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Outline

 Introduction of the particle-in-cell method for multi-particle
simulation

 Deposition/interpolation
 Self-consistent field calculations

 FFT based Green function method for open boundary
condition

Multigrid method for irregular shape boundary condition
 Particle advance
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Introduction

 Particle-in-cell method:
“the method amounts to following the trajectories of charged
particles in self-consistent electromagnetic (or electrostatic) fields
computed on a fixed mesh”

. Particle-in-cell codes are widely used in accelerator physics community:
. PARMELA, ASTRA, GPT, IMPACT-T, IMPACT-Z, GENESIS, GINGER....

« An example of 2D particle-in-cell simulation an mismatched beam transport
through a FODO

T T T T
006 TFort. 1007 u 1:3 . 7 " Tfort.lo0” u 1:2 .

0.008 [ 4
0.04 : —
0.006 [ B
0.02 . 0.00d [ 4

0.002 = —

yim?

|1k
o
T
|

—0.02 |- - —0.002 4

=004 = —

=0.006 —

—0.06 - T 0008 = 7

Courtesy of R. D. Ryne

U.S5. DEPARTMENT OF Gﬁ: f :: : y ~ _‘—\
ENERGY |Ofceot  ascremronmionnoors A T A P)))




Governing Equations in Space-Charge Simulation
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One Step Particle-In-Cell Method

particle deposition
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Particle Deposition/Field Interpolation

Particle deposition:

pp :Zqiw(xi _Xp) P

J D ZCIiW(Xi — Xp)vi

|
Field interpolation:

E, =) E w(x —X,)

B, =) B w(x —x,)

. Grid reduces the computational cost compared
with direct N-body point-to-point interaction
. Grid also provides smoothness to the shot noise

and close collision
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Weight Function for Deposition/Interpolation

Spatial localization of errors

- At particle separations large compared with the mesh spacing, the field
error should be small

Smoothness

- The charge assigned to the mesh from a particle and the force
interpolated to a particle a particle from the mesh should smoothly
vary as the particle moves across the mesh

Momentum conservation

- No self force
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Weight Function for Deposition/Interpolation

. Spat:al localization of errors

oJ;
#(x;) = ZW (%)G(X; —X,) = ZW (X)G(X; =X +% —X,) |

_x ) d"G(x. —
#(x;) = ZW (%)G(x, _X)+ZW (X)Z(X X,)" S)((n X;) b 0

pr(xi) =1 pr(xi)(xi —X,)" = const r
p=1 p=1

e Smoothness:

*  Continuity of weight function value
e Continuity of derivative

l '|1 ‘ O‘X‘ 1 l
0 !

. Momentum conservation

self (X) ZZd(X » X )Wdep(x X )Wmt(x —X )

p=1 p'=1

d(Xp: Xp) ==d(X,5X,)
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Weight Functions for Deposition/Interpolation
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Self-Consistent Field Calculations

Vig=—ple
p=|[[f(r,p)d*p
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Different Boundary/Beam Conditions Need
Different Efficient Numerical Algorithms O(Nlog(N)) or O(N)

FFT based Green function method:

» Standard Green function: low aspect ratio beam

» Shifted Green function: separated particle and field domain

* Integrated Green function: large aspect ratio beam

* Non-uniform grid Green function: 2D radial non-uniform beam

Spectral-finite difference method:

Multigrid spectral-finite difference method:
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Field Calculation with Open Boundary Conditions

Green Function Solution of Poisson’s Equation
#(r) = [G(r,r)p(r)dr' ; r=x 52
d(7i) = hZ} G(ri—rr)p(ri)

G(x,Y,2) :1/\/(x2 +y° +27°%)

Direct summation of the convolution scales as N2 !!!!
N - total number of grid points
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Hockney’s Algorithm or Zero Padding

_____________________..____________________________________
\ %

e This is different from a real periodic system
e The real calculation is done in discrete coordinate instead of continuous coordinate

R. W. Hockney and J. W. Eastwood, Computer Simulation Using Particles
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Hockney’s Algorithm or Zero Padding

