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8.	
  Beam	
  Driven	
  Systems	
  	
  
Patric Muggli!

Max Planck Institute for Physics!
Munich!

muggli@mpp.mpg.de!
https://www.mpp.mpg.de/~muggli!

Menu:	
  
• EmiAance	
  
• RelaDvisDc	
  ParDcles/bunches	
  
• Driving	
  wakefields	
  
• Focusing	
  (-­‐/+)	
  
• EmiAance	
  preservaDon	
  
• Bunch	
  length	
  and	
  wakefields	
  
• Self-­‐modulaDon	
  instability	
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Reminder:	
  we	
  are	
  speech-­‐lazy	
  …	
  

Plasma	
  with	
  electron	
  density	
  ne	
  (and	
  equal	
  ion	
  density	
  ni)	
  

Plasma	
  electron	
  frequency:	
  

€ 

ω pe =
nee

2

ε0me

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

1/2

= 2πf pe

Plasma	
  ion	
  frequency:	
  

€ 

ω pi =
niZ

2e2

ε0Mi

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

1/2

<<ω pe =>	
  ions	
  don’t	
  move	
  at	
  the	
  1/fpe	
  
Dme	
  scale	
  (warning:	
  SMI,	
  very	
  
strong	
  fields,	
  …)	
  

Cold	
  plasma	
  collisionless	
  skin	
  depth:	
  

€ 

c /ω pe results	
  from	
  electrons	
  inerDa	
  …	
  

Use	
  m	
  for	
  m0	
  or	
  me	
  or	
  me0	
  or	
  someDmes	
  just	
  for	
  …	
  m	
  

Warning:	
  references	
  are	
  …	
  “selected”	
  …	
  not	
  always	
  THE	
  reference	
  …	
  
Check	
  references	
  …	
  inside	
  my	
  references	
  …	
  
Many	
  more	
  of	
  my	
  references	
  at:	
  hAps://www.mpp.mpg.de/~muggli/index.html	
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Assume	
  there	
  is	
  no	
  interacDon	
  between	
  parDcles,	
  emiAance	
  defined	
  for	
  each	
  degree	
  of	
  freedom	
  

ParDcle	
  moDon	
  defined	
  by	
  (x,px)	
  but	
  (x,x’)	
  is	
  more	
  useful	
  (remember	
  opDcs:	
  posiDon	
  and	
  angle)	
  

pz	
  

px	
   p	
  
  

€ 

if Bz = 0 ⇒
 
A = Az

 z ⇒
 p − e
 
A ( ) x

= px ≅ βγmx'

€ 

x'= px
pz
≅
px
p

p = βγm

€ 

⇒ x'= px
βγm

∝
px
γ

EmiAance	
  definiDon:	
  

€ 

εgeo,x = π[ ] x2 x'2 − xx' 2( )
1/2

€ 

... average	
  	
  

€ 

⇒ x2
1/2

RMS	
  size	
  

€ 

⇒ x'2 1/2
~RMS	
  transverse	
  velocity	
  or	
  temp.	
  

CorrelaDon	
  term	
  

€ 

⇒εgeo,x =σ x σ vx
c

• For	
  a	
  bi-­‐Gaussian	
  beam	
  
• When	
  the	
  correlaDon	
  term	
  is	
  0,	
  
	
  i.e.,	
  at	
  a	
  beam	
  waist	
  
• EmiAance	
  =	
  area	
  of	
  the	
  ellipse	
  …	
  
• EmiAance	
  is	
  preserved,	
  Liouville	
  theorem	
  
in	
  Hamiltonian	
  mechanics	
  
• EmiAance?	
  	
  how	
  well	
  can	
  it	
  be	
  focused?	
  

@	
  waste	
  @	
  ??	
  

z	
  

x,y	
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€ 

εgeo,x = x2 x'2( )1/2 ≅ σ x

σ px

βγmc
∝
1
γ

=>	
  The	
  geometric	
  emiAance	
  decreases	
  upon	
  acceleraDon	
  …	
  

Define	
  a	
  quanDty	
  that	
  is	
  preserved	
  upon	
  acceleraDon	
  (no	
  other	
  effects):	
  

Normalized	
  emiAance:	
  	
  

€ 

εN ,x = γεgeo,x

⇒ A	
  higher	
  energy	
  accelerator	
  (preserving	
  normalized	
  emiAance)	
  produces	
  lower	
  geometric	
  
emiAance	
  beams	
  that	
  can	
  be	
  focused	
  to	
  smaller	
  transverse	
  size	
  …	
  

⇒ Contributes	
  to	
  compensate	
  for	
  lower	
  collision	
  cross	
  secDons	
  at	
  higher	
  energies	
  …	
  	
  

⇒ EmiAance?	
  	
  how	
  well	
  can	
  it	
  be	
  focused?	
  

