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4.Discrete Systems

Where do discrete systems arise?

Typical control engineering example:

Digitized
sample

DAC

“Digitized”

( )th ADC

t t
“Zero-order-hold”

t
“continuous” “Digitized”

Continuous system

Computer controller

( )ku ( )tuc ( )tyc ( )ky

t

Assume the DAC+ADC are clocked at sampling period T.
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4.Discrete Systems (Cnt’d)

( ) ( ) ( )
( ) ( ) ,...2,1,0; kkTyky

T1kt;  kTtuku

c

c

=≡
+<≤≡

Suppose: time continuous system is given by state-Space 

( ) ( ) ( ) ( )
( ) ( ) ( )tD utC xty

x0;  xtB utA xtx

ccc

0cccc

+=
=+=&

Can we obtain direct  relationship between  u(k) and  y(k)? i.e. want
Equivalent discrete system:

DAC )t(h ADC)k(u )k(y

)k(h
)k(u )k(y

Then u(t) is given by:
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4.Discrete Systems

Yes! We can obtain equivalent discrete system.   

( ) ( ) ( )  kT uB d τekTxeTkT x c

t

0

Aτ
c

At
c ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⋅+=+==> ∫

RecallRecall

( ) ( )
( ) ( ) ( )
( ) ( )

DD, CCB dτ e, BeSo     A

x       x          
kuDkxCk       y          

kuBkxA)       x(k          

dd

T
Aτ

d
AT

d

c

dd

dd

==⋅==

=
+=

+=+

∫       

00

1

0

( ) ( ) ∫ −⋅+=
t

c
Aτ

c
At

c τ) dτ(tBuexetx
0

0

From thisFrom this ( ) ( ) ( ) dττkTBuekTxeTkTx c

T
Aτ

c
AT

c −⋅+=+ ∫
0

Observe that ( ) ( ) ,T]0[ for τkTuT- τkTu ∈=+
( ) T-τkTi.e. u + is constant ( )kTu over ,T]0[ τ ∈

i.e. can pull out of integral.

( ) ( ) ( ) ( )) .O Tkxkx1kx ++=+ &So we have an exact (note: discrete  time equivalent to the time 
Continuous system at sample times t=kT- no numerical approximation!
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4.1 Linear Ordinary Difference Equation

A linear ordinary difference equation looks similar to a LODE

( ) ( ) ( ) ( ) ( ) ( ) ( )k ub1k ub...mk ubk ya1k ya...1nk yanky 01m011n- +++++=++++−+++

Assumes initial values ( ) ( ) ( ) .00,y1, ...., y1n-y =m;n ≥

Z-Transform of the LODE yields (linearity of Z-Transform):

( ) ( ) ( ) ( ) ( ) ( ) ( )z Ubz Uzb...z Ubzz Yaz Yza...z Yazz Yz o1m
m

011n
1nn +++=++++ −

−

It follows the input-output relation:

( ) ( ) ( )              U(z)     bzb....bzz Yaza...azz 01m
m

011n
1nn +++=++++ −

−

( ) ( )

( ) ( ) ( )z UzGz Y          
           

zU
aza...z

bzb....bzzY
01

n
01m

m

=

+++
+++

=

( ) ( )( ( )) ( ) ( ).zGz Y,  kδku, z U === then 1 if

Transfer Function of system is the Z-Transform of its pulse response!

Once again:
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4.1 Z-Transform of Discrete State Space Equation

( ) ( ) ( )
( ) ( ) ( )k uDk xCk      y

k uBk xAkx

dd

dd

+=
+=+1

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) z   UBz xz XzI-A

z UBz XAz x-zX z

dd

dd

+=
+=⋅

0
0  

( ) ( ) ( ) ( ) ( )z UBAzIz xzI-AzX ddd
11 0 −− −+=

Applying Z-Transform on first equation:

( ) ( ) ( )
( ) ( ) ( )( ) ( )z UDBAzICz xzI-A C        

z UDzXCz Y

dddddd

dd

+−+=

+=
−− 11 0

( ) ( ) ( )
( ) ( ) dddd DBzI-ACzG

  withz  UzGzY

+=

=
−1

Homogeneous solution Particular solution

NOW:

If x(0)=0 then we get the input-output relation:

Exactly like for the continuous systems!!!!!!!
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4.2  Frequency Domain/Z-Transform
For analyzing discrete-time systems:

Z-Transform
(analogue to Laplace Transform for time-continuous system)

It converts linear ordinary difference equation into algebraic equations:  easier to find 
a solution of the system!
It gives the frequency response for free!