0
Pe(xi,3y) =5 Z Z Golx; —xp, 1 — vy )pelxe, vy ),

=1 j=I
wherei=1,...,2N,, j=1,...,2N,, and
) —  PER) 1 SISNGI<GSN,,
Pl i =19 0 . N, < i< 2N, or N, < j<2N,,
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Pelxny) = pelx + 2L, + hy), y+2(0, 4+ Ry)),

Gelxpny) = Gelx; + 2(Ly + hy), v+ 2(L, + hy)).
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A Schematic Plot of an e Beam and Its Image Charge

AL

cathode
Shifted Green function Algorithm:

v

p(r) = | G plr' )l
Gs(r,7')=G(r+ rs,1')
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Test of Image Space-Charge Calculation
Numerical Solution vs. Analytical Solution
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Integrated Green Function for Large Aspect Ratio Beam

Lack of resolution along longer side if same number of grids are used for both sides
Brute force: use more grid points along longer side

Better way: break the original convolution integral into a sum of small cell integral and
use integrated Green’s function within each cell
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Integrated Green Function

de(r) = . Gi(ri— 1) pe(re)

i'=1

Gi(r,r') = G(r,r) dr'

‘.l']-.l' +h.1' .-'IIE '_|r'l|;.f +h'p |,"I 1
Guli = 0,3 = 7) = / v / 0 Gl — 2y = 1),
t ¥

Xy —hy /2 Vp—hy/2

This mtegration can be done analytically using the indefinite mtegral:

//ln ?)dxdy = —3xy + ¥ arctan(y/x) + y*arctan(x/y) + xyIn(x* +1?).

1 .7 Xy y? Xz X yz
dxdydz = —— arctan ——— | — 5 arctan| —————=| ~ 5~ arctan| —————=
sz +y2 4+ 22 2 z{x“ +y 477/ £ }‘\fx” ty 477/ £ x\/x” +y 42z

+yzIn(x + \/f +y'+2) +azln(y + \/Jc:E +y + ) +ayin(z + \/Jr;2 +v 4+ 2. ()
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A Comparison Example: Aspect Ratio = 30
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Poisson Solver with Finite Boundary Conditions

0%¢

Ox2
j j j+1
02 ¢ 1 2
o5 = 5(bi41 = 265+ ¢j-1) + O(hz)

$i+1— 20j + ¢j—1 = —hzp;

Wherej=1, ...,N
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Finite Difference Poisson Solver: Iterative Methods

AX = B

e Direct Gaussian elimination: O(N3)

A. IS a sparse matrix

e |terative method: O(mN)

X =X'4+E

AE = (B—Axi)‘

A=D-L-U|

Xt = xX'4 5(B - AXY ‘

Where S is an approximation of A1, i=1,...,m
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Finite Difference Poisson Solver: lterative Methods

e Classical iterative methods:

- Jacobi
s = D!
-8 = wDh 1|

- Successive Over Relaxation

s = (D-L)Y

S = w(D—wL) 1 ‘

e Problems of classical iterative methods:

- slow convergence
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Weighted Jacobi Chosen to Damp High Frequency Error

Solution after O steps

Errar Errer in Frequency Coordinates

True (Gotted) i ta :
Approx {solid)
05 e ..-.-r; ...........
U FLAEENLACE .....; ............. U U
B, i) SRS | 1 0 R

Solution after 1 steps

Errer in Frequency Coordinates

Initial error
“Rough”
Lots of high frequency components
Norm = 1.65

True (dotted)
Approx {solid)

ua

ua

0 32 Eid

-0.5
D

-05&
o
Morm = 1.055

Error after 1 Jacobi step
“Smoother”
Less high frequency component
Norm = 1.055

Solution after 2 steps

Error Errorin Frequency Coordinates

True f{dotted)
Approx {solid)

0.3

0.3

U 5 B e I LTI IR S,
U ............................ U
1, SOPRERR 20 T ORI
et s e R e ]
—-1.5 : -035 : -035 -
4] 32 B4 32 B4 0 32 B4

o
- A,
FEEaaaT ﬂ

A X LAB
Demmel’s ¢lass note

MNerm =0.9176

Z. DEPARTMENT OF Dﬁlﬁe Df

EN ERGY Science

Error after 2 Jacobi steps
“Smooth”
Little high frequency component
Norm = .9176,
won’t decrease much more