(at	
  a	
  waist)	
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CharacterisDcs	
  of	
  relaDvisDc	
  (γ=Ekin/m0c2-­‐1~Ekin/m0c2>>1),	
  charged	
  parDcles	
  (and	
  bunches)	
  
• Move	
  essenDally	
  at	
  the	
  speed	
  of	
  light:	
  v=(1-­‐1/γ2)1/2c~c,	
  
• Are	
  not	
  affected	
  by	
  propagaDon	
  in	
  plasma,	
  there	
  is	
  scaAering,	
  but	
  no	
  index	
  of	
  refracDon	
  
effect	
  =>	
  v	
  indep.	
  of	
  ne!	
  Important	
  for	
  dephasing	
  …	
  
• Have	
  a	
  large	
  inerDa	
  (γm>>m),	
  transverse	
  moDon	
  scales	
  with:	
  
	
  kβ=kpe/γ	
  =>	
  λβ=γλpe>>λpe	
  in	
  plasma	
  
• Have	
  essenDally	
  transverse	
  fields:	
  Er=γE0,	
  Ez=E0,	
  Ez<<Er	
  

CharacterisDcs	
  of	
  relaDvisDc,	
  charged	
  parDcle	
  bunches	
  
• Move	
  essenDally	
  at	
  the	
  speed	
  of	
  light	
  
• Have	
  a	
  large	
  inerDa	
  (γm>>m	
  for	
  γ>>1)	
  
• Are	
  not	
  affected	
  by	
  propagaDon	
  in	
  plasma,	
  but	
  by	
  wakefields,	
  
	
  collecDve-­‐collecDve	
  response	
  
• Have	
  essenDally	
  transverse	
  fields:	
  Er,	
  Ez,	
  Ez<<Er	
  
• Can	
  have	
  long	
  beta-­‐funcDon	
  or	
  equivalent	
  of	
  Rayleigh	
  length	
  

€ 

ZR = π
w0
2

λ0
⇔ β * = β0 =

σ 0
*2

εg

€ 

εg =
εN
γ

εN=5mm-­‐mrad	
  
γ=40’000	
  (20GeV	
  e-­‐,	
  SLAC)	
  
σ0=10µm	
  
β0=0.8m	
  

w0=10µm	
  
λ0=800nm	
  
ZR=393µm	
  

Physics	
   Technology	
  and	
  physics	
  

β*	
  or	
  β0	
  at	
  a	
  waist	
  
But	
  β	
  in	
  general	
  β=β (z)	
  
Because	
  σ=σ (z),	
  ε=cst	
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Influenced	
  by	
  the	
  transverse	
  fields	
  

€ 

F⊥ = q Er + vb ×Bθ( )
Beam	
  self-­‐fields	
  in	
  vacuum:	
  

from	
  beam	
  and	
  plasma	
  
(wakefields)	
  

Joules-­‐Bernoulli	
  equaDon:	
  

hAp://physics.bu.edu/~duffy/PY106/Electricfield.html	
  

  

€ 

 
E 0 =

1
4πε0

−e
r 2
 r 
r

= E0

 r 
r

€ 

F⊥ '= q E⊥ '−v// ×B⊥ '( ) = −eγEr ' 1− v//
v//
c2

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ = −eEr '

1
γ 2

The	
  (total)	
  self-­‐force	
  is	
  1/γ2	
  the	
  “space	
  charge	
  force”	
  (~Er’),	
  cancels	
  to	
  1/γ2	
  	
  	
  	
  

In	
  the	
  e-­‐	
  rest	
  frame:	
  
In	
  the	
  lab	
  frame	
  (e-­‐	
  moves	
  at	
  vb~c)	
  

1.  In	
  vacuum	
  the	
  relaDvisDc	
  beam	
  diverges	
  because	
  of	
  its	
  divergence,	
  not	
  space	
  charge	
  forces	
  
2.  There	
  is	
  (~)no	
  space	
  charge	
  effect	
  when	
  the	
  parDcles	
  are	
  relaDvisDc	
  
3.  Bunch	
  (~)parDcles	
  do	
  not	
  interact	
  with	
  each	
  other	
  

(jump	
  from	
  single	
  parDcle	
  to	
  beam!)	
  

Q:	
  compare	
  the	
  two	
  for	
  realisDc	
  beam	
  density	
  and	
  emiAance,	
  e.g.	
  SLAC	
  bunch	
  parameters	
  	
  

θ∼1/γ	


=0	
  

=E0	
  

=γE0	
  

=(v/c2)E0	
  

=> θ=Ex/Ez=1/γ	
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Joules-­‐Bernoulli	
  equaDon:	
  

hAp://physics.bu.edu/~duffy/PY106/Electricfield.html	
  

  

€ 

 
E 0 =

1
4πε0

−e
r 2
 r 
r

= E0

 r 
r

In	
  the	
  e-­‐	
  rest	
  frame:	
  
In	
  the	
  lab	
  frame	
  (e-­‐	
  moves	
  at	
  vb~c)	
  

Q:	
  compare	
  the	
  two	
  for	
  realisDc	
  beam	
  density	
  and	
  emiAance,	
  e.g.	
  SLAC	
  bunch	
  parameters	
  	
  

θ∼1/γ	


=0	
  

=E0	
  

=γE0	
  

=(v/c2)E0	
  

All	
  this:	
  for	
  pracDcal	
  purposes	
  only	
  …	
  (since	
  only	
  ~1/γ2!!)	
  

