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Summary

• Introduction on high gain and coherence in FEL amplifiers

• Conditions for seeding an FEL amplifier 

• Direct Seeding: seeding with high harmonics generated in gas

• High gain harmonic generation

• Pulse properties and pulse control

• Saturation effects – Pulse splitting and superradiance

• The fresh bunch injection technique

• Echo Enhanced Harmonic Generation

• Self-Seeding 



High Gain Single pass FELs

• Tunable in wavelength - mirrorless configuration: 

minimize interaction with matter  VUV- X-Rays

• Coherence (Transverse, single TEM 00 mode)  

• Narrow spectral bandwidth (typical 10-3 relative bandwidth)

• Ultra-short pulses (100 fs – 1 fs)

• High Peak power  (Multi GW to TW) 
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Many applications: Ultra-fast coherent diffractive imaging and time-resolved 
scattering processes in chemical and biological systems, non-linear processes in 
ultra-intense X-ray radiation fields, matter in extreme states, phase transitions, 
population inversion & X-ray atomic lasers, low density systems, i.e. unperturbed 
atoms, molecules, and clusters.

e- beam



The FEL is an amplifier

Let’s play something

Δt (fwhm) 60 fs

λ = 10 nm

ν = 3 1016 Hz

c = 3x108 m/s

FTL: 1 10-4

Duration (rms) 0.71 s

λ = 21.6 cm

ν = 1.499 103 Hz

vs = 324 m/s

FTL: 1 10-4

x 2 1013

SCALED



Waveforms

Electron beam shot noise Δω/ω = ∞

Undulator Radiation Δω/ω ≈ 4%

Bending Magnet Radiation Δω/ω ≈ 100%



Waveforms

SASE FEL Δω/ω ≈ 2 10-3

Seeded FTL Δω/ω ≈ 1 10-4
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SASE FEL pulse evolution



Phase space at saturation
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SASE time-spectral structure 

• Spectral width is inversely 
proportional to the temporal 
spike duration. 

• The width of a spike in the 
radiation spectrum is inversely 
proportional to the pulse 
duration (… broader than the 
window in this example)



Longitudinal Coherence

• Coherence length

• Saturation length  20LG

• Number of Spikes M σz/LC  102-103

• Energy fluctuations 1/M-1/2

Lc (z) =
1
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Spectrometer

Self Amplified Spontaneous Emission
Spectra measurements

Summer  2009

Orbit kicks to selectively inhibit SASE 
in the first undulators
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Seed pulse locks in phase
different regions of the e-beam



SASE & Seeded pulse & spectra

SASE

Seeded



Seeded FEL –
Phase space @ exit of modulator
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Seeded FELs: The FEL process is stimulated by the 
presence of an external input source

Constrained by the availability of a suitable source

Coherence properties (transverse/longitudinal) determined by 
the seed
Higher input power → Shorter saturation length
Deterministic system: fluctuations induced by changes of 
machine parameters
Synchronization with external source determined by seed

Pne Pne
2

N

S

S

N

N

S

S

N

N

S

S

N

N

S

S

N

External source



STARTUP IN FEL AMPLIFIERS



FEL dynamics equations (1)

Field Equations: Wave equation for the EM field in the slow varying envelope
approximation, with the source term averaged over the undulator period have
the following simple form

y = kRz -wRt = kR(z -ct)

Field vector potential
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Coordinates

Wave equation Source term

Definitions of a and g0



Coordinates
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z =Lu, 

t = z-Lu/βzc z = 0, 

t = 0

βzc



List of definitions

lu undulator period

lr radiation field period

K =
e0By
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2pm0c
undulator strength
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Jn x( ) Bessel function of the first kind

j s( ) normalized current distribution

I peak electron beam peak current

e0 electron charge

m0 electron rest mass

c speed of light in vacuum

r0 electron classical radius, r0 =
e2

0

m0c
2

E electron beam energy

g electron relativistic factor, g =
E

m0c
2

IA Alfven current, IA =
e0c

r0



FEL dynamics equations (2)

Particles Equation: Lorentz force equation averaged over the fast electron 
motion over one undulator period, in the field of the undulator and of the co-
propagating em field takes the form of a pendulum-like equation
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Source Term: The bunching factor b1

b1(s,t ) = e-iql
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Important
The average is calculated over a region (range λ) where 
“slow” variables may be considered constant. 
- λ may be defined depending on the specific context, e.g.: 

