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Contrast of Non-Symplectic and Symplectic Integrator

Example: Contrast of Non-Symplectic and Symplectic Advances

Contrast: Numerical and Actual Orbit for a Simple Harmonic Oscillator
use scaled coordinates (max extents unity for analytical solution)
Symplectic Leapfrog Advance:
5 steps per period, 100 periods 10 steps per period, 100 periods
el tit
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Example: Contrast of Non-Symplectic and Symplectic Advances (3)

Contrast: Numerical and Actual Orbit for a Simple Harmonic Oscillator
Non-Symplectic 4" Order Runge-Kutta Advance: (analog to notes °+’ 2" prder RE adv)

5 steps per period. 20 periods
it
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10 steps per period, 200 periods
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SM Lund, USPAS, June 2008 Simulation Technigques 77

SM Lund, USPAS, June 2008 Simulation Techniques 75

Courtesy of S. Lund
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A Symplectic Multi-Particle Tracking Model (1)

multi- partlcle Hamlltonlan H(ri,ro, -, p1,pP2,-"",8

prm ZZ+ZQ

dr; space- charge external focusing/acceleration
ds 5p7; Coulomb potential
i OH ac i
ddr; = T on s~
A formal single step solution
(1) = exp(=7(: H:))C(0) H=Hy+H,

C(1) = exp(—7(: Hy : +: H3:))C(0)

_ exp(—27: Hy )C(0) + O(7)
(-5 < H DDl H o

C(r) = M(?((O) / M would be symplectic if
= M (7/2)Ma(T)M:(1/2)¢(0) | both #M,and M, are symplectic

J. Qiang, Phys. Rev. Accel. Beams 20, 014203 (2017), Phys. Rev. Accel. Beams 21, 054201 (2018).
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A Symplectic Multi-Particle Tracking Model (2)

2" order: C(1) = M(7)C(0)
= My(7/2)Ma (1) M (7/2)¢(0)

4th order: M(T) = Ml(g)MQ(S)Ml(%)MQ((@—1)S)M1(%)M2(S)Ml( )

bo | ®»

where o = 1—-2'3, and s = 7/(1 + )

higher order: Mani2(7) = Moan(207)Man(217) Man(207)
where 2o = 1/(2 — 21/ Cn+1)) and 2, = —21/(Cn+D) /(9 — 91/ (2n+1))

Symplectic condition: MIM; = J M is the Jacobi Matrix of M

where J denotes the 6 N x 6N matrix given by

J = ( OI é ) and [ 1s the 3N x 3N identity matrix

Refs: E. Forest and R. D. Ruth, Physica D 43, p. 105, 1990. H. Yoshida, Phys. Lett. A
150, p. 262, 1990.
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A Symplectic Multi-Particle Tracking Model (3)

> P2+ q(r) > M,
i i
* symplectic map for H, can be found from charged particle optics method
1
= 3 Y wolriry) > M,
7 9
ri(r) = r;(0)

pi(0) —

8H2 (I‘)
81’2' !

I 0 . : o
My = LT To satisfy the symplectic condition: |, = 7,

&2 Hs (v

will be symplectic if p; is updated from H, analytically
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Self-Consistent Space-Charge Transfer Map (1)

olx=0,y) = 0
Po o __p sr=ay = 0
or2  0y2 € olr,y=0) = 0
o o(x,y =0 = 0
pla,y) = Z Z o sin(ayx) sin( B y)
=1 m=1
N N
Oz y) =Y ¢ sin() sin(Fny)
=1 m=1

4 a b . .
pmz—/]ﬁmwmm@m%wmw
ab Jo Jo

4 a b

o == [ [ oty sin(an) sy dody
ab Jo Jo

where oy = In/a and 3, = mw/b

Qﬁlm

Im

P
2 2 _ 2 2
€0Y[m where 7/ = o + 35,
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Self-Consistent Space-Charge Transfer Map (2)