€ 

F⊥ '= q E⊥ '−v// ×B⊥ '( ) = −eγEr ' 1− v//
v//
c2

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ = −eEr '

1
γ 2

The	
  (total)	
  self-­‐force	
  is	
  1/γ2	
  the	
  “space	
  charge	
  force”	
  (~Er’),	
  cancels	
  to	
  1/γ2	
  	
  	
  	
  
1.  In	
  vacuum	
  the	
  relaDvisDc	
  beam	
  diverges	
  because	
  of	
  its	
  divergence,	
  not	
  space	
  charge	
  forces	
  
2.  There	
  is	
  (~)no	
  space	
  charge	
  effect	
  when	
  the	
  parDcles	
  are	
  relaDvisDc	
  
3.  Bunch	
  (~)parDcles	
  do	
  not	
  interact	
  with	
  each	
  other	
  

(jump	
  from	
  single	
  parDcle	
  to	
  beam!)	
  

Influenced	
  by	
  the	
  transverse	
  fields	
  

€ 

F⊥ = q Er + vb ×Bθ( )
Beam	
  self-­‐fields	
  in	
  vacuum:	
  

from	
  beam	
  and	
  plasma	
  
(wakefields)	
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Laser	
  beams:	
  
• PonderomoDve	
  force 	
  	
   	
  essenDally	
  2D	
  for	
  real	
  (bi-­‐Gaussian)	
  bunches	
  
• Only	
  one	
  type	
  (similar	
  to	
  e-­‐,	
  i.e.	
  blow-­‐out)	
  

€ 

∝∇E 2

Charged	
  parDcle	
  beams:	
  
• Transverse	
  space	
  charge	
  field	
  
• Reverses	
  sign	
  for	
  negaDvely	
  (blow	
  out)	
  and	
  posiDvely	
  (suck	
  in)	
  charged	
  bunches	
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Pencil	
  
(σr<<σz)	
  
or	
  
spherical	
  
(σr~σz)	
  
beam	
  

Pancake	
  
(σr>>σz)	
  
beam	
  

Rosenzweig,	
  PRL	
  61,	
  98	
  (1988)	
  
Lee,	
  et	
  al.,	
  PRE	
  61,	
  7014	
  (2000)	
  	
  

Blue	
  
PRL,	
  90,	
  214801	
  (2003)	
  
Caldwell	
  
Nat.	
  Phys.	
  5,	
  363	
  (2009)	
  	
  

NegaDvely	
  Charged	
  Bunches	
  

PosiDvely	
  Charged	
  Bunches	
  

Charged	
  parAcle	
  beam-­‐driven	
  =	
  plasma	
  wakefield	
  accelerator	
  or	
  PWFA	
  Chen,	
  PRL	
  54,	
  693	
  (1985)	
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Rosenzweig,	
  PRL	
  61,	
  98	
  (1988)	
  
Lee,	
  et	
  al.,	
  PRE	
  61,	
  7014	
  (2000)	
  	
  

Blue	
  
PRL,	
  90,	
  214801	
  (2003)	
  
Caldwell	
  
Nat.	
  Phys.	
  5,	
  363	
  (2009)	
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Pencil	
  
(σr<<σz)	
  
or	
  
spherical	
  
(σr~σz)	
  
beam	
  

Pancake	
  
(σr>>σz)	
  
beam	
  

NegaDvely	
  Charged	
  Bunches	
  

PosiDvely	
  Charged	
  Bunches	
  

Plasma	
  wakefields	
  can	
  be	
  driven	
  
by	
  

negaDvely	
  (e-­‐,	
  p-­‐,	
  …)	
  
and	
  

posiDvely	
  (e+,	
  p+,	
  …)	
  	
  
charged	
  bunches	
  

Laser	
  beams:	
  
• PonderomoDve	
  force 	
  	
   	
  essenDally	
  2D	
  for	
  real	
  (bi-­‐Gaussian)	
  bunches	
  
• Only	
  one	
  type	
  (similar	
  to	
  e-­‐,	
  i.e.	
  blow-­‐out)	
  

€ 

∝∇E 2

Charged	
  parDcle	
  beams:	
  
• Transverse	
  space	
  charge	
  field	
  
• Reverses	
  sign	
  for	
  negaDvely	
  (blow	
  out)	
  and	
  posiDvely	
  (suck	
  in)	
  charged	
  bunches	
  

Charged	
  parAcle	
  beam-­‐driven	
  =	
  plasma	
  wakefield	
  accelerator	
  or	
  PWFA	
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Plasma wave/wake excited by a relativistic particle bunch"

Plasma e- expelled by space charge force  =>  deceleration + focusing (MT/m)"

Plasma e- rush back on axis	

 	

    =>  acceleration, GV/m"

Ultra-relativistic driver "=> ultra-relativistic wake"
" " "=> no dephasing"

Particle bunches have long “Rayleigh length”"
(beta function β*=σ*2/ε~cm, m)"

