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Directional Derivative and the Total Differential

Space curve with r(t) = (z(t),y(t), 2(t))
parametrized such that r(0) = P.

1-smooth scalar field ¢ : E3 — R : r+— ¢(r)
expressed as o(x,vy, z), then ¢(r(t)) at
parameter (time) t.

06 d ) — 6()
Ove = F aw(r + tv)]i=0 = t"_r% ;

. g __ O¢dx | O¢dy = O¢dz .
o = dt¢(r(t)) = osdt T Ay dt T osqr 9redev

el el el
gradeg = %ex + a—yey + aez

Best linear approximation of ¢ over displacement distance dr

A4 0 d of of
dr = vdt = ~ovdt = Tds da=nda=(— x — | dudo af = x4 Xy Ay
v ou 0v ox ay 0z
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Ideal Pole Shape of Conventional Magnets

Remember the Cauchy Schwarz inequality | (a,b) [<|[a]] D]

r

Thus for the directional derivative dvp| < \gradq')\ v|

This implies that the directional derivative takes its maximum when v
points in the direction of the gradient. Therefore gradient points in the
direction of the steepest ascent of @ and is thus normal to the surface of
equipotential.

The flux density B exits a highly permeable surface in normal direction.
Therefore the pole shape of normal conducting magnets can be seen as
an equipotential of the magnetic scalar potential.
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Grad, Curl and Div in Cartesian Coordinates

. 9¢ o o
grad ¢ := Eex R @ey - Eez
98z 98y Igx _ 98z ISy _ 98x
curlg (ay 0z €x T 0z  ox €y T dx dy €z
. dgy 0%y = 0%z
d — | |
V8T oy dy = 0z
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The First Lemma of Poincare

1 9¢ 1 9¢ 1 9¢
i oul S0 T iy auZ $ T iy 9 & ]

_ 1 (P P
" hohs \ouZoud  auBouz ) ™

1 0% ¢ 0%
+ — — =7 | €2
hahy \ oudoul ouloud ) ™

1 9% ¢
~ 2% Ve,=0
+ hihy (aulasﬂ auzaul) S ’

curl grad ¢ = curl [

Ugly and not even a universal proof (orthogonality assumed)
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Coordinate Free Definition of Grad, Curl, and Div

n- curlg = liI]fl‘:l] ,
a— (1l

-d
div g = %rifb fa'y’ff 2 ,

=Y
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The Boundary Operator

V) =D, 9(0e7) = D,

di ldV:f l-d:/ dr=0,
/«y iv curlg |, curlg-da a(a"f/)g r

| grad ¢ - da = d¢-dr= =0,
/ﬁf curl grad ¢ - da oot grada¢ - dr 4’|a(agf)

Reversal of arguments yields two important statements (next slides):
Much nicer than writing it in coordinates
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The second Lemma of Poincare (Contractible Domains)

divb=0 — b= curla
curlh=0 —  h = grad¢.

Point Line Surface Volume
grad curl div
> > —>
Image Image
of grad| of curl
g KEemel Kemel
"' of curl of div
0
Scalar Vector Vector Scalar
field field field field
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Lemmata of Poincare (Non-Contractible Domains)

Point Line Surface Volume
grad curl div
—> > S —»
itrary
closed
1 0 2 0O
) H ( )/ ( )/ £X%ac
2
3
0 null
Scalar Vector Vector Scalar
K | field field field field
H(Q) = er(curl)
im(grad )

Toroidal domain €2 in a cylindrical coordinate
system (r, ¢, 2):

o= I
@_27r7“

10
IH=—-—(rH,) =0
cur 7nar(r D,

But ¢« H-ds =1 and 2, with ¢, grad¢-ds =10
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~ ker(div)
HAQ) = im( curl)

Domain 2 between two nested spheres cen-
tered at the origin.

But §,D-da=@Q and ¢, curlA-da=0




Kelvin-Stokes Theorem

Smooth vector fields, smooth surfaces with simply connected,
closed, piecewise-smooth and consistently oriented boundaries, and
volumes with piecewise-smooth, closed and consistently oriented
surfaces.

No jump discontinuities (for example,
co-moving shielding devices)

Permeable cylinder

d—/d/d— d d
| g-dr gdrt [ gdr= | gedrt | g-dr

Sdr = li dr = lim }_ A —f d
faﬁ(g r Ii}ﬂ;OiZI aﬂ;g r 11_>m_ a; g-dr

I
= Ih_)n;I:Zl( curlg); -nAa; = /ﬁ( curlg - da.
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Gauss’ Theorem

Smooth vector fields, smooth surfaces with simply connected,
closed, piecewise-smooth and consistently oriented boundaries, and
volumes with piecewise-smooth, closed and consistently oriented
surfaces.