ACCELERATOR TECHNOLOGY & S
apruies prvsicsovision AN T AP/



Multigrid Motivation

Classical sparse-matrix-vector-multiply-based algorithms:

O

©)
©)
©)

low frequency error decreases slowly after a few iterations
move information one grid at a time

take N¥/9 steps to get information across grid
matrix-vector multiplications are done on the full fine grid

Multigrid algorithm:

O

smooths out the numerical errors of different frequencies on different
scales using multiple grids

moves the information across grid by QQ(log n) steps
most multipications are done on coarse grids

Schematic Descyriptiorn of ThTml tigo-id
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Comparison of Convergent Time for an Example:
SOR vs. Multi-Grid

time (secs)
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SOR ——
and k multigrid
&00 ¢
TOD
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number of grid points
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Multi-Grid Iteration Method

e Basic Algorithm:

— Replace correction problem on fine grid by an approximation on a
coarser grid

— Solve the coarse grid problem approximately, and use the solution
as a correction to the fine grid problem and build a new starting
guess for the fine-grid problem, which is then iteratively updated

- Solve the coarse grid problem recursively, i.e. by using a still
coarser grid approximation, etc.

e Success depends on coarse grid solution being a good approximation
to the fine grid
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Multigrid Sketch on a Regular 1D Mesh

 Consider a 2M+1 grid in 1D for simplicity

« Let PY be the problem of solving the discrete Poisson equation on a
2'+1 grid in 1D

* Write linear system as A(i) * x(i) = b(i)
« pm pml)  pl)isasequence of problems from finest to coarsest

2 2 2 2 2 1 1 1
3 1
P'( 1;I: 1D grid of 9 points P(E}: 1D grid of 5 points P'( }: 1D grid of 3 points
7 unknowns 3 unknowns 1 unknown
Points labeled 2 are Points labeled 1 are
part of next coarser grid part of next coarser grid
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Multigrid Sketch on a Regular 2D Mesh

 Consider a 2M+1 by 2M+1 grid

« Let P be the problem of solving the discrete Poisson equation on a
2'+1 by 2'+1 grid in 2D

o Write linear system as A(i) * x(i) = b(i)

« pm pml)  pl)isasequence of problems from finest to coarsest

i i i
1 1 1
1 1 1
3 2 1
P( ): 9 by 9 grid of points P'( 1’.: 5by 5 grid of points P( ): 3 by 3 grid of points
7 by 7 grid of unknowns 3 by 3 grid of unknowns 1 by 1 grid of unknowns
Points labeled 2 are Points labeled 1 are
part of next coarser grid part of next coarser grid
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Basic Operators of Multigrid Iteration

For problem P® :
o b(i) is the RHS and _
o x(i) is the current estimated solution both live on grids of size 2'-1

o (A(i) is implicit in the operators below.)
All the following operators just average values on neighboring grid points
o Neighboring grid points on coarse problems are far away in fine problems, so information
moves quickly on coarse problems
The restriction operator R(i) maps P to P(-1)
o Restricts problem on fine grid P(') to coarse grid P(I 1) by sampling or averaging
o b(i-1)= R(i) (b(i))
o Graphic representation:
The prolongation operator P(i-1) maps an approximate solution x(i-1) to an
x(i)
o Interpolates solution on coarse grid P(i'i) to fine grid p()
o x(i) = P(i-1)(x(i-1))
o Graphic representation: /
The smooth operator S(i) takes P() and computes an improved solution x(i)
on same grid
o Uses “weighted” Jacobi or Gauss-Seidel

O Ximproved (i) = S(i) (b(i), x(i))
o Graph representation:
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Restriction Operator R(i) - Details

* The restriction operator, R(i), takes
o a problem P% with RHS b(i) and
o maps it to a coarser problem P1) with RHS b(i-1)

* Simplest way: sampling

* Averaging values of neighbors is better; in 1D this is
O Xcoarsell) = 1/4 * Xfine(i-1) + 1/2 * Xfine(i) + 1/4 * Xine(i+1)

Restriction by Sampling
T T T
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Prolongation/Interpolation Operator