Acceleration physics identical PWFA, LWFA"

+
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Plasma e- rush back on axis	

 	

    =>  acceleration, GV/m"

Plasma e- expelled by space charge force  =>  deceleration + focusing (MT/m)"

Plasma wave/wake excited by a relativistic particle bunch"

Ultra-relativistic driver "=> ultra-relativistic wake"
" " "=> no dephasing"

Particle bunches have long Rayleigh lengths”"
(beta function β*=σ2/ε~cm, m)"

Acceleration physics identical PWFA, LWFA"

Very	
  large	
  
energy	
  gain	
  
possible	
  with	
  

short,	
  
	
  high-­‐energy	
  
relaDvisDc	
  
bunches!	
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Plasma e- rush back on axis	

 	

    =>  acceleration, GV/m"

Plasma e- expelled by space charge force  =>  deceleration + focusing (MT/m)"

Plasma wave/wake excited by a relativistic particle bunch"

Ultra-relativistic driver "=> ultra-relativistic wake"
" " "=> no dephasing"

Particle bunches have long Rayleigh lengths”"
(beta function β*=σ2/ε~cm, m)"

Acceleration physics identical PWFA, LWFA"

Very	
  large	
  
energy	
  gain	
  
possible	
  with	
  

short,	
  
	
  high-­‐energy	
  
relaDvisDc	
  
bunches!	
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+ + + + + + + + + + + + + + +

+ + + + + + + + + + + + + + +

Focusing (Er)	


Defocusing	



Neutral	


Plasma	



Calculate	
  the	
  dephasing	
  length	
  ∆L	
  between	
  two	
  parDcles	
  with	
  relaDvisDc	
  factors	
  γ	
  and	
  
γ+∆γ	
  (∆γ<<γ)	
  

Show	
  it	
  is:	
  ∆L~(1/γ2)(∆γ/γ)L	
  (for	
  ∆L<<L)	
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Accelerating	
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Focusing (Er)	


Defocusing	



€ 

Eacc ≅110(MV /m)
N 2×1010

σ z / 0.6mm( )2
≈ N/σz

2	



@ kpeσz≈√2 (with kpeσr <<1) 	



 Linear theory "
(nb<<ne) scaling:"

 Focusing strength:"

 N=2x1010: σz=600 µm, ne=2x1014 cm-3, Eacc~100 MV/m,  Bθ/r=6 kT/m"
"        " σz=  20 µm, ne=2x1017 cm-3, Eacc~   10 GV/m, Bθ/r=6 MT/m"

 Frequency: 100GHz to >1THz, “structure” size 1mm to 100µm"

(nb>ne)"

 Conventional accelerators: MHz-GHz,  Eacc<150 MV/m, Bθ/r<2 kT/m"

Neutral	


Plasma	



€ 

Bθ
r

=
1
2
nee
ε 0c

Lee,	
  et	
  al.,	
  PRE	
  61,	
  7014	
  (2000)	
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Independent	
  of	
  driver	
  nature	
  for	
  same	
  bubble	
  parameters	
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+
+
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+
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+
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+
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+
+


e-­‐,	
  e+,	
  p+,	
  laser	
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Bunch	
  too	
  short!	
  
Maximum	
  field	
  ayer	
  the	
  bunch	
  

Bunch	
  just	
  right!	
  
Maximum	
  field	
  inside	
  the	
  bunch	
  

DefiniDon:	
  Transformer	
  raDo	
  (R)	
  
:=Peak	
  acceleraDng	
  field	
  behind	
  drive	
  bunch(es)	
  /	
  peak	
  deceleraDng	
  field	
  within	
  drive	
  bunch(es)	
  
:=E+/E-­‐	
  

E+	
  

E+	
  

R~1	
  

R~2	
  

For	
  a	
  single	
  
symmetric	
  (in	
  Dme)	
  

bunch:	
  R≤2	
  

minimum	
  

SLAC-­‐R-­‐296	
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AdjusDng	
  the	
  current	
  profile	
  or	
  with	
  mulDple	
  bunches	
  R>2	
  is	
  possible:	
  

ConservaDon	
  of	
  energy	
   	
   	
  =>	
  W=Q*U	
  W~Q*E	
  or	
  	
  
	
   	
   	
   	
   	
   	
  =>	
  ∆WW=QwE+Lp	
  ≤∆WD=QDE-­‐Lp	
  
	
   	
   	
   	
   	
   	
  =>	
  Qw≤QD/R	
  	
  

Tzoufras,	
  PRL	
  101,	
  145002	
  (2008).	
  	