I
. 1
/afygda 11m§ f g-da = lim &V—& g da

I —00 ! I —00
I
= Jim (divg)i&.Vi:/ divgdV .
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More Integral Theorems

- _ 2 _
Green’s First /7/ (gradqb grad + ¢V 1/)) dVv W‘Paan da
Green’s Second fo (cpvztp — z,szcp) dV = f (pOnyp — Pon¢p) da
r
Vector Form of Green'’s Second
/ a-curlde:/ b- curladV — a-(bxn)da.
¥ 4 V4

Generalization of the Integration by Parts Rule

— [ a-orad dV:/ di dv—/ ‘1) da.
/ﬂya grad ¢ 7/(P iva a”f/(P(a n)
Stratton #1 and #2

] div(a x curlb)dV :/ (ax curlb) - -nda
v oY

f//(acurl curlb — b curl curla)dV = /fi“l/(b X curla—a x curlb)-nda.
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Maxwell’s Equations in Different Avatars
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Maxwell’s Equations in Different Avatars

Maxwell Equations

Integral Form Local Form Global Form

| T

Laplace’s Equation Curl-Curl

Equation

Harmonic Fields Green’ s Functions Weak-

‘ Forms
Kichhoff’s

Lumped circuit Field quality in The field of Theorem

calc. of NC Accelerator magnets line-currents

magnets Coil-dominated

magnets
FEM BEM DEM
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Maxwell Equations |: Global Form

Ampere + V(07) = () + S¥(a7),
Maxwell extension dt
d
Faraday U(aﬁ) — —Eib(ﬁ') ’ i

Flux conservation (%) =0,

Gauss ¥(@7) = Q(¥).
Required: Orientable manifolds
No switches, no Moebius strips
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Maxwell Equations II: Integral Form

Global quantity | Sl unit Relation Sl unit Field

MMF 1A Va(#) = [ H-dr || TAm™! Magnetic field

Electric voltage | 1V U#) = [ E-dr 1Vm™! Electric field

Magnetic flux 1Vs d() = [, ,B-da || 1Vs m~2 | Magnetic flux density
Electric flux 1As Y(«) = [, ,D-da || 1A sm~2 | Electric flux density
Electric current | 1A (o) = [, ]-da 1Am™2 Electric current density
Electriccharge | 1As Q) = [y,p-dV || TAsm> | Electric charge density

d.o/ dt Jor
E-d d B-d
9.of A= dr of -da, Required: Orientable manifolds,
orientation, frame, metric, continuity
B-da=0,
oY No switches, no Moebius strips
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Maxwell’ s Equations in Local Form

/Hdr—/]da+ /Dda
f curlg - da— ﬁg dr, 0
d

E-dr:—a/ﬂ(B-da,

/dwng f g-da, i B-da=0,
oY
D.d :/ qv.
a= [ p

oY

0
/ﬁcurlH-da—/ (]+at )-da, 3

curlH=]+ =D,

%, ot
[ curlE-da:—f a—B da, 3
o “ curlE = — a—B,
f div BdV =0, | f
4 , div B =0,
[ydedV:[ypdV. G D
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Maxwell’s House (Local Form)

d
Faraday CuI‘]H = J -+ ED,
‘at/ 0 Volume )
curlE = ——B,
Point o q div ot
div B =10,
_grad A J Surface
| — div D = p.
- - : 7‘ -
—
curl B L = Line
Required: Orientable manifolds,
Surface -grad orientation, frame, metric, continuity,
' contractible domains
div b Point
° T No switch Moebius stri
mpere/ 0 switches, no Moebius strips, no
Volume Af' Maxwell P

holes in surfaces, no bubbles in
volumes, no internal boundaries
This simple form of constitutive equations red
are only true for linear (field-independent), H= —grad¢n” +T
_homog_ene(_)us (_pos_ltlon—lndependent), B — curl A

isotropic (direction-independent), lossless,

. . a

and stationary media E—= —grad¢ — ﬁA
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Harmonic Fields
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Maxwell’s House

Faraday
‘at/ 0 Volume
Point b 9 div
-grad A J Surface
K
Line E e D curl
B v H :
curl Line
Surface -grad
- Point
div o b
Ampere/
Volume /at' Maxwell
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Maxwell’s Facade

curl lcurlA =J div pugrad ¢,, = 0
7
1 podivegrad ¢, = 0
—curlcurlA =J o
Ho
A J Vipm =0
VZA —graddivA =0 A
V24, =0 o w curl
B U8 H
‘ y
div m _erad
M ¢ m
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Solving of Boundary Value Problems -

1. Governing equation in the air domain t

VZAE — U,

2. Chose a suitable coordinate system

2074, PCLE PAz

or? r ™ d¢?