Z-Transform ==generalized discrete-time Fourier Transform

( ) ( ) ).eF(zωF~en  ,...... th2,-1- for k0kif  f iω====

Given any sequence  ( ) kf the  discrete Fourier transform is

( ) ( )∑
∞

−∞=

−=
k

kiekfωF~ ω 

T
1πf,   f2 ω ==with The sampling frequency in Hz, 

T   difference / Time between two samples.

In the same spirit: ( ) ( ) ( ) . zkf]kZ[fzF
0k

-k∑
∞

=

==

With z a complex variable
Note:  
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4.3 stability (z-domain)

( ) ( ) k K;  k ykM;  k u ∀<=∀<

A discrete LTI system is BIBO stable if

Condition for BIBO stability:

( ) ( ) ( ) ( ) ( ) ( ) ( )∑ ∑∑∑
∞

≤≤−≤−=
k

0 0

k

0

k

0
 i hM i hM i h iku  i hiku  k y

( )∑
∞

∞<∴
0

ih BIBO stable.

For L.O.D.E State space system:

( ) ( )
( ) ( )∑

==

= =
−∏
−∏

=
k

1i
ii

i
n

1i

i1i z Tβ
pz
zzα.zH

With partial fraction of the rational function:
Once again pole locations tell a lot about shape of pulse response.

Zeros determine the size of iβ
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4.3 Stability (z- domain)

.. . .

.. ..
X

X

X

X X

X

X
X

X

X

X

{ }zIm

{ }zRe

Constant

Damping

Damping

Damping

Damping

Growing

Growing

unit circle

z-Plane
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4.3 Stability (Z- domain)

In General
Complex pair    oscillatory growth / damping
Real pole  exponential growth / decay but maybe oscillatory too (e.g: 0r  )(1 <wherenrn )

The farther inside unit circle poles are 
The faster the damping the higher stability

system stable1p . i ≤ei
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4.3 Stability (z-domain)

Stability directly from State Space:

Exactly as for cts systems, assuming no pole-zero cancellations and D=0

( ) ( )
( ) ( )d

dd

AzIdet  za
BAzICadj  zb

−=
−=

If                     for all i system stable

Where         is the ith e-value of         .

1<iλ

iλ dA

( ) ( )
( ) ( )

( )
( )d

dadjdd

ddd

AzI
BAzIC

        

BAzIdC
za
zbzH

−

−
=

−== −

det

1

Poles are eigenvalues of 
So check stability, use eigenvalue solver to get e-values of the matrix         , then

dA
dA
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4.4  Discrete Cavity Model

Converting the transfer function from the continuous cavity model to the discrete model:

( )
( ) ⎥

⎦

⎤
⎢
⎣

⎡
+

+

++
=

12

12
2

12
2

12

ωΔω      s
Δωωs

ωsΔω
ωsH

    

The discretization of the model is represented by the z-transform:

( ) ( )
skT t

1 |s
H(s)LZz

1z
s
sH Z z

11zH =
−

⎭
⎬
⎫

⎩
⎨
⎧

⎭
⎬
⎫

⎩
⎨
⎧⋅

−
=⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛ −=

( ) ( )

( )( ) ( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−

⋅⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
⋅⋅−⋅

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⋅−

−
⋅

+
−⎥

⎦

⎤
⎢
⎣

⎡ −
⋅

+
=

  Δ ω
Δω    ω

ΔωTsin-e
 Δω      ω

    -Δ ω
ΔωTcosez

eΔωTcosze2z
1z

ωΔω
ω

Δω      ω
Δωω

ωΔω
ωzH

12

12
s

Tω

12

12
s

Tω

Tω2
s

Tω22
12

2
12

12

     12
2
12

2
12

s12s12

s12s12
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4.5  Linear Quadratic Regulator

( ) ( ) ( )
( ) ( )xC xk      z

kB ukA x1kx
=

+=+Given:

Suppose the system is unstable or almost unstable.We want to find              which will   
bring  x(k)  to Zero, quickly, from any Initial condition.

( )kufb

(Assume D=0 for simplicity)

i.e.