  

R>>2	
  

R	
  applies	
  also	
  to	
  nonlinear	
  wakes	
  and	
  has	
  important	
  implicaDons	
  
on	
  energy	
  transfer	
  efficiency	
  

When	
  Qw~QD	
  beam	
  loading	
  (wakefield	
  of	
  W	
  ~	
  wakefield	
  of	
  D),	
  i.e.,	
  
to	
  the	
  addiDon	
  of	
  the	
  bunches	
  wakefields	
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For	
  large	
  transverse	
  size	
  beams	
  (kpeσr>>1)	
  with	
  low	
  density	
  (nb<<ne0)	
  	
  

The	
  plasma	
  return	
  current	
  flows	
  through	
  the	
  bunch	
  and	
  is	
  not	
  relaDvisDc	
  

€ 

jb = qnbvb = ene0vp = j p

€ 

nb /ne0 <<1 ⇒ vp = nb /ne0( )vb << c

CFI	
  =>	
  kpeσr<1	
  otherwise,	
  transverse	
  filamentaDon	
  at	
  the	
  c/ωpe	
  scale	
  
Allen,	
  PRL	
  109,	
  185007	
  (2012)	
  

Linear	
  regime:	
  beam	
  space-­‐charge	
  field	
  exactly	
  compensated	
  by	
  plasma	
  e-­‐	
  displacement	
  
(charge	
  neutralizaDon	
  at	
  scales	
  >c/ωpe)	
  	
  

Charge-­‐neutralized	
  when	
  nb<<ne0	
  € 

F⊥tot = q Erb + vb ×Bθb + Erp + vb ×Bθp( )

Cancel	
  to	
  1/γ2	
   Focusing	
  term	
  when	
  return	
  current	
  
flows	
  through	
  the	
  bunch	
  

Danger:	
  
plasma	
  responds	
  at	
  c/ωpe-­‐scale	
  also	
  in	
  the	
  transverse	
  dimension	
  
Beam	
  and	
  plasma	
  return	
  current	
  are	
  opposite	
  currents	
  =>	
  repel	
  each	
  other	
  	
  

Current	
  
FilamentaDon	
  
Instability	
  

CFI	
  
(transverse)	
  

The	
  plasma	
  (tries	
  to)	
  neutralizes	
  the	
  bunch	
  charge	
  and	
  current	
  …	
  (lecture	
  1)	
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Linear	
  regime	
  	
  nb<<ne0	
  
• Focusing/defocusing	
  in	
  the	
  linear	
  regime	
  
• Fields	
  vary	
  in	
  r	
  and	
  x	
  =>	
  no	
  matching	
  condiDon,	
  no	
  emiAance	
  preservaDon	
  
• Symmetric	
  for	
  –	
  and	
  +	
  charges	
  

Non	
  linear	
  regime,	
  “blow-­‐out”,	
  bubble	
  regime	
  (LWFA)	
  	
  nb>>ne0	
  
• Pure	
  ion	
  column	
  
• Er~r,	
  Er	
  indep	
  of	
  x	
  =>	
  can	
  preserve	
  incoming	
  emiAance	
  of	
  e-­‐	
  witness/accelerated	
  bunch	
  
• There	
  is	
  a	
  matching	
  condiDon	
  

Charge-­‐neutralized	
  when	
  nb<<ne0	
  € 

F⊥tot = q Erb + vb ×Bθb + Erp + vb ×Bθp( )

Cancel	
  to	
  1/γ2	
   Focusing	
  term	
  when	
  return	
  current	
  
flows	
  through	
  the	
  bunch	
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+ + + + + + + + + + + + ++

+ + + +
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+ + + +

+ + + +

+
+

+

+
+ + + + +

ni	
  is	
  uniform	
  and	
  ni=ne0	
  

€ 

∇⋅E =
ρ
ε0

⇒ 2πrdzEr =
πr 2eni
ε0

⇒ Er =
1
2
ene0
ε0

r

Gauss	
  law	
  for	
  infinite	
  cylinder	
  (approximaDon)	
  € 

F⊥tot = q Erb + vb ×Bθb + Erp + vb ×Bθp( )

Cancel	
  to	
  1/γ2	
   =0,	
  no	
  current	
  inside	
  the	
  bunch	
  

The	
  focusing	
  field	
  varies	
  linearly	
  with	
  radius	
  	
  =>	
  focusing	
  free	
  of	
  geometric	
  aberraDons	
  
	
   	
   	
   	
   	
   	
   	
   	
   	
  =>	
  can	
  preserve	
  incoming	
  emiAance	
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ni	
  is	
  uniform	
  and	
  ni0=ne0	
  

€ 

Er =
1
2
ene0
ε0

r

MoDon	
  of	
  a	
  parDcle	
  in	
  the	
  ion	
  column:	
  

€ 

γmdv⊥
dt

= F⊥ ⇒ γmc2 d
2r
dz2

= e 1
2
ene0
ε0

r ⇒
d 2r
dz2

=
1
2γc2

e2ne0
mε0

r =
ω pe
2

2γc2
r =

k pe
2

2γ
r = kβ

2r

Harmonic	
  moDon	
  (no	
  energy	
  gain/loss)	
  

€ 

d 2r
dz2

= kβ
2r ⇒ r(z) = r0e

ikβ z =>	
  emission	
  of	
  betatron	
  radiaDon	
  (synchrotron)	
  

Examples:	
  SLAC	
  Ekin=28.56GeV	
  => γ~56’000	
  

€ 

ωβ =ω pe / 2γ =>	
  RelaDvisDc	
  (bunch)	
  e-­‐	
  radiates	
  at	
  high	
  frequencies	
  	