0,

3. Find eigenfunctions. Coefficients are not know yet
oo
Az(r, @) = E (Enr™ + Fur ") (Gy sinng + Hy cos ng).
n=1
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Solving of Boundary Value Problems

4. Incorporate a bit of knowledge and rename

Ay (r, ) = Y r"(Apsinng + By, cosng).
n=1

5. Calculate a field component

1 aAz 00 H—l .
B,(r,¢) = — 5 = Z nr" (A, cosng — By, sinng),
rog n=1
dA, >
. . n—1 .
By(r, @) = — 5 = Y n" 7 (Ansinng + By, cosng),
r n=1
\:!“--ﬂ-wm,f/ _# / \ .
:*:;:::::” 2 T AN
}\:{\\%&:E:Z’?;//{{ﬁ ‘Q\E‘:E_?Eri?:::: =2
| | ..
bbb )
IS :::uih!.. ' L‘ff
e\ s
Ui\ el
g ==3INN v
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Solving of Boundary Value Problems -

10A; >
r 90 Enr (Ay cosng — By, sinng),

n=1

By (r, ¢) =

6. Measure or calculate the field on a reference radius and perform Fourier
analysis (develop into the eigenfunctions). Coefficients known here.

00
B:(r0, ¢) = ) _ (Bu(ro) sinng + Ay(rg) cosng),
n=1
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Solving the Boundary Value Problem -

7. Compare the known and unknown coefficients

1 0A; =
B/ (7, @) " 99 n; n" 1 ( Ay, cosng — By sinng),
B, (rg, @) 2 n(rg)sinng + Ay (rg) cosneg),
1 —1
An = p— An (?‘[}) , B, = 1—1 Bn(r{]) .
nry nry

8. Put this into the original solution for the entire air domain

Az(r, @) = — i 0 (i)” (By(rg) cosng — Ay (rg) sinng).
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Solving the Boundary Value Problem -

9: Calculate fields and potential in the entire air domain

0o y n—1 '
By(r, ) = 21 (a) (Bn(ro) cosng — Ay(rg) sinng)
H=
0o ’ n—1
Bx(r, @) = Z (a) (Bu(ro)sin(n —1)¢ + Ay (ro) cos(n — 1))
n=1
00 ” n—1
By(r, @) = Z (?‘{}) (Bu(rg)cos(n —1)p — Au(rg) sin(n — 1))
n=1
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Multipoles and Scaling Laws

00 " n—1
By(r, @) = z () (By(rg)sinng + Ay(rg) cosne)

00 y n—N
By(r,9) = BN Z (—) (bp(ro) sinng + a,(ro) cosne).
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Rotating Coil Measurements

Tangential coil Radial coil

Radial flux Tangential flux
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Rotating Coil Measurements

®(¢) :N/ﬁB-dazN/ﬁcuﬂA-daZN [ A-dr

= NU[AL () — A (D)],

O(¢) = N¢ [f o (r—z) (Bn(ro) cosngs — Ap(ro) sinngy)

o

0o 1
-y "o r;) (Bu(rg)cosngq — Ap(rg) sinngy)| ,

~ n \ro
ty
(o)
D) =) srad (B, (rg) cosng — An(rg) sinng)
n=1
+S821 (B, (rg) sinng + Ap(rg) cosng)
N/
S = 7 |14 cos n(g2 —9) — 1 cos nlg1 —9)],
0
X
N/ . :
> gtan — g [rg sin n(¢@p — @) — ] sin n(p — go)] ,
0
CE/RW Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
\ CAS Thessaloniki 2018




Cartesian Coordinates (Eigensolutions for the Ideal Dipole)

Xp(x) = Cpcos px + Dy sin px, 27
Yy (y) = &y cosh py + Fp sinh py, A

By (x,y) = uo néAn sinh (%x) sin (% > y

By(x,y) = Bo + uo ni A, cosh (%Tx) cos (%y) ,

h 4 | y Pole »
h vk
NN
:\."‘-.
9y
i/
..... | ‘
vy
N
Magnet -
¢ |center LT X
2h
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Cartesian Coordinates (Eigensolutions for the Wiggler)
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Determining the Coefficients

i,

DRI P

28>

v

Xl X2

inh Y2—y
Agl)(x,y) = ZAy(le) Sl (”77 xz_xl) sin (mt 271 )
T sinh (0 220 ) Xy = X1

X2 —X1
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Field Reconstruction from Boundary Data

0.04 T
m
0.02
T i -
.0 >
0.02 -
_0.04 | | | | | | | |
02 015 01  -0.05 0 0.05 0.1 015 m 02
X —

| | 0
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 m 0.2

X —
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Theorems on Harmonic Fields

Theorem 5.1 If ¢ is harmonic in the closed contractible volume ¥ C () bounded by
the surface 9V, the surface integral of the normal derivative of ¢ vanishes.

Flux in = flux out

Theorem 5.2 If ¢ is harmonic in the closed, contractible volume ¥ C (), bounded
by the surface 0¥, with the same magnitude at all points on that surface, then ¢ is
constant throughout ¥ and equal to its value ¢g on the boundary.

Faraday cage

Theorem 5.3 If ¢ is harmonic in the closed contractible volume ¥ C () bounded

by 07 and its value is specified at each point of that boundary, then ¢ is uniquely
determined at all points inside the volume.

Determine fields by Fourier analysis on boundary

Theorem 5.5 (Liouville) If ¢ is a harmonic scalar field in E, with an upper (or
lower) bound, ¢ is constant.