{A,B,C} X

( ) ?kufb =

+
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4.5 Trade Off

(1) “Bad“ damping                                             (1) “Good“ damping 
Large Output excursions Small Output excursions

(2) But “Cheap“ control i.e         Small (2) But “expensive control i.e         large.fbu fbu

Z

K

Z

K

K

fbU

K

fbU
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4.5 Quadratic Forms

A quadratic form is a quadratic function of the components of a vector:

( ) ( )

[ ] [ ] ⎥
⎦

⎤
⎢
⎣

⎡
+⎥

⎦

⎤
⎢
⎣

⎡

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

+++=

=

2

1

2

1
21

2
2121

2
1

2,1

x
x

 0c 
x
x

 
b  d

2
1

b
2
1a  

  xx       

dxcxxbxax       

xxfxf

ConstantQuadratic Part Linear Part

2

2

1 R
x
x

x ∈⎥
⎦

⎤
⎢
⎣

⎡
=

Q TP

( )   ex     PQx   xxf TT ++=



15
CAS-DSP, Sigtuna 2007-Control Theory-S.Simrock

4.5 Quadratic Cost for Regulator

What do we mean by “bad“ damping and “cheap“ control? We now define precisely
What we mean. Consider:

}R uuQ x{xJ i
T
ii

0i

T
i +≡ ∑

∞

=

The first term penalizes large state excursions, the second penalizes large control.
0,R0Q >≥

Can tradeoff between state excursions and control by varying Q and R.

Large Q “good“ damping important

Large R actuator effort “expensive“
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4.5 LQR Problem Statement

(Linear quadratic regulator)

{ }iT
ii

0i

T
i R uu Q xxJ += ∑

∞

=

= minimum

The optimal control sequence is a state feedback sequence { }∞0iu

Algebraic Riccati Equation (A.R.E) for discrete-time systems.

( )
( ) SABSBBRABAQSAA         S          

SABSBBR      K

xK         u          

T1 TTT

T1 T
opt

iopti

−

−

+−+=

+=

−=

iu 0xNote: Since        = state feedback, it works for any initial state

 ;   xBuAxx 0ii1i +=+Given: given:

{ },...,u,uu 210Find control sequence such that

Answer:
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4.5 LQR Problem Statement

{ }( ) { }∑
∞

=

∞ +=
0i

i
T
ii

T
i0i0lqr R uuQ x xu, xJ

(Of course that doesn‘t mean its “best“ in the absolute sense .-)   

(1) So optimal control,                             is state feedback! This is why we are 
interested in state feedbck.

(2) Equation A.R.E. is matrix quadratic equation. Looks pretty intimidating but 
Computer can solve in a second.

(3) No tweaking ! Just specify {A,B,C,D} and Q and R, press return button, LQR
Routine Spits out       - Done

(Of course picking  Q  and  R  is tricky sometimes but that‘s another story).

(4) Design is guaranteed optimal in the sense that it minimizes.

iopti xKu −=

optK

Remarks:
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4.5 LQR Problem Statement - Remarks

Actuator effort

State 
excursions

i
0i

T
iu uRuJ ∑

∞

=

=

∑
∞

=

=
0i

i
T
iz Q xxJ

∑= i
TT

i pCxCx

optimali
T
i zzρ∑=

1uJ

1zJ

(5) As vary Q/R Ratio we get whole family of         ‘s, i.e. can Trade-off between state 
excursion (Damping) Vs actuator effort (Control)

lqrK

Achievable
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4.6  Optimal Linear Estimation

Our optimal control has the form ( ) ( ) ( )k xkKku optopt −=

This assumes that we have complete state Information                     -not actually true!.
e.g: in SHO, we might have only a Position sensor but Not a velocity sensor.

How can be obtain “good“ estimates of the velocity state from just observing 
the position state?

Furthermore the Sensors may be noisy and the plant itself maybe subject to 
outside disturbances (process noise) i.e. we are looking for   this:

( )kxopt

Noise

sensorAmazing box which 
Calculates “good“ estimate
Of x(k) from 
y(0),……y(k-1)

K

Process

noise
( )kw ( )1x|kx̂K û −=

( )1x|kx̂ −
( )ky

( )kv

( )kCx
{A,B,C} X+

+
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4.6 Problem Statement :
( ) ( ) ( )

( ) ( )
( ) ( ) ( )kvkC xk     y

xC xk      z
kB wkA x1k x

+=
=

+=+

EstimatorK

Process
noise

( )kw

( )1x|kx̂K û −=

( )1x|k x̂ −

( )ky

( )kv

( )kz

sensor
Noise

{A,B,C} X+

+

Assume also ( )0x is Random & Gaussian and that ( ) ( ) ( )kvk, wkx ,
are all mutually Independent for all k.

( )1k|k x̂ − 1k ,..,0  yy −Find : Optimal estimate of  x(k)   given 

Such that  “mean squared error“

( ) ( ) ( )[ ]1k0 ,..., yy  kxE1 kkx̂ −=−

( ) ( )[ ]  1k|k x̂k x E 2

2
−− = minimal  

Fact from statistics:  
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4.6 Kalman Filter
The Kalman filter is an efficient algorithm that computes the new i1ix̂ + ( the  linear-least-mean 
( square estimate) of the system state vector 1ix + , given { }i ,..., 0 yy ,by updating the old estimate 

1iix̂ − and old 1iix~ − (error) .