  

ne~2x1014cm-­‐3	
  =>	
  KeV	
  photons	
   Wang,	
  PRL	
  88,	
  135004	
  (2002)	
  

ne~2x1017cm-­‐3	
  =>	
  MeV	
  photons	
   Johnson,	
  PRL	
  97,	
  175003	
  (2006)	
  

See	
  K.	
  Ta	
  Phuoc	
  on	
  Friday	
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  is	
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  and	
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€ 

Er =
1
2
ene0
ε0

r

€ 

d 2r
dz2

= kβ
2r ⇒ r(z) = r0e

ikβ z

=>	
  ParDcles	
  oscillate	
  at	
  	
  

€ 

ωβ =ω pe / 2γ <<ω pe

€ 

λβ = 2γλ pe >> λ pe=>	
   ⇒  	
  the	
  beam	
  transverse	
  size	
  (envelope)	
  over	
  a	
  length/Dme	
  scale	
  
much	
  longer	
  than	
  the	
  plasma	
  

⇒  	
  Quasi-­‐staDc	
  approximaDon	
  used	
  in	
  computer	
  codes	
  …	
  
	
  (with	
  loss	
  of	
  some	
  physics,	
  must	
  decide	
  …	
  and	
  remember	
  …)	
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Patric	
  Muggli,	
  HEEAUP05,	
  06/08/05	
  

e-: ne0=2×1014 cm-3, c/ωp=375 µm	

 e+: ne0=2×1012 cm-3, c/ωp=3750 µm	



σr=35 µm	


σr=700 µm	



• Uniform	
  
	
  focusing	
  force	
  (r,z)	
  

Ν=1.8×1010	



• Non-­‐uniform	
  
	
  focusing	
  force	
  (r,z)	



d=2 mm	



Blow	


Out	



3σ0 beam	

Front	



Back	



3σ0 beam	

Front	



Back	



3-­‐D	
  QuickPIC	
  simulaDons,	
  plasma	
  e-­‐	
  density:	
  
e-­‐	
  &	
  e+	
  	
  BEAM	
  NEUTRALIZATION	



e- e+ 
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WAKEFIELD	
  FIELDS	
  	
  for	
  e-­‐	
  &	
  e+	
  

e- e+ 
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! (ps)
• Blow-­‐Out	
  

• AcceleraDng	
  “Spike”	



• Fields	
  vary	
  along	
  r,	
  stronger	



• Less	
  AcceleraDon,	
  “linear-­‐like”	
  

ne=1.5×1014	
  cm-­‐3	
  

homogeneous,	
  QUICKPIC	



σr=35 µm	


σr=700 µm	


Ν=1.8×1010	


d=2 mm	
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Patric	
  Muggli,	
  HEEAUP05,	
  
06/08/05	
  

24	
  

e-­‐	
  &	
  e+	
  	
  FOCUSING	
  FIELDS*	



Ex	
  (GV/m)	
  

0	



1500	
  

-­‐1500	
  

0	
  -­‐3750	
   3750	
  

x	
  
(µ
m
)	
  

z	
  (µm)	
  

e-	



Ex	
  (GV/m)	
  

0	



700	
  

-­‐700	
  

0	
  -­‐3750	
   3750	
  

x	
  
(µ
m
)	
  

z	
  (µm)	
  

e+	
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e+	



σx0=σy0=25	
  µm	
  
σz=730	
  µm	
  
N=1.9×1010	
  e+/e-­‐	
  
ne=1.5×1014	
  cm-­‐3	
  	
   	



*QuickPIC	
  

Linear,	
  no	
  abberaDons	
  

Non-­‐linear,	
  
abberaDons	
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25	
  

FOCUSING	
  OF	
  e-­‐/e+	
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e-­‐	



e+	



ne=0	

 ne≈1014	
  cm-­‐3	



2mm	



2mm	



• Ideal	
  Plasma	
  Lens	
  in	
  Blow-­‐
Out	
  Regime	



• Plasma	
  Lens	
  with	
  
AberraDons	
  

• Halo	
  formaDon	
  

• OTR	
  images	
  ≈1m	
  from	
  plasma	
  exit	
  (εx≠εy)	
  

QualitaDve	
  differences 	

 Muggli,	
  PRL	
  101,	
  055001	
  (2008)	
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An	
  opDcal	
  system	
  with	
  focusing	
  forces	
  varying	
  linearly	
  with	
  radius	
  (magnet,	
  plasma	
  ion	
  
column,	
  …)	
  preserves	
  the	
  emiAance	
  of	
  the	
  incoming	
  beam,	
  with	
  bi-­‐Gaussian	
  distribuDons,	
  
when	
  matched	
  …	
  

There	
  is	
  a	
  matching	
  condiDon,	
  for	
  example	
  for	
  the	
  beam	
  to	
  the	
  pure	
  ion	
  column	
  of	
  a	
  PWFA	
  (or	
  
LWFA)	
  