Watch out for singularities (sources of the field), maximum field at the boundary

CE/RW Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
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Complex Potentials

H= —grad¢ = —a—¢ex — a—(Pey,

0x Ay
0A d0A
B = curl(e;A;) = ayz ey — axz ey
This implies
JA, O 0A; Jp
S & d P
dy Mooy 1 ox 10 dy’

Which are the Cauchy Riemann equations of

w(z) = u(x,y) +iv(x,y) = Az(x,y) +ipod(x,y).

dw  dA; . dp 0JA; dp - .
Tz ox Hog T dy Ho dy By(x,y) +iBx(x,y) =: B(z).
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Complex Potentials

Theorem 9.2 Real and imaginary parts of a holomorphic function are harmonic func-
tions.

Proof. If f(z) = f(x,v) = u(x,y) + iv(x,y) is holomorphic, the Cauchy-
Riemann equations yield

d [ ou) d [ou d [ 0v 0 dv

2

= - - - _ — - - _— :0
Viu ox (ax) ™ dy (ay) X (ay) ™ Y ( ax) ’
d [ dv ) d [ av d du d [du

2. 0 ([O0U 9 (90 _ 9 (_ou 9 (ou) _
ViU=o (ax/ Ty (ay) dx ( 5‘}/) Ty (ax) >
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Complex Representation of the Field in Accelerator Magnets

BI:BrCDSQO—Bq;SiH(P, By:Brsmququ;msq),

B, +iBy = (By +iB,)e 7.

00 y n—1 '
B, (Bu(ro) +iAn(ro)) ( —) €71
iBe = Y. (Ba(r0) +ida(r0)) ()
00 > n—1
= Y (Balra) + 1 An(r0) (2)
n=1 ro
00 e n—1
=By X (bl ) +ia(o) (Z)
n=1 ro
—1 n—1
rh 1 d" ‘B
bn — 1y
By (n—1)! dx"—
x=y=0
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Feed-down (Holomorphic Continuation)

y y' 00 o n—1 ;o Z" n—1
A 'y Z Cﬂ () — Z C:’I () ,
B, = By’ =1 To n=1 T
A
/- Bx — Bx!
(
x iy = (x'+x3) +i(y’ +ya) (5) = p!(n”;p)! for0<p<mn
X4 3 “x!
Yd 00 k 1 k—n
— Z
- c =Y G (_d) |
— n—1 ro
Z Z 2
C,=C+2GC3 (—d) +3Cy (—d) + -,
o o
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Elliptical Harmonics

2bqg

l [ ]
Bp(n,) = T Z (n A, sinh nycosniy — n B, cosh nysinni) .

n=1

‘ B, r:!. sinh ncos By + a coshnsiniy By) .

0

2a

By(n0,%) = ) (Bn(m) sinny + An(10) cos nyb),

n=1

hy = hy = ﬂ\/CDEhE?] — cos? 1.

CE/RW
\

2ao

Solution: Use covariant derivative, I.e,

differential forms (Auchmann, Kurz,
Petrone, Russenschuck 2015)
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Metric-Free Elliptic Multipoles

—

By(n,v) = Z (nA;, sinh ny cos nY — nB,, coshnnsinniy) .
—1

[ 1) !

By (10, %)
1 ~ 1 ~
n sinh n (). " n cosh nnyg ()
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Results for the MM-Section’s Calibration Magnets (ISR dipole)

Y (mm)

Y (mm)

X (mm)

X (mm)
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Integrated Harmonics

Local transverse
harmonics calculated at
different reference radii
and scaled with the 2D

laws
20
40
n—N
60 "
bn(rl) = | — by (rﬂ)f
ro
-80 L
III|III|III|III|III|III|IIII{'|'III|III|III
0 40 80 120 160 mm 200
z. D —
wrong
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Integrated Harmonics

P (x,1,2) | PPm(x,1,2) | FPPm(x,y,2)
2 . _
Em(x,y] — / ’ tpm(:r:,.y,.z)dz.

¢_(x,y) ¢_(xy) 20 (PPm  *Pm
oxZ T ay: ./;gﬂ ( o dy? )dz
B Zn 824)111 B atpm Z0
= _z.]( 222 )dz— oz |,

= H;(—2) — Hz(z0) = 0.

The 2D scaling laws hold for the integrated harmonics
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Pseudo-Multipoles (Fourier Bessel Series)

cO
In(pr) _ Z 1 (pr)n+2k
K T(k+n+1)\2
(colENe'e ol
Pm = Z Z "t (Cn+2k,n (z) sin ne + Dy ok n (z) cos ng)
k=0n=1
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%%{ké é(rz 2K (€500 (2) sin 19 + Dy 10 (2) co5 1)
— rlz ; nz n2 pnt2k (Chrsokn(z) sin no + D, ok (2) cos ng)
+ kf: ir””k (CY(IJEZk,n(Z) sin ng + Dﬁzm(z) cos ng)
01—
_ ki il(n £ 2K)2 P2 (0, (2) sin 1+ Dy g n(2) cOS 1)
0 1=
— ki i n2 r" 22 (C o (2) sin 1@ 4 Dy o4 (2) cos ng)
01—
- Ii ir””k_z (ngZk—Z,n (z) sin ng + Dfﬁzk , () cos ne)
s
=0, n (
D) S S Thessalonki20ta: A
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Recursion for Cn,n
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= 1