Kalman 
Filter

(step i)
(old estimate)

(old error variance)

iy
(new measurement)

(new error variance)

(new estimate)

2

211
~

−− = iiii xp

1iix̂ −

1iip − i1ip +

i1ix̂ +

The Kalman Filter produces i1ix̂ + from 1iix̂ − ( rather  than iix̂ ), because it “tracks” the system

“dynamics”. By the time we compute iix̂ from 1iix̂ − , the system state has changed from

ii1ii BwAx to xx +=+
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4.6 Kalman Filter

The Kalman Filter algorithm can be divided in a measurement update and a time update:

Measurement update (M.U.):

Time Update (T.U.):

With initial conditions:

Kalman Filter

Measure.
update

Time
update

1iix̂ −

1−iip

iix̂

iip

iy

i1ix̂ +

i1ip +

( ) ( )
( ) 1ii

1 T
1ii

T
1ii1iiii

1iii
1 T

1ii
T

1ii1iiii

CpVCCpCppp

x̂Cy VCCpCpx̂x̂

−

−

−−−

−

−

−−−

+−=

−++=

TT
iii1i

iii1i

BWBAApp

x̂Ax̂

+=

=

+

+

010

10

Xp̂

0x̂

=

=

−

−
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By pluggin M.U. equations into T.U. equations. One can do both steps at once:

( ) ( ) T
ii

 T
ii

T
ii

TT
iiii ACpVCCpCApBwBAApp 11

1
111 −+−+= −

−

−−+

Known as discrete time Riccati Equation

( ) ( )1
1

111

1

ˆˆ

ˆˆ

−

−

−−−

+

−++=

=

iii
 T

ii
T

iiii

iiii

xCy vCCpCApxA        

xAx

( )
( )( )1

11

111 ˆˆˆ
−

−−

−−+

+≡

−+=
 T

ii
T

iii

iiiiiiii

VCCpCpA   L

xCyLxAx

where

( )[ ] TT
ii

 T
ii

T
iiii

TT
iiii

BwBACpVCCpCppA         

BwBAApp

++−=

+=

−

−

−−−

+

1
1

111

1

4.6 Kalman Filter
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4.6 Picture of Kalman Filter

+ - -

Kalman Filter

Time varying gain

+

++

+iw 1ix +B 1Z 1− ix C iz

iz

iy
iv

1ix̂ +

A

1Z 1−
1 iix̂ − 1 iiŷ −

A

iL

ie

C
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4.6 Picture of Kalman Filter

If v=w=0=> Kalman filter can estimate the state precisely in a finite number of steps.

Plant  Equations:

Kalman Filter:

iii

ii1i

vCx  y
BuAxx

+=
+=+

( )
1 ii1 ii

1 iiii1 ii i1i

x̂Cy

ŷyLx̂Ax̂

−−

−−+

=

−+=  
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4.6 Kalman Filter

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
+

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
−

=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−−

−+

+

1 ii

i

1 ii

i

i

i

1 ii

i

ii i1i

1i

x̂
x

      C0
0C     

ŷ
z

v
w

1      0
0B     

x̂
x

CLC  AL
0A         

x̂
x

(2) In practixe, Riccati equation reaches steady state in few steps. People
Often run with steady-state K.F.i.e

1−+= v) C(Cp CApL T
ss

T
ssss

Remarks:

(1)  Since iii vCxy += and i1ii x̂Cŷ =− can write estimator equation as

( )
( ) iii1 iii

1 iiiii1 iii1i

vC xLx̂ CLA      

x̂C vC xLx̂A x̂

++−=

−++=

−

−−+

can combine this with equation for 1ix +

 ACPv) C(CP CApBwB AApp ss
T

ss
T

ss
TT

ssss
1−+−+=Where
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4.7  LQG Problem
Now we are finally ready to solve the full control problem.

},D,C,B{A
z)       H(

cccc

fbU
-

kw

ky

kv

kzi.e.

{A,B,C}

Xp(z)
+

+
cX

0

1

=

==

+=

=

++=+

jv,iw

ijvδjv,iv,  ijwδjw,iw

kvkCxk    y
kCxk    z

kwwBkBukAxkxGiven:

 ,vw kk both Gaussian

For Gaussian, K.L. gives the absolute best estimate
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4.7 Problem Statement (in English)
Want a controller which takes as input noisy measurements, y, and produces as output a 
Feedback signal ,u, which will minimize excursions of the regulated plant outputs (if no pole
-zero cancellation, then this is equivalent to minimizing state excursions.)
Also want to achieve “regulation” with as little actuator effort ,u, as possible.