 The prolongation/interpolation operator P(i-1), takes a function on a
coarse grid P1 | and produces a function on a fine grid P®

* In 1D, linearly interpolate nearest coarse neighbors

o Xsine(i) = Xcoarse(i) if the fine grid point i is also a coarse one, else
O Xine(l) = 1/2 * Xcoarse(l€ft Of i) + 1/2 * X oarse(right of i)

Ceoarse Grid Function

1 1 1 1 1 1 1
o = 4 E 5 10D 12 14 16

Interpolated Fine Grd Function
T T

L 1 1 L 1 L L
s} = 4 E 1=} 10 12 14 16

* In 2D, interpolation requires averaging with 2 or 4 nearest neighbors
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Two-Grid lteration

Pre-smoothing: compute approximated solution by applying v, steps of a
relaxation method on fine grid:

X™(2)=X'(2)+S(B-AX'(2);i=1,---,v,
Construct residual vectors:

r(2) =B - AX""(2)

Restrict the residual to coarser grid:

r(1)=R(r(2))

E() = A"R(r(1))

Prolongate/Interpolate the error vector to fine grid:

E(2) =P(EQ))
Compute the improved approximation x on fine grid:

X1(2) = X" (2)+ E(2)

Post-smoothing: compute approximated solution by applying v, steps of a
relaxation method on fine grid:

X"(2)=X"(2)+S(B-AX'(2);i=1---,v,
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Structure of Multigrid Cycles

R/

2-gnid E
€ ® @& 5
3-gnd
R/ AR/
E E E

% fﬁ %\ VLYY

E el [e el [E
V=1 V-Cycle V=2 W-Cycle

v is the number of two-grid iterations at each intermediate stage
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Multigrid V-Cycle Algorithm

Function MGV ( b(i), x(i) )
... Solve A(i)*x(i) = b(i) given b(i) and an initial guess for x(i)
... return an improved x(i)
if(i=1)
compute exact solution x(1) of P@ only 1 unknown
return x(1)

else
x(i) = S(i) (b(i), x(i)) - improve solution by
damping high frequency error
r(i) = A()*x(i) - b(i) - compute residual
r(i-1) = R(i)(r(i)) - restrict from fine to coarser grid
MGV( r(i-1), e(i-1) ) - solve A(i)*e(i) = r(i) recursively
e(i) = P(i-1)(e(i-1)) - prolongate from coarser grid to fine grid
x(i) = x(i) - e(i) - correct fine grid solution
x(i) = S(i) ( b(i), x(i) ) - improve solution again

return x(i)

ol oreanteen o | Office of ACCELERATOR TECHNOLOGY & a TA Fﬁ

EN ERGY Science APPLIED PHYSICS DIVISION



Complexity of a V-Cycle on a 2D Grid

* At level i, the number of unknown is (2-1)x (2'-1)

* On a serial machine
o Work at each point in a V-cycle is O(the number of unknowns)
o Cost of Level i is O((2-1)? )= 0(4 )
o If finest g&id level is m, total time is:

O z, 04 ) =0(4™) = O(# unknowns)

 On a parallel machine (PRAM)

o with one processor per grid point and free communication, each
step in the V-cycle takes constant time

o Total V-cycle time is O(m) = O(log #unknowns)
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Full/Nested Multigrid (FMG)

Full Multigrid Cvele

time

 Overview:
o Solve the problem with 1 unknown on coarsest grid

o Given a solution to the coarser problem, P-1) , map it to starting guess
for PO
o Solve the finer problem using the Multigrid V-cycle
 Advantages:
o no need for initial guess of solution
o avoid expensive fine-grid (high frequency) cycles

o obtain solutions at multiple grid level (can be used for error estimate or
extrapolation
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Convergence Picture of Multigrid in 1D

True Soluti Right Hand 5id ; :
1 r%Je oution . 1 Igl an © . i Errorof each iteration
: : : 10 E T T T T T T
1] TEREC T [ .............. s il
| I
[, ] EETEPRRP PR JEIEIRIEES BT SERTRILE
i i 1 i i
0 50 100 0 50 100
nermiresim-+1}}/narmiresim) . normi{res{m)}
1 . . : . . .
nak - , ........... , ........... , ...........
T o o
04t ........... ........... ...........
] A T— —
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2 4 B 8 2 4 B 8
iteration number m iteration number m

