PDEs (e.g. electrostatics,
magnetostatics)

<> hyperbolic PDEs (e.g. wave equation)
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Physical Meaning (1)

flux ¢=j§'d§

l 5 definition magnetic vector potential

q5=j VXA - dS . B
a ¢
Stokes dz I
= f ds
induced voltage 0S

d

uind=—a¢A°d§
N
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Physical Meaning (2)

flux ¢ = 3§A.d§

aS

induced voltage

d -
Uind = _a % -ds
dSs
Ampere

Nii

make (a lot of) drawings (also if they look stupid)

CAS 2018 | TU Darmstadt | Institut fur Theorie Elektromagnetischer Felder (TEMF) | www.temf.de | Prof. Dr.-Ing. Herbert De Gersem | 7



http://www.temf.de/

%57 TECHNISCHE
&)=\ UNIVERSITAT
9> DARMSTADT

Overview

magnetoquasistatic formulation
discretisation in space

boundary and symmetry conditions
reduction to 2D models

modelling of coils and permanent magnets

CAS 2018 | TU Darmstadt | Institut fur Theorie Elektromagnetischer Felder (TEMF) | www.temf.de | Prof. Dr.-Ing. Herbert De Gersem | 8



http://www.temf.de/

%57 TECHNISCHE
&)=\ UNIVERSITAT
9> DARMSTADT

Spatial Discretisation (1)

* weighted residual approach

04
7x(vPxA) + 0= =]s in Q
- a/i) N g N
J (VX(VVXA) + GE) -w; dV = j]s -w; dV vV wi(x,y,z)
v Vv

w;(x,y,z)  vectorial ,weighting functions”
vectorial ,test functions®

 scalar product : (@&, 8) = jo?-ﬁdV
%
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Spatial Discretisation (2)

K Iati do not study derivations by heart,
— weak tormulation know how to get from one to the next line!

0A

f(VX(VVXA)_I_GE) w; dV = j]s w; dV vw;(x,v,2)

(Txv) - w="- (vxw) + v - VXxw

0A
J (\7 : (viAxwi) + VXA - Vxw; + O'E : Wl'> dV = j]s -w; dV
14

ﬂ Gauss

- - - aA 7
3€ VXAXW; - dS + J (viA - Uxw; + el v_\}i> dv = | Js-w; dV
ov “—wvNv—’ %4 %

H only first derivative required = ,weak" formulation
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Spatial Discretisation (3)

Dirichlet BC at S ;-
AXT = AgieXn @ B-1 =B,
homogeneous Neumann BC at §

H, = (VWxA)xii = 0

neum

I—L
f (VI xA)xw; - dS + j(vVX/T)XV_v’i .dS v w;(x,y,2)
Sne\um P Sgir Py
-0 -0 VWi ¢ Wi X7 = 0 at Sy
Jhatural” essential”
boundary condition boundary condition
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Spatial Discretisation (4)

e discretisation

/T(x, V,Z) = Z Uj ﬁj(x, Y, Z) 5j(x, y,z)Xn =0 at Sy
J

{ﬁj (x,v,2) ,Shape/form functions®, ,trial functions”

Uj unknowns, degrees of freedom
» Ritz-Galerkin method vj(x,y,2) = wj(x,y,2)
» Petrov-Galerkin method vi(x,y,2) # wj(x,y,7)
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Spatial Discretisation (5)

* nodal shape functions
o(x,y) =  uNi(x,y) +u Ny (x,y) +u3£V3(x, y)

» edge shape functions

n

m k

#(%) = N,,VN, — N, VN,
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Spatial Discretisation (6)

= discretization

R 0A R
r(VVXA'VXWi‘FO'—'Wi) dV = f]s-Wi dV VWL'(X,Y;Z)
|74

ot

J_|7 A(x,y,2) = Z ujwj(x,y,2)

curlcurl 1l1l.m

J

|%4

edgemass 1ll.m

—_— dU' .
2 ” J viy vxw; dV +—2A ow, W dv | = | Jo Wi dv
j J y ¢
' N ~/ \ Y /
= kij = m;; = fl

du; K and M symmetric,
[keijllw] + [mi] [ ] semi-positive-definite
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Spatial Discretisation (7) ) unversiTan

du;
—> —> ] —> —>
2 U,j jVVXWj VXWi dV + di j O'Wj Wi dV
J 14 14
VXW]' = Z quZq
q
- - du] — —
Z ujz:zcipchfVZQ'ZpdV'FEJUWJ"WidV =
J P q 14 14
\ﬂ_’ \ ~ J & ~ J \ ~ J
G FE FE 2
a; Myp.q My j e

_ da =
CMiEca + ME = = is
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2D Nodal Shape Functions

(x3,¥3)

(Ni(x;,y) = 1
N;(x, ;) =0
Ni(xge, yie) = 0

A

(x,. y)

(%2, ¥2) (x,y

X1»