• periodic distribution == it can be the period
• estimate of shot noise == cooperation length
• integration of FEL equations == linked to the time 

step  

λ



Study the “startup dynamics”, i.e. in the limit :  a<<1

Expand the pendulum
equation to the lowest
order in a
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Simplified problem: assume 
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uniform field
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“startup dynamics”, limit :  a<<1
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“startup dynamics”, limit :  a<<1
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Startup – Seeded FEL amplifier

We have derived the FEL integral equation starting from a pre-modulated beam

Proportional to b1

Shot noise = spontaneous emission
or emission from a pre bunched 
beam

Feedback term: 
Derivative of the field
prop. to the input field.
Exponential growth. 

Proportional to a & b2

At startup a=0, 
Starting from a 
uniform beam also b2=0



Solution for a uniform beam, b1, b2 = 0 (and bn=0)
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Deriving in τ three times: third order ODE

Ignoring the dependence on 0  (we set 0=0)
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Where the α are the solution of 
the cubic  Eq. 
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Solution for a uniform beam, b1, b2 = 0 (and bn=0)
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Exponential evolution of power
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Exponential 
growth Saturation

… with real beam, energy spread, 
emittances, diffraction 
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where cq = cq(s g ,ex,ey,l,...)

See e.g. M. Xie, Design optimization for an X-ray free 

electron laser driven by slac linac, in Proceedings of the 

Particle Accelerator Conference, Knoxville, vol. 1, May 

1995, pp. 183–185 

Exponential growth Saturation occurs when

PF »1.6cq

2r felPbeam



Coherent spontaneous emission: solution for a “pre-bunched” 
beam, b1≠ 0, when |a(0)|=0

Pbeam = m0c
2g

Ipeak

e0

In the limit ν0=0, defining we find

Coherent spontaneous emission growth, quadratic with the position along 
the undulator

After some distance in the undulator, when the field a(τ) ≠0, the homogeneous term  

will become larger than the source term 

and the growth will turn from quadratic into exponential

i.e.
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Self Amplified Spontaneous Emission

This occurs at where the field is

zth

corresponding to 

Pth



The two solution can be combined including 
saturation effects:

*Saturation via Logistic function: G. Dattoli, P.L. Ottaviani, Semi-analytical models of free electron laser 

saturation. Opt. Commun. 204(1), 283–297 (2002) 
L. Giannessi, Seeding and Harmonic Generation in Free-Electron Lasers in Synchrotron Light Sources and Free-Electron 

Lasers DOI 10.1007/978-3-319-04507-8_3-1 © Springer International Publishing Switzerland 2015 



Pre-bunched beam equivalent power

We define an equivalent input power associated to a given beam pre-bunching and 
derive an explicit expression for the beam “shot noise” equivalent power. 

We impose that the power associated to the exponentially growing root starting 
from a virtual seed value Peq, equals the power at the threshold from a pre-
bunched beam

Peq

We get an estimate of the power required 
to ensure a growth  equivalent to the one 
induced by an existing pre-bunching



Estimate of b1 for a randomly distributed e-beam 

We need therefore to calculate the fluctuations in a frequency range Δω and the portion of 
beam that we have to consider for the, has to be of the order of the cooperation length,  
Lc = λ0 / (4 π ρfel).

The distribution is not periodic. We have to 
account for the interference of the fields 
emitted by electrons separated by more than a 
wavelength.

The number of electrons in one cooperation length is:

A random, infinitely extended, point-like electron distribution, has a white-noise spectral 
distribution, but only  the components in the FEL gain bandwidth will be then amplified. 
The FEL amplifier has as amplification-bandwidth of the order of Dw @ 2wr fel

we get a “shot noise” equivalent intensity:Combining it with 

, the e-beam average cross sectionWe introduced
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1
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Shot noise scaling with λ

A scaling relation of the shot noise equivalent power with the resonant wavelength 
may be obtained by assuming: 
a) to preserve the resonant condition
b) An increase of the peak current compensates the increased energy to limit the 

reduction of the ρfel parameter.