(2K) A\ ot
Cin'(z) 1" sin ne
=1 Yf=0 [ T—1(n? — (n +2m)?) }

e C\N(z)
Pm = nzl{c”f” () 4(n+1)
SYIC B Cil (z) 6 .
T RurDn+2) MmrDn1+2)n13) *"'}” S
o DA(z) 5
+£{D”'”(Z) 4(n+1)
D?%}l (z) 1 Drg,?}t (2)

o 6 n
T Rmr Dt  BEmrDn+2)n+3) *"'}" cos e,
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Mid-Plane Field

—1
— By(x,y=0,z) =
o y(X, Y )
2 4 6
oo @, G, Gl
11 8 192 9216
3¢ (z) , 3cM(2)
2 3,3 4 3,3 6
+3C33(z) x T + 0 "
5¢'2(z)
4 Y55 6
+SC5,5(z)x 24 X
—|—707,7(z)x
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Field Components from Pseudo-Multipoles

(1, 9) = Y r"(Cu(r,2) sinng + Dy(z) cos ng) .

n=1

By(r,9,2) = —po ) _ r"Y(Cp(r,2z) sinng + Dy (r,z) cos ne),

n=1
By(1,9,2) = —o Z nr’ C,,I (r,z) cosne — D Dy, (r,z)sinng),
B.(r,¢,2) = —1o Z rh ( (r,2) sinng + BD%(Zr’Z) COs n(p) ,
Cor2) — ey (z) - P20 E) 5 (14 4Cn() 4
A 4(n+1) 2(n+1)(n+2) 7
N (2) 4)
Cu(1,2) := Cpn(z) — Cin(2) r* 4+ Cun(2) S

4(n+1) 32(n+1)(n+2)
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The Leading Term is NOT the Measured One
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Fourier Transform for the Extractions of Cn,n

o (n+2)Cim(z) » | (n1+4)Cha(2)
1(116,1,”(2)— 1) r%+32(n+1)(n+2)ré—... .

_ —F{Bu(ro,z)}
FACun(2)} = —= _ (2)(iw)? 2 (4wt 4
HoTg (“ int1) 10T e (mr2) 0 )
/ F{K,(ro, -1 (n+2)(iw)? 2 (n+4)(iw)t 4
{Ku(ro,z)} 1o T (n = et 0 T R (ng2) 70 )
C\E/RW Stephan Russenschgc;\ks, ?ﬁESNsaLilngllg/lM 1211 Geneva 23

NS



Classical Induction Coils Intercept the Bz Component
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Episode 7

Field Singularities - The Green’s Functions
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Cross-section of Cryodipole
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Rutherford (Roebel) Kabel, Strand, Nb-Ti Filament
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The Field of Line Currents

grad ¢(|r —1'|) = —grad y p(Jr —1'|),
diva(|r—r|) = —divpa(|r—1'|),
curla([r —r'|) = —curlya(jr—r'|),

VZp(lr—r|) = Vig(r—r|).

Why bother? Reciprocity; except
for sign it does not matter if we

exchange the source and field X
points
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Greens Functions of Free Space

_ ¢ 1
Go(rt') = N (|r : |) , Ga(r,1') =

271 ref 47t|r — /|
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Green’s Functions of Free Space

ﬁﬁ:ﬁp@ﬂmmu

¢@:Lﬁ@ﬂmww.

| (6920 —9¥%9) av = | (92utp — y2ug) da
But what if boundaries are present?
Use Green’s second identity (integration by parts)

p(r) = [ G(r¥)f()av’

+ (—cp(r’)aan(I,r’) + G(r,r’)anrgb(r’))da’.

oY
Surface current Surface density of dipole
moments
CE/RW Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
\ CAS Thessaloniki 2018

NS



Biot-Savart’s Law

1

2
A——
v ol Ga(rr) = 47t|r —r|

(a _ Ho Ji(r') /
Ailr) = A Jy |r—r’|dV ’

."
A(r) = Ayex + Ayey + Aze, = f—?{; /ﬂy |r](— r)’| dv’

This works only in Cartesian Coordinates

B(r) = curl A(r yﬂ L curl (|r—r"|) dv’

o[ E oo

_ PO QU AT g
A Jy  |r—1'P3
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Biot Savart’ s Law

But wait a minute: Are we finished? Are we sure that the
divergence of the vector potential is zero as it was required for
the Laplace equation?

divA(r) = ;i/ dw(|rl(—rf1)"|)dw

:;_i/v(](rf)'gmd( rf)
=10 [ 306 grad () av
:_%f J(t') - grad,, (lr_r,|)dV’