(x1,51) a; + b;jx + c;y (1, ¥1) (X2,¥2)
Ni(x,y) = ——"— surface coordinates
K Apjk
(4= Gy - X N y) =
J b =y; — Yk partition of unity
Ci = X — Xj 3
Aiji = element area 2 Ni(x,y) =1, V(xy)
i=1
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3D Nodal Shape Functions

(x3,¥3,23)

[ N;(xi,y1,2) = 1
) Ni(x3),2) = 0
Ni(xk'yk!zk) =0
\Ni(xp, Y0, 20) =0

(X4, Y4, Z4)

(x3,¥3,23)

(X4, Var Z4)

(x2,¥2,23) (x2,Y2,22)

a; + bl-x + Ciy + diZ

(X1, Y1, 21) N: xX,V, —
1 Y1, 71 i(x,y,2) 6V, ke (x1,¥1,21)
. Vi
( a; = volume coordlnates Ni(x,y,z) = pjkt
b; = Vl]k{’
3 Ci =
d; = partition of unity Z:N (x,v,z) = 1,¥(x,y,2)
LVl]k{) element volume
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Dofs or Nodal Values ?

e solution @, y,2) = @gir(x,y,2) +zu] ](x y,Z)

—interpolation :
nodal values & mterpolatlng functions

~~~
—
—
—
—

|u3
: —
1 |“~~\~]
o A‘
1
1

—series development :
degrees of freedom & shape functions

Up,Up, Uz E==> UN;(x,y) +u, Ny (X, y) +u3N3(x y)
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Vectorial Shape Functions

-vector field A =A,8,+ 4,8, + 4,8,

—interpolate each component
separately by scalar shape functions

/T = (z ux,ij) gx + (z uy,]N]> 53,
J J
+ (Z uZ,ij) é>z
J
—BUT

— too much continuity
(both normal and tangential components)

— spurious modes
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Edge Elements

* shape functions defined by

f
jwe.d§=1 e
e

jvT/’e-d§=O,e¢e’
e’

—linear combination E®) = Z uj, (%)

txy

» features tangential continuity (1-form)
—physical meaning of the degrees of freedom

j dS—Zu]fWe = jv_l}ej-d§=ue
e

* voltage drop along the edge
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Face(t) Elements

* shape functions defined by
f
jwf-d/T:o,f';ef .

—linear combination B(X) = Z uj Wr; (X)
j=1

* features normal continuity (2-form)
—physical meaning of the degrees of freedom

fB dA Zu]fwf dA_ufJWf dA—Uf
f f

e flux through t]he facet
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Volume Elements

* shape functions defined by

.
jwvdV= 1
(%

f w,dV = 0,v" £ v
v 4

—linear combination q(x) = Z uj Wy, (%)
j=1
« commonly discontinuous (3-form)
—physical meaning of the degrees of freedom

jpdV Zu]JWUdV—quWvdV—uv
Jj=

v

 charge W|th|n the element
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Canonical Construction

. n
e construction
—nodal shape functions o
N, Ny, Ny, N,
—edge elements m
We(f) — NmVNn - NnVNm
—facet elements n
Wr(X) = 2(Np VN, XV N,
+ N VN, XV Ny, /
+ NV Ny, XVN,) -
1
—volume elements  w,(x) ==
4 p
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Whitney Complex

* Whitney elements (for a given mesh)
— /Y: nodal elements
— . edge elements
— W?: facet elements
— W?3:volume elements

* Whitney complex
grad W9 c wt
curl Wt c w2
divW? c w3
curl grad W° = 0
divcurl Wl =0
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2D Higher-Order Elements

* nodal elements

2 1 1 1 1
N =N (NP + NP -nP)

2) _ v (@ (1) (1) 4!
N1()—I\IY1 (N1 N2 N ) 7

—
——__ ———_—

degrees of freedom == nodal values
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Hierarchical Finite Elements

* nodal elements

degrees of freedom = nodal values
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Hierarchical Finite Elements

* first-order system of equations

[K(ll)][u(l)] — [f(l)]

» second-order system of equations

K1) g2) u(l)] f(l)
K (21) K(ZZ) u(Z) f(2)

first-order system embedded in second-order system
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Overview

magnetoquasistatic formulation
discretisation in space

boundary and symmetry conditions
reduction to 2D models

modelling of coils and permanent magnets
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Boundary Conditions (1)

potential formulation

electric BC magnetic BC

JAux wall Jfux gate”

,current gate” ,current wall”
definition E. =0 H, =0
electric current J. %0 J, =0
magnetic flux B, =0 B, # 0
magnetic vector Dirichlet BC Neumann BC

magnetic scalar
potential formulation

Neumann BC

Dirichlet BC
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Boundary Conditions (2)

electric boundary conditions  magnetic boundary conditions

coil