In these conditions the shot noise power scales as λ0
-3/2

VUV X-Ray

Wavelength (nm) 20 0.1

Beam Energy (GeV) 1.5 15

Ipeak (kA) 0.7 3

ρfel 2.8x10-3 6.7x10-4

e-beam cross s. (μm2) 3.8x104 3.8x103

|b1| 3x10-4 10-3

Isn  (MW/cm2) 1 103

Example:



DIRECT SEEDING

Seeding with high harmonics generated in gas



Seed Sources

• Intensity

• Short pulse duration  ( ≈ 100 fs)

• Tunable (to preserve FEL tunability)

• High Spatial quality (Single TEM00 mode)

• Temporal coherence

• Rep. Rate ( > 10-100 Hz, or more)

EUV Hard X-raysSoft X-rayUV VUVIR

1 eV 10 eV 100 eV 1000 eV 10 keV

1 μm 100 nm 10 nm 1 nm 0.1 nm

Solid state lasers, 
Ti:Sa - OPA - THG

High harmonics 
Generated in gas HHG

FELs
… not much choice !!!

Outperform FELs
in their spectral range.

Interesting properties,
reasonable for direct seeding



XUV Seed Sources:

High Harmonics Generation in gases

grating
Rare gas (jet, cell, capillary)

Forward
Phase-
matching

Courtesy of B. Carrè

Frequency →

Odd harmonics of Ti:Sa

x

VC + exELsinwt

Initial state (t=0)2: Acceleration in the laser field

 “Three-step” model

ELaser

1: Tunnel ionization (OFI)3: Recombination

XUV

0,0 0,5 1,0 1,5

Time (cycle)

 Multi-cycle laser pulse
Train of

XUV “atto” pulses

Discrete

odd harmonics

Mairesse et al. SCIENCE (2003)

~200as
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Aluminium 0.6 m, broadband (45 nm)

Pulse energy

50 nJ

Energy in 2: 0.8 nJ
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At threshold for overcoming shot noise
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0.05nJ 0.01nJ

@ threshold, 300 kW/cm2 below threshold,60 kW/cm2



Experiments

DESY 
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Match the seed to the e-beam

There are other requirements that have to be satisfied to match the seed
beam to the FEL amplifier. 

• Contrast ratio  - S/N ratio between seeded/unseeded beam (x102 – x103)

• Transport optics & transverse matching: Shot noise calculated in a 
simplified 1D picture, the power is the fraction really coupled with the 
electrons (x5 – x10)

• Frequency matching (Harmonics spectra broader than  …(x10) or of the 
desired seed bandwidth (x102-103)

Factor: x 104   (can easily turn into x 105 – x 106)



Direct seeding an amplifier: the seed power required to overcome 
the shot noise scale with  the inverse of the wavelength

• data from B. Carré, 
Colloque AEC - Slicing, 
Paris 2004

• Shot noise estimate 
includes transport and 
matching to e-beam –
Seeded FELs Workshop, 
Frascati 10-12 (2008)

FEL sn x 104

Shot noise dominated region

HHG  sources

D
E

S
Y

 

(2
0

1
2

) 
3

8
n

m

S
C

S
S

(2
0
1
1
) 

  
6
1
n
m

1-W. Boutu M. Ducousso, J.-F. 

Hergott and H. Merdji on HHG and 

2-M.E. Couprie and L. G, on Seeded 

FELs,  both in  Springer Series in 

Optical Sciences 197 (2015)

ISBN 978-3-662-47442-6 DOI 

10.1007/978-3-662-47443-3 



HIGH GAIN HARMONIC GENERATION

Using harmonic generation to get around the problem



Generation of higher order harmonics

Fundamental harmonic Third harmonic



Phase space
Energy/position

Longitudinal
density 

nth

Fourier coefficients
of 

Electrons longitudinal phase space and higher order harmonic
emission

bn(s,t )

Higher order harmonics



The FEL as an “harmonic converter”
I.Boscolo, V. Stagno, Il Nuovo Cimento 58, 271 (1980)

Important Milestones

High-Gain Harmonic-Generation Free-Electron Laser 
L. H. Yu et al. Science 289 (2000)

First Ultraviolet High-Gain Harmonic-Generation Free-Electron Laser 
L. H. Yu et al. PRL 91 (2003)

• R. Barbini et al. Procs “Prospects for a 1 A FEL, 

Sag Harbor, New York April 22-27, 1990  BNL 

52273 UC-414 HEP DOE/OST1-4500-R75), p.57 

(1990)