=)y (di"rf (%) - |r_1r,|divr:](r")) v’
:_ﬁﬁdwr,(g(_‘?,l)dv’ ol |3(_r’r)l| A

Current loops must always be closed and must not leave the problem domain

i ](r’)) dv’
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Biot-Savart’s Law for Line Currents
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Vector Potential of a Line Current

A (xyz):”_{ﬂ/b dzc yﬂff dzc
RGN AT IR G
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Field of a Line Current (Infinitely Long)

2
z—a+ /2y + (z—a)? —a+ laly/1+ 25

Iim In = Ilim In
ab—teo  z—b+\/x2+1y2+ (z—b)2  ab—otoo —b+|b|\/1 x2—|—y2
x> 4y
C fim TS ) e 2
T ) T T
—4ab

— lim In 5 .
ab—too X<+ Y

I —4ab I 2 412
AZ(x.r y) = lim 'ui In 2—':12 P{] In xz T yz .
a,b—+oo 47 X5 + ' 471 X4 + V5
Arbitrarily large but constant
ol [+ _ pol ( r )
Alx, In| —— | e; = In e,
(xy) = 47T (x%+y%) - 27 Frof )
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Field of a Line Current Segment

I I ®2 I
B(#) = Fol /_g OOy = Hoo cosrxdxx — o (sinap —sinaq)n

47 "5 9 AR 47TR
_ Mol cosa +cosay sina; —sinag N

47 R COS (7 + COS (1

ol (1 1 sin(ap — aq)
~4n (|1’1| |1'2) 1+ cos(az —a1)
_ Hol ( 1 1 ) sin(ay — aq) Iy X Iy
CAr \In| /) 14 [ ] sin(e; —a)
ol n| 4] X

AT (|4 |y (e
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Expanding the Green’s Function

I r I &1 /r\"
A(r, @) = —%m (_‘:) i f’ztlﬂ Z - (—) cosn (@ — ¢c)

Vref n—1 n Fe
n—1 n—1
B . ‘ugf ro A o ﬂ{]f ro .
n(rg) = — — COS N, n(rg) = — Sin 1¢k.
27Tre \ T 27Trc \ Tc
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Expanding the Green’s Function Il

B3(10E4T) B5(10E-5T)
1022 36.30
. ., e
= 8.051 = 28.61 s
— R — R
=] 5.883 = 0.3 “
4798 17.08 v
- 3714 - 13.24 e
f—1 2.630 [2=] 0404
1546 5.561 .
0.461 1719
0.62 212 -
e 170 . 596 o
= ] e
279 -9.80
-3.87 136
-4.95 174
- - 2 \ U
142 251 S
. ., ‘
e ., @
- oo -
B7(10E-5T) B9 (10E-6T)
1292 4261
= 1157 = 38.01
1021 34
- - \ y
[ [ppon s ; \ i ‘
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4.782 15.00 :
- T - - "
2,087 55803 - | &
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Field of a Ring Current

AZ

1’ = coS Qcrc ey + sin gt ey

dr’ = —sin pcrc dgcey + cos ¢cre dcey

P | =\ (x = x0)2 4 (v — ye)? + 22

= \/(rcos @ — Tc COS ¢ )% + (rsin ¢ — resin ¢¢)? + z2

= \/r2+r§+zz—2rrccosq)c,

~
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Field of a Ring Current

AZ
A yolrc / COS gocdqoC
" 12+ 12 422 — 2rrc cos @
. 4rrc
p = (T4 90)/2 e (r+1c)? + 22
/2 A2
Ag(r,z) = yolrc 2/ 2sin“ ¢ —1 dip
V(r+re)?+ 22 Jo \/1_kzsjnzlp

Aglr,2) = 1L [ ey +zz[(l_’;_2)1<(g,k)_g(g,k)]
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Expanding the Green’s Function

4 Ap(R,8) =Y upA,R"Py(cos®),
@\1 Coil n=1

VI + Y2 = 2J[[¢|cosa ] 1=

01?’c / cos @cd e
V12712 + (z — z¢)? — 217 cos ¢

_ yolrc / cos ¢cd g
V|2 + [¥|% — 2|r||¥'|(cos 8 cos 8¢ + sin ¢ sin O cos @)

Holre 1 r[\" (n—1)!
> T L 2 (|1J|) () Pl(cos®)P}(cos 8.).

I 1 1
Ay = =€ P}(cosd.)

2 RHIn(n+1)
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Split-Coil Solenoids

Field approximation up to first order

(at different radii) Optimization of the field homogeneity
r (suppressing the 3 zonal harmonic)
N | —
ISR
GG MO aaSE NN z
0.6
T
04 —
0.2 ;
o
B, -
-0.2 ;
0.4 :— /,"16
_\I\Ill\\l\‘l\II‘\I\\‘III\‘\I\\
-60 -40 -20 0 20 40 mm 60
z —
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Magnetic Dipole Moment

Far field approximation

olr27 sin @ _ pom sin®
4r  R?  4m R2’