The charge density from macroparticles

plx.y) = AxAyN ZSx xX)S(y =)

P oj=l1

The solution of space-charge potential modes:

N
Ar 4 1 O 1 fa fo

Im _ Six—=—x.)S(v—=v:

’ }'?mapr;AxAyAA =25y =)

x sin(a;x) sin(f3,,y)dxdy (

The solution of space-charge potential:

N, N,

m 1 a b
P(x,y) = 47TEN—Z Z Z 2 sin(aq;x) sin(f3,,y) AxAyﬁ ﬁ S(x —x;)S(y —y;) sin(a;X) sin(B,,y )dxdy.

lllml/m

The space-charge potentlal on macroparticles:

d(xi, ;)

X, (x — dxd

NN / / ¢(x.y)S(x = x;)S(y — y;)dxdy
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Self-Consistent Space-Charge Transfer Map (3)

The interaction potential:

41 L
O(X; Vi Xi,y;) = dr—— / / x = x;)S(y —y;)sin(ax) sin(f3,,y) dxdy
o ab Np ; Zl ylm AXAy J [
1
AXAy A A S()C a xl)S(y - yl) Siﬂ((l{}c) Sln(ﬂmy)dxdy

The space-charge Hamiltonian:
N, N, N,

K41
H, —4”§EN—TTTT

1;111m1}’lm

AxAy / / (x = x;)S(y = y;) sin(ax) sin(B,,y) dxdy

<ome | St x)S(= v sin() s )y
AxAy Jo Jo

-
G .&. DEPARTMENT OF Offi f HH ] NOLOGY & <%
ENERGY | Jeeof  aaemmonrecmocsys A T AP




Symplectic Gridless Symplectic Space-Charge Model

p(z,y) = (v —2;5)0(y — yy)
wis the particle a
charge weight
Hy = Q_EOE@UTYYT V2 sin(a;)
Sln(ﬁmyj) sin(cq ;) sin(3,,y;)
v
pm(T) B p:m - TaEwYYY ’Ylm
MZ > SIH(C\ZZ.CBJ) Sln(xﬁmyj) COS(@ZQ%) Sln(ﬁmyi)
Bm
py’i(T) — pyz T:Ewy‘y\Y?{lm
sin(aga;) sin( B y;) sin(aga;) cos(Bmy:)
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Symplectic Particle-In-Cell Model (1)

Pxi(7) = pyi(0) = T4EKEN_Z Z Z

=1 =1 m= 1}/1m

1 a [bIS(x —x;
. A]CAyl; L g—xlxl)S(y _yi) Sin(al'x) Sin(ﬁm)’)d)fdy,

4 1 N[’ N[ Nm

Pyi(t) = p,i(0) = T4EKEN—ZZZ

—1 =1 m= 17'1m

1 a b ‘ '
AxAyﬁ [) Sx = xj)S(y - )’j) sin(a;x) sin(f,,v)dxdy

AxAy / / (x = x;)8(y — y;) sin(ax) sin(f,,y ) dxdy

ISy —yi) .
*AxAy / f (x = xi) ay, ———sin(x) sin(f,,y)dxdy.

pxi(T) - pxl(o) T4EK__S‘S‘SI: YYS xl’ - j)S Yy — y]) SiIl((I])CII) Sin(ﬁmy.f’)

]9 j=1 =1 m= 1}/1m r oy

8S
X Z Z S(yj vi) sin(ayx;) sin(f3,,v,),

pyi(T) — p}l(o) T4ﬂK—_S‘$‘§: YYS xl’ _'xj)S yr — yJ)SIIl((I])CII) Sln(ﬁmy.]')