• R. Bonifacio et al. NIM A 296 (1990)

• L. H. Yu PRA 44, 5178 (1991)

• F. Ciocci et al. IEEE JQE31, 1242 (1995)
 /n

MODULATOR RADIATOR



The HGHG Experiment

Dispersion Section

L=0.3 m

Radiator Section

Bw=0.47  w=3.3cm L=2 m

Seed Laser  
=10.6m  
Ppk=0.7 MW

Electron Beam Input Parameters:  E= 40 MeV     

n= 4 mm-mrad   d/=0.043%  I = 110A e= 4 ps

HGHG FEL  
=5.3 m  
Ppk=35 MW

Modulator Section

Bw=0.16T  w=8cm L=0.76 m

Courtesy of I. Ben Zvi



HGHG Spectrum

HGHG multi shot  
spectrum 

Resolution is about 2 nm

Single Shot Spectrum Of HGHG
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HGHG Output

SASE Output (x106)

Averaged over 10 shots

No averaging

Courtesy of I. Ben Zvi

L. H. Yu et al. Science 289 (2000) 932



High gain harmonic generation from 800 nm to 266 nm

0.23 nm FWHM

SASE x105

Wavelength (nm)

In
te

n
si

ty
 (

a.
u
.)

HGHG

Spectrum of 
HGHG
and unsaturated
SASE at 266 nm 
under the same
electron beam
condition

Conversion 800nm -> 266nm



ELETTRA Synchrotron Light Source:
up to 2.4 GeV, top-up mode,
~800 proposals from 40 countries every year

FERMI FEL-1 & FEL-2 :
100nm to 4 nm 

High Gain Harmonic Generation 
FELs ≈190 proposals from first four

calls for experiments in 2012-2016    

FERMI and Elettra

Sponsored by 

Italian Minister of  University and 
Research (MIUR)

Regione Auton. Friuli Venezia Giulia

European Investment Bank (EIB)

European Research Council (ERC)

European Commission (EC)



Fresh beam

FEL-1 – HGHG FEL at work …

55

modulator High gain radiator tuned at nth harmonic
Seed

THG or 
tuneable OPA

dispersion

e-beam

Modulated beam

Seed

Bunched beam

modulated e-beam

nth harmonic 
radiation



FERMI FEL-1 Spectral properties

56

Linear and Circular polarization 
available between 100 and 20 nm 

The spectral properties can be 
preserved up to h13-h15 (h6 and h11 
are shown in the pictures)

These sequences were acquired with 
the seed generated as Third harmonic 
of a Ti-Sa laser system

With Continuously tunable with the OPA
laser system, with small limitations
mainly depending on the optical
properties of the mirrors transporting the
seed to the undulator.

Seeded by the OPA laser at 245nm, the h14 delivers 
more than 10 uJ with good spectral properties.



Fresh beam

HGHG FEL in detail

Modulated beamBunched beam

Modulation + Dispersion

We start from a uniform distribution ρe(s)=const.

we assume no gain in the modulator a(s,τ)=a(s,0)

Dispersive section

q '' s,t =1+t disp( ) =q '+n 't disp =q s, 0( ) +n s, 0( ) 1+t disp( ) + a(s, 0) cos q(s, 0)+F(s, 0)( )
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E
, in undulator we have R56 = 2Nl0 Þ t disp =

R56

2Nl0

, (N,l0 of the modulator)

modulator High gain radiator

Seed

dispersion

Modulator n ' s( ) =n s,t =1( ) =n s, 0( ) + a(s, 0) cos q(s, 0)+F(s, 0)( )

q ' s( ) =q s,t =1( ) =q s, 0( ) +n s, 0( ) +
1

2
a(s, 0) cos q(s, 0)+F(s, 0)( )

At the position s along the e-bunch we have:

We calculate bn  at this position



Bunching factor after the modulator
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We have a periodic modulation. The integral may be calculated over one period at the 
position s. By the SVEA assumption a(s’) and Φ(s’) do not change over the range λ and 
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Bunching factor after the modulator
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Corresponds to the 
condition of rotation in 
phase space leading to a 
“tilted” phase space



Bunching factor after the modulator bn s( ) = e
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The maximum at a given harmonic
Draws an hyperbole in the space (R56 – Δγ)

1. The higher is the harmonic n and 
the initial beam energy spread σγ, 
the lower has to be the R56

2. The lower is the R56 the higher 
has to be the induced energy 
modulation Δγ/γ



Power growth from a pre-bunched beam:

Lu

Seed

The seed power/bunching factor can be 
adjusted to reach saturation with a given 
gain length (beam quality, peak current, 
undulator parameters …) and within a 
defined distance, e.g. the undulator length.
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cq = cq (s g-tot,ex,ey,l,...)