Ap(R,0) ~ L

R=+vr2+zZandsind = r/R,
[H’I] — 1 Am2 Definition m = Irgﬂ

m — Ja,

I
m:E[grxdr,

dm 1
M(l‘) . — W — Er X I(r),
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Solid Angle and Magnetic Scalar Potential

a0 = | ;(dlxdr’)-egz—/ (r=r)

T
dr’ x (r—1')

= —dl
oc/ |t —1']3

vapressing d® as grad © - dl

B dr’ x (r—1r')
grad® = — | B

I dr/ x (r — v
B =" [ |r—(rf!3 ) — oM = 1o grad g

I

Solid angle (easy to compute) yields the magnetic scalar potential of a current loop
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Solid Angle and Magnetic Scalar Potential

) .
- (5) _ - (2 X 13)

rirors + (11 - 1p)r3 + (ry - 13)r0 + (r2 - 13)17
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Total Magnetic Scalar Potential
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Finite-Element Shape Functions
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G

The Model Problem (1-D)

E’RW

or
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Shape Functions

Up = Q1 + (joly
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Shape Functions

Cramer’ s rule

Ty — T —Tp_1+T
wi(r) = oy + ajor = Uy + Uy,
Tp — Tp-1 Ip —Tp-1
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Shape Functions

Nji(z) =

In — Tn-1

What have we won? We can express the field in the element as a
function of the node potentials using known polynomials in the
spatial coordinates
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The Weighted Residual

What have we won? Removal of the second derivative, a way to incorporate
Neumann boundary conditions
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Galerkin’ s Method

/ dwy(z) 3 dN;L(T) u® dQ; = / wy(x) f(z)dQ; =12
dx o

k=1.2
— Linear equation system for the node
potentials
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Numerical Example

T N T —In=L
T . T
1 Tn—Tn-1

{fj}:—/ j Cdm:—C/ ) gy

o1 \ V)2 Tn—1 ;:%ﬂ

n—
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Numerical Example

ﬁ El 0—~o—+4) \\ ,'/ul\"‘ {/G SCL\\
1%t 17 00 us CL
02 2 20 ||wl|l=-| c
00 F 21| w CL

0—=6 _Tl jil us 0HCTL

Essential boundary
conditions (Dirichlet)

U 3L L L CL —0.375

Ug _ — % L % CL — —05

uy L L2 ]\ CL —0.375
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Higher order elements

ul) = &j1 + &jpX1 + ﬂ:;ax% 3 "
u® = aj +apx; + ajpxd uj(x) = kZﬁ N (x)u
=]
ul® = &j1 + &jpX3 + ﬂ:;ax%
N (x —x2)(x — x3) N (x —x1)(x — x3)
;1(1‘) = — — / ;2(1) — —
(21 — x2)(x1 — x3) (x2 —x1)(x2 — x3)
X—X X—X
Nj3(x) _ ( 1)( 2)
(%3 — x1)(x3 — x2)
ﬂNl Nf-l &~ N.“
| 1 1
. - :I 1 } ____J{
X xh“—"f;?; X, X, X4 xMz Xy
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Two Quadratic Elements

dN4 dN; dN;; dN: dN;; dN; 7 —8 1
il i1 jl 2 jl j3 = . =
( dx dx dx dx dx dx \ 6l bl 6l
13 dN- dN; dN; dN: dN;» dN; k.l = -8 16 —8
Y — 2 il j2 2 j2 j3 [ ]_ —— == ==
[k} ] /Il dx dx dx dx dx dx dx I 6l 6l 6l
dNj3 dNj  dNp dNp  dNj dNj L =27
\ dx dx dx dx dx dx )
X3 NJ'[] 1 I
Uit = - fxl Npp | flx)dx {fi}=—3¢c| 4
Njg [
2 =1 u cl -
2 =1 2 \
=1 2 =1 U3 = — cl
[ [ I
-1 2 u cl
0 T 1 4 )
ty \ o1l cl —0.375
U L1 3 cl —0.375
‘) i 2 1 /
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Shape Functions

Aj (X) — Azj (‘T? y)

AN = a1 + awx1 + asi
A® = ay + aszs + azys
A®) = o + asa3 + asys
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Mapped Elements

r=x(£n,Q), y = y(&n, Q). z = z(&,n,()

-
yi(€) =Y Ni(&)y™
k=1

Use of the same shape functions for the transformation of the elements
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Higher Order Elements

T I T ] ] -
200 250 300 350 400 450 S00 S50 600 650 TOD TS0 @00

Higher accuracy of the field solution, but also better modeling
of the iron contour
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Mapped Elements
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Transformation of Differential Operators

(0,1)
Complicated Easy
0 o¢ on o ) £
T Ne=|{ % o CANe=lr= | 5| Ni >
9y ay Iy an an (0.0) (1.0)
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Collinear Sides yield Singular Jacobi Matrices

= J,;ﬁ;__ ~'r-""-|'
= | 1
1

-I
T
0 20 40 60 80 100 120 140 160 180 200 220 240 260

Note: Bad meshing is not a trivial offence
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Numerical Methods for the Curl-Curl Equation
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Excitation Cycle

12000
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Saturation Effects in the Dipole Iron Yoke
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The Problem Domain