=1 =1 m= lylm Iy

IS(y; — v,
X Z Z S(x; —x;) % sin(ayxp) sin(f,,v;),
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Symplectic PIC Model (2)

Define charge density on grid as

pxr,yy) :—ZS xp = x;)S(yvy = yj),

Space-charge M,
OS(x, — x,
P1i(7) = pyi(0) = T47?KZ Z (xa[x %) Sy =)

{ Z Z Z ZP Xy, yr) sin(egxy ) sin(f,y,) sin(a;x;) Sln(ﬁmyf)]

=1 m= lylm A

pyi(f) — pyf(()) — T4JZKZ Z S(x; = x;) 85()(;!))._ Vi)
1 J i

4 Al
{ Z Z Z ZP (X7, y,) sin(eyxy) sin(f3,,y,) sin(a;x;) Sm(ﬁm)’J)]

=1 m= 1}/1m ! J

—
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Symplectic PIC Model (3)

Define potential on grid as:

¢(x1.57) Z Z Z ZP (X7, yy) sin(agxy) sin(f,y, ) sin(axy) sin(f,,y,).

=1 m= lylm 14 g

Pxi(T) = pai(0) — T47TKZZ = {ir;? = SWr —yi)o(rr.ys)

0S(ys — yi
Pyi(T) = Dyil T47TKZZS xr — ;) (?gy_ y)(#b(mby.])

M, 5

(- (5%, |x; — x| < Ax/2,
S(xy—x;) =1 1 (g—%)z, Ax/2 < |x; —x,;| <3/2Ax.

L0 otherwise,

f

~=1)/ Ax, x; — x| < Ax/2,

—2(
IS(x; — x;) (—%+%)/Ax, Ax/2 < |x; —x;| < 3/2Ax,x; > xy,
O G+ 8y /Ax,  Ax/2 < |x; — x| <3/20x,x; < x;,

0 otherwise.

\
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Non-Symplectic PIC Model

dI’i o '
ds pi
dp;
— EZ — Uz X Bz
= (Ei/vo —a )
1
(r/2); = r(0); + 57pi(0)
Nl Tn
E.(xr,y7) Z Z 9" cos(ay) sin(Bmy)
[=1 m=1
Nl 'rn
Ey(xrys) ==Y ) Bumd"™ sin(ax) cos(Bny)
[=1 m=1
ezr:t
Pei(T) = pai(0) + T( ¢BE™) + TATK ZZ S(wr = 2:)S(ys — yi) Ee(21,)
Eeazt

pyi(T) = pyi(0) + T(

+ B )+ TATK Y Y S(wr — a0)S(ys — yi) Ey (21, y)

v
0 I J

()i = x(7/2)i + 57Pi(r)
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Benchmark Case 1: FODO Lattice, Below 2"? Order Envelop

Instability

HHHHEHHEHE—

* 1 GeV proton beam

* FODO lattice

* O current phase advance: 85 degrees
* Initial 4D Gaussian distribution
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Significant Difference in Final 4D Emittances Between the

Symplectic and the Non-Symplectic Methods
(Strong Space-Charge: Phase Advance Change 85 -> 42)

1600

mplectlc gridless paricle ——
ympLe 9 |pt PIC
|P|C

=
3

symplectic gridless

2

ymplectic PIC

e

spectral PIC

emittance growth (%)
s 8 8 &

o

2

0 50000 150000 200000

distance %enod

Two symplectic approaches show good agreement.
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Final Beam X-Px Phase Spaces Have Similar Shapes

Non-Symplectic Model Has Smaller Area
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Final Y-Py Phase Space Show Similar Shapes

0.015

0.015

symplectic gridless symplectic PIC
0.010| 0.010( -:7'-..'4:' £
0.005 0.005 }
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Horizontal and Vertical Density Profiles from the Symplectic

Gridless Model, the Symplectic PIC Model, and the Non-
Symplectic Spectral PIC

16 : — — 16 , — -
symplectic gridless pgn\c\e symplectic gridless p_artlcle
14 ki Sl B Y TR |
- 12 | - 12 |
E10, S 10|
ERL R R
2 6. 2 6|
5 5
- 41 = 41
21 21
0 0 .
-6 6 -6 -4 -2 0 2 4 6
X (mm) Y (mm)