Lgc =
lu

4p 3cqr fel _ c

, PF »1.6cq

2r felPbeam

There is a price to pay:

The initial energy spread is not σγ any 
more, but

PF

… and this affects both gain length and saturation power



Bunching factor after the modulator
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2. The bunching factor also carries the phase information of the seed pulse:  
a. i.e, a  chirped pulse will produce a chirped bunching factor. 
b. any phase distortion in the seed is magnified by the harmonic order 

1. The argument of the Bessel function contains the energy modulation, which is 
directly proportional to the amplitude of the modulating field. The dependence of 
the bunching factor on the s coordinate is determined by the seed amplitude 
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FEL pulse shape

FEL intensity

Spectrum





Standard HGHG

time s

The FEL pulse shape depends on the seed pulse 
shape via the Bessel function of argument

Xn

n
= k0R56

a(s ')

4p N

At X = XM
the pulse length scales as*

At low Χ (low modulation or low R56) expanding Jn in 

series we find
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The FEL pulse intensity is proportional to   bn s( )
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*G. Stupakov. SLAC-PUB-14639, SLAC October 2011.

*P. Finetti et al. in prep. 



Bessel functions

Maximum bunching

Zero bunching
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FEL pulse splitting by long. synchrotron oscillation

FEL intensity

Spectrum





Standard HGHG

time

M. Labat et al., PRL 103, 264801 (2009) 

λa λb

Chirped seed*

FEL intensity

timeSpectrum



FEL intensity

Spectrum
time

 

Increasing seed power



G. DeNinno et al PRL 110, 064801, 2013

s

X > XM X > XM



Experiment PERSEO simulations

Seed frequency chirp 
generated by propagating 
through the different optical 
components (lenses, 
windows)

B. Mahieu et al. Optics Express 21, 22728 (2013) 

Pulse splitting measured at FERMI



Assumption: uniform current and uniform field 

FEL phase space evolution in the amplifier



What happens if we have a short pulse that slips over the

electrons in a time shorter than the synchrotron period ?

FEL phase space evolution in the amplifier



Pulse propagation effects in deep saturation
 Saturation: When the FEL laser power reaches ~ 1.6 ρPbeam, saturation

occurs: there is a cyclic energy exchange between electrons and field
(in steady state regime)

 Slippage: The light advances over the electrons of a distance Nλ in N
undulator periods

Uniform current density

Trapped Particle

Detrapping 

Initial energy

Final energy

Energy loss

Superradiance: Dicke, PR 93, 99 (1954)
R. Bonifacio, B. W. J. Mc Neil, P. Pierini, PRA 40, 4467 (1989)
R. Bonifacio, L. De Salvo Souza, P. Pierini, N. Piovella, NIM A296, 358 (1990)
L. Giannessi, P. Musumeci, S. Spampinati, J. of Appl. Phys. 98, 043110 2005
T. Watanabe et al. Phys. Rev. Lett.  98, 034802 (2007)





Solitary wave-like
superradiant pulse



Pulse evolution

Distance along the e-bunch
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Condition:  Slippage on a (1/4 of the) synchrotron period
comparable to the pulse length. 

The synchrotron period is dt s »
2p

WR

During the interval δτs the “slippage” distance is   Δs = δτs Nλ0

s s »
p Nl0

2 a
µ

1

PFEL

1/4

If the pulse length is comparable to the slippage length 
over ¼ of the synchrotron period we have  

WR = aThe synchrotron frequency is



Scaling law

EFEL = PFELs s µ PFEL

3/4The pulse energy scale as  

EFEL µ  s Ws…but also holds

number of trapped electrons bucket depth

s = z - bzct = ct 1- bz( ) @ zu

l0

lu

For a pulse with group velocity ≈ c  (zu is the position in the undulator)

