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Episode 7

Field Singularities
FEM-BEM

The Green’s Functions
Green’s Theorems
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Cross-section of Cryodipole
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The Field of Line Currents

grad ¢(|r —1'|) = —grad y p(Jr —1'|),
diva(|r—r|) = —divpa(|r—1'|),
curla([r —r'|) = —curlya(jr—r'|),

VZp(lr—r|) = Vig(r—r|).

Why bother? Reciprocity; except
for sign it does not matter if we

exchange the source and field X
points
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Greens Functions of Free Space

_ ¢ 1
Go(rt') = N (|r : |) , Ga(r,1') =

271 ref 47t|r — /|
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Green’s Functions of Free Space

ﬁﬁ:ﬁp@ﬂmmu

¢@:Lﬁ@ﬂmww.

| (6920 —9¥%9) av = | (92utp — y2ug) da
But what if boundaries are present?
Use Green’s second identity (integration by parts)

p(r) = [ G(r¥)f()av’

+ (—cp(r’)aan(I,r’) + G(r,r’)anrgb(r’))da’.

oY
Surface current Surface density of dipole
moments
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Biot-Savart’s Law

1

2
A——
v ol Ga(rr) = 47t|r —r|

(a _ Ho Ji(r') /
Ailr) = A Jy |r—r’|dV ’

."
A(r) = Ayex + Ayey + Aze, = f—?{; /ﬂy |r](— r)’| dv’

This works only in Cartesian Coordinates

B(r) = curl A(r yﬂ L curl (|r—r"|) dv’

o[ E oo

_ PO QU AT g
A Jy  |r—1'P3

CE/RW Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
CAS Thessaloniki 2018




Biot Savart’ s Law

But wait a minute: Are we finished? Are we sure that the
divergence of the vector potential is zero as it was required for
the Laplace equation?

divA(r) = ;i/ dw(|rl(—rf1)"|)dw

:;_i/v(](rf)'gmd( rf)
=10 [ 306 grad () av
:_%f J(t') - grad,, (lr_r,|)dV’

=)y (di"rf (%) - |r_1r,|divr:](r")) v’
:_ﬁﬁdwr,(g(_‘?,l)dv’ ol |3(_r’r)l| A

Current loops must always be closed and must not leave the problem domain

i ](r’)) dv’
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Biot-Savart’s Law for Line Currents
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Vector Potential of a Line Current

A (xyz):”_{ﬂ/b dzc yﬂff dzc
RGN AT IR G
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Field of a Line Current (Infinitely Long)

2
z—a+ /2y + (z—a)? —a+ laly/1+ 25

Iim In = Ilim In
ab—teo  z—b+\/x2+1y2+ (z—b)2  ab—otoo —b+|b|\/1 x2—|—y2
x> 4y
C fim TS ) e 2
T ) T T
—4ab

— lim In 5 .
ab—too X<+ Y

I —4ab I 2 412
AZ(x.r y) = lim 'ui In 2—':12 P{] In xz T yz .
a,b—+oo 47 X5 + ' 471 X4 + V5
Arbitrarily large but constant
ol [+ _ pol ( r )
Alx, In| —— | e; = In e,
(xy) = 47T (x%+y%) - 27 Frof )
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Field of a Line Current Segment

I I ®2 I
B(#) = Fol /_g OOy = Hoo cosrxdxx — o (sinap —sinaq)n

47 "5 9 AR 47TR
_ Mol cosa +cosay sina; —sinag N

47 R COS (7 + COS (1

ol (1 1 sin(ap — aq)
~4n (|1’1| |1'2) 1+ cos(az —a1)
_ Hol ( 1 1 ) sin(ay — aq) Iy X Iy
CAr \In| /) 14 [ ] sin(e; —a)
ol n| 4] X

AT (|4 |y (e
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Expanding the Green’s Function

I r I &1 /r\"
A(r, @) = —%m (_‘:) i f’ztlﬂ Z - (—) cosn (@ — ¢c)