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Symmetries (1)

air gap
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Symmetries (2)

electric boundary conditions

magnetic boundary conditions
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Symmetries (3)

Vs/m™~2
0.0186
0.0163
0.014
6.0116-
0.00932 -

0.00699

0.00466

0.00233 I
%
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Inserting Boundary Conditions

Ky, Kplrusl [fb potentials living at
ch ch — fc Dirichlet boundaries

Insert essential - | 7
boundary conditions Kpp Kpe | 0

| S| Kev  Kee : Beg||Uc| = | £,
0 Bge i 0 JLYal LO.
eliminate known
potentials | > Kppyup = fp — Kpcu
K f ——bdrycond shrink.m — K, f, — K, u,
backslash
U < bdrycond inflate.m — U,
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Overview

magnetoquasistatic formulation
discretisation in space

boundary and symmetry conditions
reduction to 2D models

modelling of coils and permanent magnets
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Reduction to 2D Models (1)

= 2D cartesian models
J =(0,0,].(x,y))
B = (By(x,), By(x,7),0)

A=1(00,4,(x,7))
S d0A dA
B=VxXA < B, =—2; B, = ———
X ooy’ Y 0x
V.§=%+%= 02AZ_62AZ _
dx dy 0xdy 0x0y
dA, 0B, 0B, 0
A X y ]z — 0 but a_QD + 0

dz ' dz ' 0z 0z 0z
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Reduction to 2D Models (2)
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= 2D cartesian models

A, dA,
By = dy ’ By__ax
Hx_vxay; Y = TV ox
0H oH dA
_ 9y  OMx _ B Z
2=y Ty Tl T 0,

6( 6A) 6( 0A> 6
" ox \"Y ox ﬁyvxay

> Ux(wWx4)+o

anisotropic material
i) =[5 )
H, 0 wvy,[[By

Ampere
+ Faraday-Lenz

_]sz

-

_—]s
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2D Discretisation (1)

du; R
2 U; jVVXWJ y VXWL' dVv +d_t] jO'WI y Wi dv | = j]s y Wi dV
' 4 4

J %4

g — N.(x’y) -
. : VA
J J
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Coil Model (1)

assumptions

* homogeneous current distribution
* no eddy currents

notice (model)

» there will be an induced voltage !!
« current density not ct when cross-section not constan
winding function Xcoilq(*,¥,2) [1/m?2] -
« computed geometrically e

Pstr.m}
. by field solution (lecture V11) cu;ent;ft _
Ncoil

J(69,2,0) = ) Zeoitq(6,7,2) ig(®)

]COil,q (X, YV, Z, t)

2374

1673 1

1154 1

769 A

484

273 A

116 A
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Coil Model (2)

- |n 2D f(x'y! t) — (O,O,]Z(X,y, t))

)?coil,U(x: y) = +Ssl/2 €, inSy,
| Feons @) =58
Xcoilu\ X, Y) = Se1/2 €z  inSy_

N )_()coil,U(x: y) =0 inS;p\Sy+\Sy-
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Coil Model (3)
* induced voltage ~ flux linkage L usmez
» which flux is linked? L e
SERERDRPTEROOPEEIRS 1.5e-005

1.05e-005 -

= for a single path 7. 11e-006 |
> . . 4.63e-006

¢ — A-ds : 2.78e-006 -
as v o i 1.42e-006 -

- for a coil B et 1
e integrating along the coll -jf_’,.:;'j Y

- average at the coil cross- sectlon ‘ jf}f i :}f g}}

l/)coil,q(t) — A(x y,Z, t) Xcoﬂq(x y} Z) dV
|%4
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Coil Model (4)

= 1n 2D: 'abcoil,q —

<S
!
&2
(@]
=3
R
QL
<

¢C0il,U — NtS
s1/2 S
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Permanent Magnet (1)

scalar and linear permanent-magnet model

B = B, + uH
H=H,+ VB ' B
assumptions

» resulting flux approximately aligned
* operation point in linear range
B = §r + ,uﬁ

— — —

H=H,+VvB demagngtisatian <

-
-
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Permanent Magnet (2)

magnetoquasistatic formulation:

H=Hy,+vB
H=Hy, +VvWxA
Vx(vWxA) = ] — VxHy,
——
fm magnetisation current

in 2D:

0 ( 04, ) 0 ( 04, ) 0Hm,y+6Hm’x
" ox \"Y ox dy Vx dy Jz 0x dy
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Permanent Magnet (3)

discretisation:
RHS=Jim-WidV
V

RHS = —foﬁm-szi dv
%
RHS = fv.(v—v’ixﬁm) dv — jﬁm-VxWi dv
% V

RHS = f WiXﬁm . d§— jﬁm y VXV_V)i dV
Vv . , V
=0 when no PMs at the model boundary
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Permanent Magnet (4)
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discretisation (in 2D):

RHS = —fﬁm - Uxw; dV

l ’BZ Z
RHS—j 1 (aNiH N ) dv
) e, \oy ™ g Y
vV
ON; ON;
RHS = @j (Eme — gHmy) dS
vV
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