* Error decreases by a factor >5 on each iteration
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Particle Advance: Numerical Integration

e Consistency
e Accuracy
e Stability
e Efficiency
e Examples of numerical integrators:
- Runge-Kutta
- Leap frog
- Boris
- Integrators beyond Boris
- Symplectic integrators
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Numerical Integration: Consistency

1D Example
0)
— =V
at
av
—=F
at

Euler algorithm:
X" = x" +v"dt

v =v" + F(X")dt
Consistency:
under the limit of dt->0, the discrete model -> continuous model
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Numerical Integration: Accuracy

Accuracy: local truncation errors in the numerical discrete algebraic equations
compared with the original differential equations

n+l1 N
XX _ O 1A oy
dt  dt 2 di?

n+l /N
LA _dv+%%dt+0(dt)

dt
a1 ot
ot 2 d

dv 1d%

L =F(x )——d—dt+O(dt )

The above Euler method is the 15t order accuracy.
Higher order accuracy can be obtained using more sub steps.
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Numerical Integration: Accuracy

The order of accuracy can also be expressed as the local
truncation error of variables in the numerical integration method.
The “mt™ order method” denotes a numerical integration

method that is locally correct through order h™ and makes local errors
of order h™m+1,

The error for one step is
e(h)=x(h)-x(0)=0O(h™")
for n step is
e(nh)=0(h™)

X) =%0) +[ FG. bt
X) =%0) +[FG). ot
FOR), =R %0)0) + -x(O) A +tF+..
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Numerical Integration: Stability

Stability: propagation of errors (e.g. roundoff error) in the discrete
algebraic equations . A stable numerical integration algorithm is the one
that a small error at any stage does not keep on increasing as number of
steps increases

Euler algorithm on computer:
XM= X"V dt
V™=V L F(X")dt
X=X +e,
v=V +e,

Linearized equations of errors:

e =e"+e dt

X

e, =¢ " +F'(x,)e, "dt

pmp o pmgn gy | Office of ACCELERATOR TE[:Hr-mmm&ATAFm
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Numerical Integration: Stability

e \" 1 dtY e )

X X

e F'(x,)dt 1 )e

Y Y

For an integration scheme to be numerically stable,
the eigenvalues of the error transfer matrix must
lie in or on the unit circle.

The explicit Euler method will be unstable

A=1xJF'(x)dt -\ /

Velocity Werlet
Eular
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Numerical Integrator: Runge-Kutta

kl — hf(tn’xn)

h k
k,=hf(t, +—,x, +2
2 (n 2 n 2)

h k
k.=hf(t +—,x +-2%
3 (n+2 n+2)

k,=hf(t, +h,x, +k,)

X, .4 =X + I;l + k32 + ks + k64 +0(h°)
e “one of the most popular schemes for integrating ODES”
e applicable to arbitrary ODEs
o 4t order accuracy
e variable time step size

e auxiliary storage
e 4 field calculations per step
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Numerical Integrator: Leap-Frog

ax _

dt

dv

— =f(X

at (%)
et

X" =x"+hv 2

i ol )
v 2=v 2+hf(x")

/V\

_—

z—l i — 1 /22 z - 1/2 z+1

easy to implement, low memory storage
2"d order accuracy
time reversible

df 1/2
stablefor h<4-0- Q_|max)
single field cal%ulatlo pxers ep
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Numerical Integrator: Boris Algorithm
Lorentz equations of motion

ax _
dt
dv
m—=q(E+v=<B
g~ AE+Vv=<B)
Boris Algorithm
r _ gEh
Vi=Vv ———
m 2
vioy o ED
m 2

vVi-v~ :ﬂ(w +Vv7)xB
2m

gB

tan( Q) =—nh
2" 2m
(- 9Bh
m 2
V=V +V xt
ot * widely used in plasma/accelerator community
S = . « 2" order accuracy
1+t « time reversible
V' =V +V'xS