« Two symplectic solvers produce similar density profiles
* Non-symplectic solver produces larger core density
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Finer Step Size Needed for Non-Symplectic PIC

(Symplectic PIC vs. Non-Symplectic PIC)

1600 eymnle ctic PIC ——
spec ral PIC yu'.’: sis pIPIc —
spectral PIC - 1/4 step s [

1400 }

1/4 step siz

1200 | / P ]
= 1/2 step size
~1000 |
=
g 800
50 nominal step size
B 600 |
=
S
=400 |
=
L

200 |

0
-200 50000 100000 . 150000 200000

distance (period)
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Benchmark Case 2: 1 Turn = 10 FODOs + 1 Sextupole

e O current tune 2.417, 30 A current, tune shift 0.113

e sextupole KL=10T/m/m
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Non-Symplectic PIC Shows Much Less Emittance Growth

Compared with Two Symplectic Models

(4D Emittance Evolution with Different Currents)
symplectic gridless &= symplectic PIC ~ #=

40 40
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=% 30A g
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3000 TO000 1300030000 23000 3000035000 40000 0 5000 10000 15000 20000 25000 30000 35000 40000
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Final Beam X-Px Phase Spaces Have Similar Shapes

0.008 ; . . : . . 0.008
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Final Beam Y-Py Phase Spaces Have Similar Shapes

0.008 0.008

symplectic gridless .
0.006 | o _ | 0.006 |
0.004 | 0.004 |
0.002 | 0.002
§ =)
E 0.000 |- ; 0.000 |-
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-0.006 | A L
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Comparison of Density Profiles

30 30

E;ymplectic PIC ——
skmplectic gridless particle
spectral PIC ——

slymplectic FIC ——
s¥mplectic gridless particle
spectral PIC ——— 25

[y
)

o

o
)
o

density (arb. units)
v
density (arb. units)
O

51 51
0 0
-6 -4 2 0 2 4 6 -6 -4 -2 0 2 4 6
X (mm) Y (mm)

« Two symplectic solvers produce similar density profiles
* Non-symplectic solver produces larger less shoulder
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Extra Numerical Emittance Growth with Small Number of

Macroparticles
sextupole KL = 0, 64x64 modes sextupole KL = 10, 64x64 modes
2 | Bk —— 100 T o5k ——
50 k —— 5k —
100 k ——— 100 k
200k —— k
g 1.5 1L 1600 k E‘E 80 1 12%3}&— 1
= £ 60
3 = I
: 2
;ﬁ 6
L
g 2 40
E R | hﬂv“'”“k' E
; " | z
o 20 |
0 . - . . . - . 0 , , , | , | ,
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40

1000 turns 1000 turns

= Little emittance growth in the linear lattice
= Small emittance growth driven by the 3" order resonance
= Sufficient number of macroparticles needed to suppress numerical emittance growth
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Understand the Numerical Emittance Growth from a 1D

Model

The smooth and the reconstructed Gaussian distributions
from macroparticle sampling with linear, quadratic,

and Gaussian kernel deposition

045

The mode amplitude of the smooth and the reconstructed
Gaussian distributions from macroparticle sampling with

" sooth Gassion furction — linear, quadratic, and Gaussian kernel deposition
04} sl pomwa] roettion — -
0.15 smooth Gaussian function
035} linear deposition ——
quadratic deposition =——
—_ Gaussian kernel deposition
.E 0.3t 0.1} 0.001
_; 025} 7 0.0008 | |
< = 0.0006 |
£ 02} S 0.05¢ ) |
k- = £0.0004 1
£ 015} 3 00002 \ h M
& ~— Chl } ﬁ
0.1} -§ 0 A/\' %: ’ vﬂunv W
Z S ' AT
0.05} E z oo ‘ AN
AN 30,05 . |
0 2 4 6 8 10 12 14 16 E ' \
X (arb. units) £ -0.0008
. . 0.1} 0001, a0 60 80 100 120
» Much larger mode amplitude fluctuation wode number
from the macroparticle depositions than 015 _ _ _ _ _ _
that from the smooth distribution 0 20 40 60 80 100 120 140

mode number
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Quantify the Mode Amplitude Fluctuation with Standard