This	
  was	
  shown	
  in	
  the	
  simple	
  case	
  …	
  

But	
  these	
  statements	
  are	
  general	
  …	
  	
  

Let’s	
  find	
  an	
  equaDon	
  for	
  the	
  beam	
  propagaDon,	
  i.e.,	
  for	
  σx,y(r)	
  

Associate	
  the	
  velocity	
  distribuDon	
  of	
  the	
  bunch	
  parDcles	
  to	
  a	
  transverse	
  temperature	
  
(a	
  bit	
  strange	
  since	
  we	
  determined	
  that	
  relaDvisDc	
  parDcles	
  do	
  not	
  interact	
  …)	
  

Same	
  distribuDon	
  and	
  rms,	
  but	
  usually,	
  temperature	
  associated	
  with	
  collisions	
  
The	
  iniDal	
  emission	
  (cathode)	
  may	
  be	
  dominated	
  by	
  thermal	
  moDon,	
  cathode	
  temperature	
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  MoDon	
  of	
  a	
  single	
  parDcle	
  in	
  a	
  radial	
  focusing	
  force	
  (e.	
  g.,	
  ion	
  column)	
  

€ 

d 2r
dz2

= kβ
2r ⇒ r(z) = r0e

ikβ z =>	
  emission	
  of	
  betatron	
  radiaDon	
  (synchrotron)	
  

Beam/bunch	
  described	
  by	
  a	
  distribuDon	
  funcDon	
  f(r,v,t)	
  

Choose	
  a	
  parDcular	
  distribuDon	
  funcDon:	
  	
  

€ 

f r,v,t = 0( ) = f0e
−r2 2σr

2
e−v

2 2σv
2

Characterized	
  by	
  rms	
  widths	
  σx,	
  σx	
  and	
  corresponding	
  emiAance	
  εx=σxσv	
  /c	
  (at	
  waist)	
  	
  

What	
  is	
  the	
  evoluDon	
  of	
  the	
  distribuDon?	
  

Find	
  an	
  equaDon	
  for	
  the	
  evoluDon	
  of	
  σx,	
  assuming	
  εx	
  is	
  conserved	
  

Note:	
  this	
  assumes	
  the	
  distribuDon	
  (e.g.,	
  Gaussian)	
  is	
  also	
  preserved	
  …	
  

=>	
  Envelope	
  equaDon	
  

€ 

d 2r
dz2

− kβ
2r = 0 or d 2r

dz2
−
Fr
r

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ r = 0 and	
  write	
  equaDon	
  for	
  a	
  fluid	
  (i.e.,	
  distribuDon)	
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€ 

d 2r
dz2

− kβ
2r = 0 or d 2r

dz2
−
Fr
r

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ r = 0

Similar	
  equaDons!	
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Meaning	
  of	
  the	
  envelope	
  equaDon:	
  

€ 

σ r"+K
2σ r =

εg
2

σ r
3

When	
  	
   σr	
  is	
  large	
  …	
  

€ 

K 2σ r >>
εg
2

σ r
3 ⇒ σ r"≅ −K

2σ r the	
  beam	
  focuses	
  

When	
  	
   σr	
  is	
  small	
  …	
  

€ 

K 2σ r <<
εg
2

σ r
3 ⇒ σ r"≅

εg
2

σ r
3 the	
  beam	
  expands	
  

In	
  between	
  …	
  

€ 

σ r"=
εg
2

σ r
3 −K

2σ r = 0 matched	
  …	
  

with	
  

€ 

K 2 = kβ
2 =ωβ

2c2 =
ω pe
2 c2

2γ
⇒ ?? matching	
  condiDon	
  

Note:	
  there	
  is	
  a	
  more	
  general	
  envelope	
  equaDon	
  that	
  includes	
  acceleraDon,	
  …	
  

=>	
  the	
  beam	
  radius	
  does	
  not	
  change	
  if	
  	
  	
  

€ 

K = cst and σ '(z = 0) = 0
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SoluDon	
  to	
  the	
  envelope	
  equaDon	
  (for	
  the	
  Gaussian	
  beam	
  transverse	
  size	
  σr):	
  

€ 

d 2σ r

dz
+K 2σ r =

εg
2

σ r
3 ⇔ σ r"+K

2σ r =
εg
2

σ r
3 ⇒ σ r (z) =σ r0 1+

z2

β0
2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

1/2

=σ r0 1+
εg
2z2

σ 0
4

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

1/2

€ 

σ r0 =σ r (z = 0), β0 =
σ r0
2

εg

Simple	
  Beam	
  Envelope	
  Model	
  for	
  Plasma	
  Focusing	
  

•	
  σ at	
  plasma	
  exit	
  ≤	
  σ	
  at	
  entrance	
  

•	
  ParDcles	
  exit	
  angle	
  ∝	
  σx,y/λβ ∝ σx,yne1/2	
  Remove!	
  	