Problem statement (Mathematically)
Find: Controller    

kU ky

Which will minimize the cost

Rms “state”
excursions

Rms “actuator”
effort

Plant

Where

Controller:

( ) ( ) cDc BcAzIcCzH 1 +−= −

( ) ( ) ( )
( ) ( )k xCk     y

k yB1k xA1kx

ccc

ccc

=
++=+

⎥
⎦

⎤
⎢
⎣

⎡
+

∞→
= kR u

T
kukQ x

T
kxE

itlim

k
LQGJ( )

kkk

kk

kwkk1k

vC xy          
C xz          

wBBuAxx

+=
=

+−+=+

},D,C,B{A
z)       H(

cccc

cX
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4.7 Problem Statement

Remarks:

Q and R are weigthing matrices that allow trading off of rms u and rms x.

If                                   then  trade off rms  z  vs rms u0ρ C; ρCQ
T

>=

In the stochastic LQR case, the only difference is that now we don’t have complete state
information                           we have only noisy observations  

i .e can’t use full state feedback.

iii vCxy +=

Idea: Could  we use estimated state Feedback? ( )1k-kx̂i.e. -K
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4.7 LQG problem

Separation principle: ( we won’t prove)

The separation principle states that the LGQ optimal controller is obtained by:

(1) Using Kalman filter to obtain least squares optimal estimate of the plant state,

i.e. can treat problems of 
-Optimal feedback and 
-state estimate

seperately.

1kkc x̂(k)x −=i.e.: Let

(2) Feedback estimated LQR- optimal state feedback

1kkx̂ LQR-K      

(k)c xLQRKu(k)

−
=

−=
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4.7 Picture of LQG Regulator 
kW

1+kx
kx

+ - -
-

-
+

+

+

++

+

B

B 11−z

1Z 1−

A

L

K

1kx̂ +

1 kkx̂ − 1 kkŷ −

kz

ky
kvkz

ke

C

C

A
1 kkx̂K −
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4.7 LQG Regulator
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4.7 Problem Statement

We can let Q/R ratio vary and we’ll obtain family of LQG controllers. Can 
Plot rms z vs rms u for each one 
Trade-Off curves

rms Z

rms U

So by specifying (1) system model, (2) noise variances, (3) optimally criterion 
, and plotting trade off curve completely specifies limit of performance of

System i. e which combinations of                          are achievable by any controller
-good “benchmark curve”.

LQGJ

ACHIEVABLE

LQG, Q/R=0.01

X other

LQG, Q/R=100

( )1Zrms

( )2Zrms

( )2Urms( )1Urms

( )rmsrms,UZ
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Principle Kalman Filter (steady state)

Plant

Kalman
Filter

Process noise Sensor noise v

u y yv

y

ye

Discrete Plant:
x[n+1]=Ax[n]+B(u[n]+w[n])
y[n]=Cx[n]

Noisy output measurement: yv[n]=Cx[n]+v[n]

Measurement update:

x[n|n]=x[n|n-1]+M(yv[n]-Cx[n|n-1])

Time update: x[n+1|n]=Ax[n|n]+Bu[n]

^ ^^

^ ^

w v

The innovation gain matrix M is chosen to minimize steady-state covariance of the
estimation error given the noise covariances E(w[n]w[n]T)=Q and E(v[n]v[n]T)=R

The correction term is a function of the innovation, i.e. the discrepancy

yv[n+1]-Cx[n+1|n]=C(x[n+1]-x[n+1|n])^^
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Kalman Filter (Cnt’d)
where M is the solution of the Riccati Equation:

Combining time and measurement update into state space model (the kalman filter):

M=Q+AMAT-AMCT(R+CMCT)-1CMAT

x̂ n 1 n]+[ ] A I MC–( ) x̂ n n 1–[ ] B AM
u n[ ]

yv n][ ]
+⋅=

ŷ n n[ ] C I MC–( ) x̂ n n 1–[ ] CMyv n[ ]+⋅=

This filter generates and optimal estimate
^ ^

Example: TTF Cavity QL = 3*106

y[n|n] of y[n]. Note that filter state is x[n|n-1]
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V
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]

measured    
estimate    
actual state

ω0 = 1.3*109 Hz
Beam noise : σ(Ib)/Ib = 0.1

Sensor noise : σ(Vd)/Vd = 0.01

σy / y = 0.0009