Vref n—1 n Fe
n—1 n—1
B . ‘ugf ro A o ﬂ{]f ro .
n(rg) = — — COS N, n(rg) = — Sin 1¢k.
27Tre \ T 27Trc \ Tc
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Expanding the Green’s Function Il
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Field of a Ring Current

AZ

1’ = coS Qcrc ey + sin gt ey

dr’ = —sin pcrc dgcey + cos ¢cre dcey

P | =\ (x = x0)2 4 (v — ye)? + 22

= \/(rcos @ — Tc COS ¢ )% + (rsin ¢ — resin ¢¢)? + z2

= \/r2+r§+zz—2rrccosq)c,

~
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Field of a Ring Current

AZ
A yolrc / COS gocdqoC
" 12+ 12 422 — 2rrc cos @
. 4rrc
p = (T4 90)/2 e (r+1c)? + 22
/2 A2
Ag(r,z) = yolrc 2/ 2sin“ ¢ —1 dip
V(r+re)?+ 22 Jo \/1_kzsjnzlp

Aglr,2) = 1L [ ey +zz[(l_’;_2)1<(g,k)_g(g,k)]
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Expanding the Green’s Function

4 Ap(R,8) =Y upA,R"Py(cos®),
@\1 Coil n=1

VI + Y2 = 2J[[¢|cosa ] 1=

01?’c / cos @cd e
V12712 + (z — z¢)? — 217 cos ¢

_ yolrc / cos ¢cd g
V|2 + [¥|% — 2|r||¥'|(cos 8 cos 8¢ + sin ¢ sin O cos @)

Holre 1 r[\" (n—1)!
> T L 2 (|1J|) () Pl(cos®)P}(cos 8.).

I 1 1
Ay = =€ P}(cosd.)

2 RHIn(n+1)
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Split-Coil Solenoids

Field approximation up to first order

(at different radii) Optimization of the field homogeneity
r (suppressing the 3 zonal harmonic)
N | —
ISR
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Magnetic Dipole Moment

Far field approximation

olr27 sin @ _ pom sin®
4r  R?  4m R2’

Ap(R,0) ~ L

R=+vr2+zZandsind = r/R,
[H’I] — 1 Am2 Definition m = Irgﬂ

m — Ja,

I
m:E[grxdr,

dm 1
M(l‘) . — W — Er X I(r),
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Solid Angle and Magnetic Scalar Potential

a0 = | ;(dlxdr’)-egz—/ (r=r)

T
dr’ x (r—1')

= —dl
oc/ |t —1']3

vapressing d® as grad © - dl

B dr’ x (r—1r')
grad® = — | B

I dr/ x (r — v
B =" [ |r—(rf!3 ) — oM = 1o grad g

I

Solid angle (easy to compute) yields the magnetic scalar potential of a current loop
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Solid Angle and Magnetic Scalar Potential

) .
- (5) _ - (2 X 13)

rirors + (11 - 1p)r3 + (ry - 13)r0 + (r2 - 13)17
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Total Magnetic Scalar Potential
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Numerical Methods for the Curl-Curl and
Vector-Laplace Equations
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Excitation Cycle
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I[A] \ Flat-top /’ 8
10000 \ / B[T]
8000 / 6
\ Ranjp-down Ramp--u%
6000 \ %
\ 4
4000 /
2
2000 /

Injection
0 _ 0
0 1000 2000 t[s] 3000 4000 5000
c\ﬁw Stephan Russenschgc':a\ks, ?rEEstaLinglgM 1211 Geneva 23

LA



0.710 -

TKA | 6 -

0.709 | l
N 4 — F Saturation
C B/1 | )

0.708 — _ N
- 2

0.707 :— i
N 0 B Persitent

0.706 i
- 2 -

0.705 | i
- 4~

0.704 :— -
¥ 6 -

0.703 -
-IIIIIIIIIIIIIIIIIIIIIIIIIIII _IIIIIIIIIIIIIIIIIIIIIIIIIIII

0 2000 4000 6000 8000 10000 12000A 0 2000 4000 6000 8000 10000 12000A
I —» I-»
CE/RW Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
\ CAS Thessaloniki 2018