EFEL µ  s Ws µ zu P1 4
We have therefore

… from which follows:

s s µ zu

-1 2 EFEL µ zu

3/2

Pulse length Pulse energy

zuPFEL

1 4 µ PFEL

3/4 Þ PFEL µ zu

2
and



Pulse evolution
(Perseo http:\\www.perseo.enea.it)



Superradiance

– Solitary wave-like pulse propagation

– Peak power exceeding the saturation 
threshold

– Longitudinal self-focusing

– Power scaling typical of superradiance

2

enP 

R. Bonifacio, B. W. J. Mc Neil, P. Pierini, PRA 40, 4467 (1989)
R. Bonifacio, L.DeSalvoSouza, P.Pierini, N.Piovella,NIM A296,358 (1990)



Longitudinal phase space

Simulation with Perseo (www.perseo.enea.it)



Superradiance & higher order harmonics

Modulation (bunching) at high harmonics is preserved by solitary wave-like behavior

11h 10h 9h   8h      7h          6h               5h                         4h                                         3h   2h          1h 



Electrons Longitudinal Phase Space &
High Gain Harmonic Generation

80

modulator radiator

Seed

Chirped e-

beam

R56

Compression 

factor due to 

dispersion

Δλ

Wavelength shift

• A e-beam linear energy chirp through the dispersive section R56 shifts the FEL 

wavelength radiation.

• This effect can be compensated by retuning the undulators/seed wavelength.



Blue shift Red shift

For a “generic” distribution

81

A quadratic chirp (or higher orders) in the e-beam phase space distribution is one of the causes of  
frequency chirp & spectral broadening of the FEL pulses
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A quadratic phase 
factor adds  a linear 
frequency chirp.



Shaping the photoinjector laser pulse: Linearized 
phase space

82

3

3

2

210
6

1

2

1
)( tttEtE  

1=-1.2 MeV/ps

2=17 MeV/ps2

3=36 MeV/ps3

1 = -0.04 MeV/ps

2 = 0.3 MeV/ps2

3 = 5.2 MeV/ps3

but … how to take advantage of a 
quadratic chirp in e-beam shape … 

Phase space in nominal conditions 



Two phase-locked seed pulses create two FEL pulses locked in phase. The relative
phase control and stability between the two FEL pulses is demonstrated with the
evolution and stability of the spectral phase

Twin seed pulses

RADIATORMODULATOR
DISPERSIVE

SECTION

Twin FEL pulsesτ

µ-controled 
birefringent plate

τ
Laser pulse

e- beam 

τ ΔϕSEED

Twin seed-e- beam interaction

Phase-locked pulses 

τ = 290fs and duration of the individual FEL 
pulse is about 70-80fs.

D. Gauthier et al.,  PRL 2016 

Interferogram

Rotation step: ΔϕSEED = λSEED /28.33 => ΔϕFEL = λFEL/5.67 
(harmonic 5) - Full range of 68 steps => 12 time λFEL Each step 
correspond to 20 consecutive single-shot spectra.

Analysis of fringes gives rms phase stability of λFEL/10 Rotation steps

83



Resolving the FEL pulse properties with Spider 
technique 

84

• SPIDER is an interferometric technique allowing a complete single-shot 
characterization of ultra-short optical pulses. It relies on the measurement of the 
interferogram generated by the interaction of two replicas of the pulse to be 
characterized. The two replicas must be separated in time by a delay  and shifted in 
frequency by a shear W. 

Temporal separation via doubling the 
seed pulse

G. De Ninno et al. Nat. Comm. 2015 
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e-beam phase space

Spectral separation via quadratic
energy chirp in the electron
longitudinal distribution



Information about W Information about 
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Time (ps)

e-beam phase space

The evolution of the interferogram shows two distinct regions:
1) one (almost) flat, corresponding to an (almost) linear energy region in the electron-beam

phase space (zone 1 in the picture below),
2) and one characterized by an almost linear dependence of the interferogram centroid vs. the

seed-electron delay (zone 2).
The analysis of the interferograms in the zone 1 allows one to estimate the delay  between the
two interfering pulses, while zone 2 contains the information relative to spectral shear W. The
interferograms of zone 2 can be used to carry out the SPIDER reconstruction.
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FEL interferogram vs. delay
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FFT

SPIDER signal

Time (ps)0 1
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52.4

Analyzed zone

Spectral profile

Spectral domain

Temporal domain

The technique allows the complete 
reconstruction of the pulse 
properties as phase and temporal 
distribution

Spider 
Inversion 
Algorithm

SPIDER reconstruction - 2



SPIDER 
Reconstruction of the temporal envelope and phase. 