Dirichlet
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Curl-Curl Equation

B = curl A in <2

1
curl— curlA =J in <2
7

1
Hi=0 — —(CUI’|A)><I1 = 0 onlygy
7

Problem in 3-D: Gauging

A—A": A=A+ grady

Bh=0 — B-n=curlA-n = 0 onlgp
divA' =g
1
[; (curl A)x nLi = 0 onl g = divA + V2
[Alsi = 0 on Ty
1 :
—divA =0 in
o
A-n=0 on FH
1 1 .
curl — curlA — grad —divA=J inQ
K K
CE/RW Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
\ CAS Thessaloniki 2018




Weak Form in the FEM Problem

l"B
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Weak Form in the FEM Problem
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Meshing the Coil
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Magnet Extremities
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Vector Potential and Total Scalar Potential

A(Tm)
B o200 o :
Bl o273 o200 140 -
Il o257 o273 211 -
Bl o0241- o257 281 -
B 0225- o241 251 -
I o209 o225 422 -
[0 oas3- 0200 492 -
0176 - 0.193 562 -
0.160 - 0.176 633 -
0148 0.160 7.03 -
0.128- 0.144 73 - 14
[ o112 oaze [ sas- a7
I 0096- 0112 0 014 - e
[ o080- 0.008 [ eps- 014
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;
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BEM-FEM Coupling (Elementary Model Problem)
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The Elementary Model Problem in Magnet Design

B -n=20

{2 = {lBEM TBEMFEM &

@' QD

I'si = I'BEMFEM

/"LO | ; | - " S
Z‘ §‘§ 'g nx (Hxn)=0
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Green’ s First and Second Identities in FEM and BEM

/Q( grad ¢ - gradtp—l—cpvzlp)dV:/rcp grad ¢ -nda,

Weighted Residual Method

Green's first theorem Green's second theorem
(Removal of second derivatives) (Removal of all volume integrals)
Weighting function = Weighting function =
Element shape function Fundamental solution of the Laplace operator
| |
Weak integral form Fredholm integral equation
| |
FEM BEM

o (4’V2IIJ — lpvch) dV = /r (pOnp — POn¢) da,
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G

The FEM Part (Vector Laplace Equation)

E/RW

NS

1
— —V?A =J+ curlM

HO
A-n=290

1

—divA =0

Ho

nx(Axn)=0

1
E(curlA) xn =20

[i div Aa] — 0
Ho ai

1 1
— (curl Aj — poM)x nj +—(curl Ay)x ny, = 0
1o 10

[A]ai =0
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iIlQ-i,
onl'mg.
onl'p.
onl'p,

on Iy,

on Fai:

on 'y,
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1 1 OA
— grad (A - e, ) - grad w, d{ —|— (
fo Jo, o Jr,, \ Oni

— (oM x ni)) W, dl,i =

/ M - curl w, d€2;
£y

K]{A} - [T]{Q} = {F(M)}
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BEM Part

Vector Laplace Weighted Residual

mmmmmmm

From Green’ s second theorem:

ow 0A
/ szwdﬂa — —/,{LDJ-u.ran+ /A “ dFaj—/ wdl
2

on, on,
Qa Fai Fai
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Representation Formula (Fredholm Integral Equation)

A0 = [onAW) w7 d ~ [ AW) g (r¥) da’
I I

Single-layer potential Double-layer potential
w(r) i= —~on, A(Y) (¥ = LA(Y)

H H
] =1 Am™! T]=1A

@)

Dé:nX(Hl—Hz)
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Point-Collocation (Compute One from the Other)

r
E
C(ry)A(ry) +Zf —0n, A(r) u*(r,1,)da + Zf A(r) g*(r,xp)da =0
e=1 e=1""¢

>
IENIP AR v

0,
90°Corner 90° Cone inner Half-space 90° Cone outer
G) s 2-V2)n 2 Q+V2)r
[} 1 2—/2 1 2+2
in 8 1 2 1
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BEM-FEM Coupling |

BEM
Coil
& {Q} = —[G] "[H]{A} + [G] {AL)
+ 4L FEM |,
ASEM lAFEM FEM
R [K{A} = [T]{Q} = {F(M)}
| Arosucs .
Aperture
([K] + [T)[G] " [H]) {A} = {F(M)} + [T][G] ' {As)
K{A} = {F(As, M)}
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Open Boundary Problems (1)

LHC Beam Screen

CE/RW Stephan Russenschuck, CERN TE-MSC-MM, 1211 Geneva 23
CAS Thessaloniki 2018




Open Boundary Problem (2)

Collared Call
Field Problem

Collared Coil §,_
Measurements in =2
Industry
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Forces (N) in the Connection Ends of the LHC Main Dipole

I Fx Fy Fz
1 [-39.7 |-44.0 |-454
2 |-6.5 3.7 -41.7
3 |-6.1 88.3 -38.2
4 |1.25 3.9 -28.5
S |48.1 -46.7 -48.5
Su |-295 [5.2 -202.3
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