The CERN Field Computation Program ROXIE

CERN

Cockpit 1.1 [fhome/russ/Genetic/geneblock_postp.data]
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Saturation Effects in the Dipole Iron Yoke
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The Problem Domain

Dirichlet
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Curl-Curl Equation

B = curl A in <2

1
curl— curlA =J in <2
7

1
Hi=0 — —(CUI’|A)><I1 = 0 onlygy
7

Problem in 3-D: Gauging

A—A": A=A+ grady

Bh=0 — B-n=curlA-n = 0 onlgp
divA' =g
1
[; (curl A)x nLi = 0 onl g = divA + V2
[Alsi = 0 on Ty
1 :
—divA =0 in
o
A-n=0 on FH
1 1 .
curl — curlA — grad —divA=J inQ
K K
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Weak Form in the FEM Problem

l"B
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Weak Form in the FEM Problem
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Meshing the Coil
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Magnet Extremities
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BEM-FEM Coupling (Elementary Model Problem)
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The Elementary Model Problem in Magnet Design

B -n=20

{2 = {lBEM TBEMFEM &

@' QD

I'si = I'BEMFEM

/"LO | ; | - " S
Z‘ §‘§ 'g nx (Hxn)=0
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Green’ s First and Second Identities in FEM and BEM

/Q( grad ¢ - gradtp—l—cpvzlp)dV:/rcp grad ¢ -nda,

Weighted Residual Method

Green's first theorem Green's second theorem
(Removal of second derivatives) (Removal of all volume integrals)
Weighting function = Weighting function =
Element shape function Fundamental solution of the Laplace operator
| |
Weak integral form Fredholm integral equation
| |
FEM BEM

o (4’V2IIJ — lpvch) dV = /r (pOnp — POn¢) da,
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The FEM Part (Iron-Domain)

B = jioH + P (H) = po(H+M(H))

1
Vector-Laplace — —V?A =J+ curlM
HO
A-n=20
1
—divA =0
Ho

nx(Axn)=0

1
—(curl A) xn =0

M
.
—divA,| =0
JuD ai
1 1
— (curl Aj — poM)x nj +—(curl Ay)x ny, = 0
HO HO
[A]ai — 0
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FEM Part (Weak Formulation and Matrix Representation)

1 1 dA
— grad (A - e, ) - grad w, d{} — — ( — (oM x ni)) w,dl ;=
1o Jo, to Jr,, \ On;
/ M - cuyl w, d€2;
£y
—_

K{A} = [T{Q} = {FM)}
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BEM Part (Air-Domain — No Iron, but Current Sources)

Vector Laplace Weighted Residual

mmmmmmm

Apply Green’ s second theorem:

Dw 0A
AV wdQ, = + [ Am—dTa — [ =—wdTy;
Q. on, on,
9 Fa,i Fa,i .
I Biot-Savart
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Representation Formula (Fredholm Integral Equation)

@)

Dé:nX(Hl—Hz)
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Node-Collocation (Compute One from the Other)

>
IENIP AR v

0,
90°Corner 90° Cone inner Half-space 90° Cone outer
G) s 2-V2)n 2 Q+V2)r
[} 1 2—/2 1 2+2
in 8 1 2 1
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BEM-FEM Coupling

ABEM
Ar

CE/RW
\

NS

BEM
Coil
|4 GI{Q} + [H]14]) = {4s)
i FEM RS
lZ\FEM FEM
: HBTM“- : K[{A} = [T]{Q} ={F(M)}
Arediuced Asaurce
Aperture

([K] + [T][G]HH]) {AY = {F(M)} + [T][G] { A}
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Open Boundary Problems (1)

LHC Beam Screen
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Source Field
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Reduced Field
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Total Field
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