87

a,b: Positive linear frequency chirp, 125 fs, 
quadratic temporal phase ≈ 10−5 fs−2

≈ 71fs, TBP 1.1 from Fourier Limit

c,d: Negative linear frequency chirp, 180fs, 
quadratic temporal phase: ≈−4.5·10−5 fs−2

≈ 100fs, TBP 1.2 from Fourier Limit

Continuous line: spectral and temporal 
envelopes; dotted lines: spectral and 
temporal phases. 

Reconstructions obtained from three consecutive FEL shots (lines of the same colour) at fixed 
dealy and for two different delays (represented by black and red colours) within the region of 
interest. For the sake of visualization, spectra were centered at the same wavelength.  

We may control the chirp of the output pulse via the laser chirp 

G. De Ninno et al. . 



RADIATORMODULATOR
DISPERSIVE

SECTION

e- beam 

Seed laser

FEL


FEL


Temporal profile of the phase: 
contribution of the microbunching

+ FEL amplification

seed 
envelope

seed slowly 
varying phase

e- beam phase 
from  time-
dependent 

energy profile
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Temporal profile of the microbunching
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Spectral profile of the FEL pulse

FEL pulse characterization & control Spectro-
temporal shaping
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Case 1: seed with strong linear frequency chirp
=> strong chirp on the FEL pulse Case 2: intermediate 

positive chirp on the 
seed

Experiment

Theory
Spectral intensity (a. u.)

Direct representation of the FEL temporal pulse profile 

through the spectro-temporal equivalence.

Case 3: intermediate 
negative chirp on the 
seed

Possibility to compensate chirps from 
e-beam distribution and seed laser to 
generate Fourier transform limited 
pulses.

Case 4: moderate negative chirp on the seed
<=> chirp compensation

89



SHORTER WAVELENGTHS

Fresh bunch, EEHG seeding and self-seeding



• Fresh bunch injection technique, L. H. Yu, I. Ben-Zvi, NIM 1993 

• Echo Enabled harmonic generation,  G. Stupakov, PRL, 2009 

• Non Gaussian energy spread distrib., E. Ferrari et al., PRL, 2014 

• Energy spread removal by space charge, E. Hemsing et al., PRL 2014

• Phase merging in TGU undulator, H. Deng and C. Feng  PRL (2013)

• ….

Ideas: 

• Fresh bunch injection technique, L. H. Yu, I. Ben-Zvi, NIM 1993 

• Echo Enabled harmonic generation,  G. Stupakov, PRL, 2009 

• Non Gaussian energy spread distrib., E. Ferrari et al., PRL, 2014 

• Energy spread removal by space charge, E. Hemsing et al., PRL 2014

• Phase merging in TGU undulator, H. Deng and C. Feng  PRL (2013)

• ….

High harmonic conversion and the energy spread budget

• Required energy spread in order to bunch at the nth

harmonic (Liouville’s theorem)

• Condition to ensure high gain growth in final radiator
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L. H. Yu, I. Ben-Zvi NIM A393 (1997) 96

n <
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g

Virtually any harmonic order can be obtained by increasing the seed
power … at a cost of an increased energy spread



The Fresh Bunch Injection Technique: *

92

e-beam
Seed

nth harmonic

(e.g. 32.5 nm)

nth x mth harmonic

(e.g. 10.8 nm)

The seed @260nm 

is on the tail of the e-beam

The first stage converts the 

seed 

to the nth harmonic

(8th harmonic @32.5nm)

The delay line shifts the first stage output 

to a fresh portion of the e-beam

The second stage converts the first stage

to the nth x mth harmonic of the seed 

Position:
1st mod. 1st rad. 2nd mod. 2nd rad.