-
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New Numerical Integrator Needed to Include Space-Charge
Fields in Relativistic Electron Beam

50 MeV electron beam transports in free space

0.9

o Bl

085}

0.8}
0.75} Boris®

(mm)
o

hew algorithm can use 100 times-”
0.65 | larger time step size

rms Sizes

0.6}

055

o
o
-
o
ot
et ®
P

0.5

0.45

3 10 12

(W)

6
distance (m)
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Fast Numerical Integrator for Relativistic Charged Particle Tracking

Lorentz Force Equations:

dr  pc
dt - ’Y r — (gj?yjz)
Cfi_i’ _ q( E 1 1 D X B) p = (pz/mec,py/me,p./me)
me - my
Widely Used Boris Integrator
0 qET New Fast Relativistic Integrator
p- = p(0)+ 2me q
v = JTTp_ D p_. = p(O)—I—%(E—FV(O)XB)T
0) + v_
B B qBT v, = v(
P+ —P- = (p++p-)X ST 5 q
JEr p(r) = p(0) + ——(E + v, x B)r
p(r) = P+ it
2me

J. Boris, in Proceedings of the Fourth Conference
on the Numerical Simulation of Plasmas (Naval Re-

search Laboratory, Washington, DC, 1970), pp. 367. J. Qiang, Nucl. Intrum. Meth. Phys. Res. A, 2017.
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Another Relativistic Integrator (Vay)

Yo
p_

P+

71

vi+p-p
0)+ L (E + ¢p/ro x B)
P e P/ 7o

qET
p-+5—
2me

V1+pi-py
qBT

2m

P+t

2

Y1t t

\/cr—l— Vo2 4t -t 4+ )\2)

2
t/72
/(1 4t %)
slp+ + (P4 - t7)87 + py x t7]

J. V. Vay, Phys. Plasmas 15, 056701 (2008).
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Numerical Test of an Electron Co-Moving with a Positron
Coasting Beam with Uniform Transverse Density

——

)

space-charge electric and magnetic fields from positron beam:

FE, = Eoxyg

E, = Eoyyo

E., =0

B, = —Eoyyofo/c
B, = Eoxyofo/c
B. =0
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Numerical Examples Show 2" Order Accuracy of
the New Fast Algorithms in Space-Charge Fields

= ‘ ‘ "Boris — 13 ‘ ‘ ' ' Borais —
ay —— R
50 |V|eV Approx. A{%‘% J— 100 Mev Approx. ﬂl%le_ —
N (\ ” n ﬂ 1 .
~ 05} — 05
g g
E £
Y =< ol
05} U 05}
1o 0001 0002 0.003 0004 0.005 1o 0001 0.60_2 0.003 0004 0.003
time (ms) time (ms)
1000.000000 ‘ :
1000 ‘ e g—— Boris —
ay —s—
| L ) |
ol new alggh) —— 100.000000
10.000000 |
10}k
. —_ 1.000000 |
ISy Lk 3\"/
= =- 0.100000 |
5] o
£ 0.1 =
o . L 0.010000 |
Integrators
00T 0.001000 f
0.001 ¢ nd 0.000100 .
0.0001 ‘ 0.000010 ‘
0.1 1 10 0.1 1 10
time step (ns) time sten (ns)

 ° All three algorithms show 2" order accuracy
* Boris algorithm shows much larger error than the other two algorithms g




Numerical Integrator: Symplectic Integrator
Hamiltonian equations of motion:

dx oH
dt op
dp  oH
dat ox

Symplectic Integrator preserve:

. the symplectic nature of Hamlitonian equations
. the phase space structure

Numerical integrator:

§n+1 — f (gn)
Define its Jacobian matrix M:
n+1
v, - &
0
Symplectic condition:
M'IM =J

This corresponds to more constraints
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Summary

Deposition/interpolation in particle-in-cell method

Self-consistent space-charge field calculations through solving
the Poisson equation at each time step using the updated
charge density distribution

- FFT based Green function methods for open boundary condition
- Spectral (and finite) methods for regular shape boundary condition

Numerical integrators for particle advance
Euler method

Runge Kutta method

Leap-frog method

Boris method

Relativistic particle integrator
- Symplectic integrator
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