Deviation

E E (rr — ;) sin(aga;)

po= V N, A
1
var(p') = V'{ ar N, A ZS (1 — x;) sin(aga;))

o 2 oV .~i72 o\ N2 A2
varlgy 2 Star = wsin(enz)) ~ () Y Star — asinCerel? = ()
0.0006 -

linear deposition
quadratic depasition
EO 0005 | Gaussian kernel deposition
g
- 0.0004
e L
)
20.0003
=
£ 0.0002
¥}
-
£ 0.0001
0

0 20 40 60 80 100 120 140
mode number

» Higher order macroparticle deposition scheme leads to smaller fluctuation
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Mode Amplitude Fluctuation Decreases with the Increase of

Macroparticle Number

0.001 —
50k
0.0008 100k ——
_0.0006
gﬂ 0004 | l ‘ ’ ’ I
£0.0002 "nm |
£ / il '
£ o ﬁ ( i \ " '
2 (U {4 0.0006 | , , | , |
2 000z f\ WA - o
gn.nonz ‘ ‘ SR ok
£0.0004 | \ ‘ |} ' 1 =0.0005 | 100k —— |
g =
-0.0006 | . g
-0.0008 | Jg 0.0004
~0.001,5 20 60 80 100 120 = 0.0003 |
mode number
=
£ 0.0002
:#
2
» Fluctuation standard deviation ~ g 0.0001
1/sqrt(Np) 0

0 20 40 60 80 100 120 140
mode number
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Mode Amplitude Fluctuation Increases with the Increase of

Grid Number

0.0015 ——
286 ——
512 —
0.001
|
=o 0005 p h H
<
| |
z 0 0.0006
= N { ! 128 ——
£
§ooons uj ] @O 0005 | |
E ’ g
0.001 £ 0.0004 |
)
. . . . . = i
-0'001520 40 60 80 100 120 “ 0.0003
mode number E
£0.0002 |
]
» Grid number mainly affects mode number > 10 3
: : . £ 0.0001
» Larger grid number results in larger fluctuation
0

0 20 40 60 80 100 120
mode number
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Numerical Errors of in the Charge Density Distribution from

Macroparticles Results in Numerical Emittance Growth

4e-05

4D emittance growth rate (%/turn)

3e-05 |
2.5e-05 |
2e-05 |
1.5e-05 |
le-05 |
5e-06 |

1
~ (<22 >< 2/0F > — < x2’ >< 26F >)T/e + 5(< 2 >< (6F)* > — < 20F >*)1% /e

1
~ 3 <22 >< (0F)* > 71/e

sextupole KL = 0, 64x64 modes

' ' ' ' ' " simulation —I-—
3.58—05 I 10e-4/x |

0 100 200 300 400 500 600 700 800 900

Macroparticles (1000)

» Numerical emittance growth scales close to
1/Np as expected

U.S. DEPARTMENT OF

ENERGY

Office of
Science

0.002

]
]
]
f—
o0

4D emittance growth rate (%/turn)
o o
o o
S S
S S
< =

0.0016
0.0014 |
0.0012 |
0.001 |
0.0008 |
0.0006 |

0
0

sextupole KL = 10, 64x64 modes

" simulation —.—
2e-1/sqgrt(x)/sqrt{1000) |
Be-2/x

100 200 300 400 500 600 700 800 900
Macroparticles (1000)