DS1 DS2DL

L. H. Yu, I. Ben-Zvi, Nim 1993

FERMI FEL-2 – E. Allaria et al. Nat Phot. 2013  



FERMI - FEL-2  spectra vs wavelength
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5.4 nm

4.4 nm

4.0 nm

Wavelength range 20 - 4 nm 

polarization CR,CL, LV, LH 

Single shot spectra measured 

down to 4 nm and show narrow 

linewidth with an energy per 

pulse at shorter wavelengths 

larger than 15 J.
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0.7-1.0x10-3 bw  



Phase space stretching at high harmonics
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Echo Enabled Harmonic Generation

Modulator 1

High gain radiator tuned at nth harmonic
Seed 1 Disp. R56

(1)

Seed 2

Disp. R56
(2)

Modulator 1

Frequency mixing, 
resonance at kh=nk1+mk2

bunching maximized at harmonic



Increasing harmonic order at constant energy spread –
only the first dispersion is varied



EEHG Experiments

Demonstrated at harmonic 3 (ECHO 3) at SLAC NLCTA (D. Xiang et al., PRL 2010) and  
SINAP (Z. T. Zhao Nat. Phot. 2012)

SLAC NLCTA: extension to
ECHO 7  (D. Xiang et al., PRL 2012) demonstrated lower sensitivity to energy spread
ECHO 15 (E. Hemsing et al. PRL 2014), confirmed lower sensitivity to energy spread & 
improved stability and spectral quality with respect to HGHG

ECHO 75 (Successful, work in progress …)

In first semester 2018 experiment at FERMI Single stage EEHG 266nm->5nm



160 nm155 nm

EchoHGHG

• Echo appears insensitive to e-beam phase space distortions leads to more 

stable central wavelength and narrower bandwidth

Simultaneous ECHO and HGHG in same beam

Courtesy of E. Hemsing



Hard X-rays via
EEHG seeding EEHG … 



Coherence in the hard X-rays: Self Seeding

• e-beam shot noise energy grows at short wavelengths: the beam itself
may produce the seed (and the modulation)

• An oscillator or a “master oscillator power amplifier” scheme is an 
example, but requires a sequence of  e-pulses.

 Can we do the same with a single e-pulse ?

J. Feldhaus et al. / Optics Communications 140(1997) 341-352 



seeded

U1-U15
(60 m)

U17-U29
(52 m)

1 GW
gas

detector

spectrometerx-ray

e dump

2.5 mm

e 

diamond

off

U30-U33
(16 m)

14 GeV 5 MW 5-20 GW

Geloni, Kocharyan, Saldin (DESY 10-133)

FEL spectrum 
after 
diamond 
crystal

Power dist. after 
diamond crystal

Monochromatic 
seed power

Wide-band 
power

6 m  20 fs

5 MW

Use short, low-
charge bunch 
to self-seed at 

1.5 Å (20-40 pC)

SASE

chicane, U16
(4 m)

Courtesy of P. Emma

Self-Seeding Scheme @ LCLS 



Diamond
(4 mm  2.5 mm)

Graphite holder

X-rays
e

Crystal is high quality 
110-m thick type-IIa
diamond crystal plate 
with (004) lattice 
orientation.

Grown from high-purity 
(99.9995%) graphite at 
the Technological 
Institute for Super-hard 
and Novel Carbon 
Materials (TISNCM, 
Troitsk, Russia) using the 
temperature gradient 
method under high-
pressure (5 GPa) and 
high-temperature 
(~1750 K) conditions.

Courtesy of P. Emma

Diamond Seen Through Beam Pipe



20 eV

diamond OUT

Factor of 40 BW reduction

diamond IN

A well seeded 
pulse (not 
typical)

SASE

seeded

SASE

Seeded

0.45 eV
(5105)

insert 
diamond 

& turn 
on 

chicane

0.45 eV

chicane OFF

chicane ON

Courtesy of P. Emma



Self seeding: Soft X-ray version 
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Monochromators

Fresh e-beams

Equivalent to an infinite chain of 
seeded sections

Zizag cavity for tuning:
R. M.J. Cotterill (1968, ANL); KJK and Y. 
Shvyd’ko (2009)

Choice of Bragg crystal based on 
thermo-mechanical properties
Diamond

Rian Lindberg

Monday June 6 – XFELO
Kwang Je Kim



Summary

• Introduction on high gain and coherence in FEL amplifiers

• Conditions for seeding an FEL amplifier 

• Direct Seeding: seeding with high harmonics generated in gas

• High gain harmonic generation

• Pulse properties and pulse control

• Saturation effects – Pulse splitting and superradiance

• The fresh bunch injection technique

• Echo Enhanced Harmonic Generation

• Self-Seeding 
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