» Numerical emittance growth scales close to

1/sart(Np)
» The growth mechanism is more complicated
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Removing Small Amplitude Fluctuation Modes Using

Relative Amplitude Threshold (1)

Spectral amplitude of a 2D Gaussian density

(64x64 mode)
] Spectral amplitude of a 2D Gaussian density
1°¢  with 1% threshold
0.6 —
&0
4 0.4 410.8
.dlg 0.2 50 0.6
_dz 0 4 0.4
E 0.2 g 40
0. ‘E 0.2
0.4 § - a
i E
; 4 0.6 = 02
04 0o
::: 8 & 0.4
“ 59- 30 40 50 60.. :0' .
x mode number * 0.6
>
&4
L 22
*e
10

20 30 40 50 60
x mode number
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Removing Small Amplitude Fluctuation Modes Using

Relative Amplitude Threshold (2)

Spectral amplitude of a 2D Gaussian density
with 2 sigma threshold

— Spectral amplitude of a 2D Gaussian density
* loe  with 4 sigma threshold
50 s ol ]
0.4 v
g “ 0.2 S0r v
E
- ol
Ei 0.2 E 0
I £
0 0.4 g n} 1
3
0.6 g 02
>
i 0.8 04
2.0 — 3‘D -f;D S.D E:D 4.6
*x mode number

1 1 L 1 1
20 0 40 50 60
x mode number
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Mitigate the Numerical Emittance Growth by Removing

High Frequency Modes in Linear Lattice

sextupole KL = O, current = 30 A, 25 k macroparticles

5 brute force cut-off 5 threshold filtering

" B4x64 ——
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» Both numerical filters work well
» Numerical emittance growth is mainly due high frequency errors
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Mitigate the Numerical Emittance Growth through Threshold

Filtering in Nonlinear Lattice

sextupole KL = 10, current = 30 A, 25 k macroparticles

brute force cut-off 100 threshold filtering
100 ' ' ' ' ' " B4x64 - ' ' ' ' ' 0 —
32%32 oo
18x18 005 —
80 _ 80 01 —
9 =
g ‘o < 40
2 2 |
=1}] =1}]
8 40 S 40
8 g
5 20| 5 20|
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
1000 turns 1000 turns

» Direct brute force cut-off filtering is not efficient
» Numerical emittance growth can be mitigated with threshold filtering
» The numerical growth is mainly due low frequency errors
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Predefined Maximum Fraction and Four Sigma Threshold

Filtering Yields Similar Emittance Growth

sextupole KL = 10, current = 30 A, 25 k macroparticles

100 1 signa ——
2 sigma =
4 =igma
0,1 —
m L
®
-g 60 A
B =
g w|
E _F,.-—*“H
m L
[' M M M M 1 L "
0 5 10 15 20 25 30 35 40
1000 turns
Maximum Fraction Standard Deviation
Pro - easy to calculate the threshold value Pro - calculate the threshold value dynamically
Con - another hyperparameter Con - computationally expensive
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Computational Complexity

* Symplectic PIC/Spetral PIC: O(Np) + O(Ng log(Ng)),
parallelization can be a challenge

* Symplectic gridless particle: O(Nm Np),
easy parallelization

SpeedUp

128 ¢

gj ' —— 80k
o ~e- 160k
o | ~=-320k
Ml —— G40k
2 L

l 1 L 1 1 1 1 1 1 L J?GPUS

1 2 4 8 16 32 64 128 256 5121024

Z. Liu and J. Qiang, “Symplectic multi-particle tracking on GPUs,”
Computer Physics Communications, 226, 10 (2018).
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Summary

 Symplectic space-charge model will help improve the accuracy of simulation for
long-term simulation.

* Numerical emittance growth from finite macroparticle sampling can be
mitigated using threshold filtering in frequency domain.

* For small number of modes and particles used, the symplectic gridless particle
model can be computationally efficient; otherwise, the symplectic PIC model
would be more efficient.
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