  

Plasma	
  Focusing	
  Force	
  >	
  Beam	
  “EmiAance	
  Force”	
  (βbeam>	
  βplasma)	
  

0

50

100

150

200

0 1 2 3 4 5
BeamFocusing(z).graph

No Plasma
n

e
=0.03!1014 cm-3 Plasma Lens

n
e
=1.5!1014 cm-3 3rd Betatron Pinch

" r (µ
m

)

z (m) λβ	



OTR	
  

Screen	
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SoluDon	
  to	
  the	
  envelope	
  equaDon	
  (for	
  the	
  Gaussian	
  beam	
  transverse	
  size	
  σr):	
  

Muggli,	
  PRL	
  93,	
  014802	
  (2004)	
  Clayton,	
  PRL	
  88,	
  154801	
  (2002)	
  

€ 

d 2σ r

dz
+K 2σ r =

εg
2

σ r
3 ⇔ σ r"+K

2σ r =
εg
2

σ r
3 ⇒ σ r (z) =σ r0 1+

z2

β0
2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

1/2

=σ r0 1+
εg
2z2

σ 0
4

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

1/2
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To	
  efficiently	
  drive	
  wakefields:	
  

€ 

k peσ z ≅ 2 and	
  

€ 

k peσ r ≤1

€ 

nb /ne0Can	
  reach:	
  

€ 

EWB =
mecω pe

2
or	
  a	
  fracDon	
  	
   of	
  that	
  

Rewrite:	
  

€ 

EWB =
mecω pe

2
=
mec

2k pe
2

≅ mec
2 2
σ z

≅ 0.7MeV 1
σ z

€ 

k peσ z =
ω pe

c
σ z ≅ 2 ⇒

nee
2

ε0mec
2 σ z

2 ≅ 2 ⇒ ne ≅ 2
ε0mec

2

e2
1
σ z
2 ≅ 5.65×10

13 1
σ z
2

Example:	
  	
  SPS	
  proton	
  (p+)	
  bunch,	
   	
  σz=12cm	
  
	
   	
   	
   	
   	
   	
   	
  =>	
  σr~8.5cm	
  
	
   	
   	
   	
   	
   	
   	
  =>	
  ne0=3.9x109	
  cm-­‐3	
  
	
   	
   	
   	
   	
   	
   	
  =>	
  EWB~6MV/m	
  

	
   	
  With	
  SMI	
   	
   	
   	
  =>	
  σr~200µm	
  
	
   	
   	
   	
   	
   	
   	
  =>	
  σz~283µm	
  
	
   	
   	
   	
   	
   	
   	
  =>	
  ne0~7x1014	
  cm-­‐3	
  
	
   	
   	
   	
   	
   	
   	
  =>	
  EWB~2.54GV/m	
  

€ 

σ r ≤
1
k pe

≅
σ z

2

Note:	
  must	
  also	
  consider	
  nb/neo	
  and	
  the	
  evoluDon	
  of	
  the	
  instability	
  ….	
  

SMI	
  takes	
  the	
  
wakefields	
  from	
  
the	
  MV/m	
  to	
  the	
  
GV/m	
  range!!	
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  Consider	
  the	
  plasma	
  as	
  a	
  harmonic	
  oscillator	
  with	
  an	
  eigen-­‐frequency	
  fpe=ωpe/2π	
  
(p+:	
  fpe~237GHz,	
  ωpe~1.23mm)	
  

The	
  oscillator	
  is	
  driven	
  by	
  a	
  Dme	
  signal	
  given	
  by	
  the	
  bunch	
  current	
  profile	
  

Therefore,	
  the	
  effecDveness	
  of	
  the	
  driving	
  is	
  given	
  by	
  the	
  amount	
  of	
  energy	
  at	
  frequency	
  fpe	
  
(in	
  a	
  narrow	
  bandwidth	
  around)	
  …	
  

Remember	
  linear	
  equaDon	
  for	
  the	
  plasma	
  density:	
  	
  

Filter/	
  
Plasma	
  

ExcitaDon/impulse	
  
f(t)	
  

s(t)	
  

Fourier	
  
Transform	
  

Inverse	
  
Fourier	
  
Transform	
  

F(ω)	
   R(ω)	
   S(ω)=F(ω)*R(ω)	
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!15 !10 !5 0 5 10 15
0

0.5

1
Original Signal

z

I b, n
b

10!2 10!1 100 101 102 1030

0.01

0.02

0.03

0.04
Fourier Transform

!

A
m

pl
itu

de

λpe	
  

EffecDve	
  
When	
  kpeσz~√2	
  

Single,	
  short	
  bunch	
  …	
  kpeσz~√2~1	
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Example:	
  bunch	
  with	
  σ=3	
  in	
  a	
  plasma	
  with	
  
plasma	
  wavelength	
  λpe=2	
  

!15 !10 !5 0 5 10 15
0

0.5

1
Original Signal

z

I b, n
b

10!2 10!1 100 101 102 1030

0.01

0.02

0.03

0.04
Fourier Transform

!

A
m

pl
itu

de
Long	
  bunch	
  in	
  high	
  plasma	
  density	
  …	
  kpeσz>>1	
  

Not	
  effecDve	
  
for	
  kpeσz>>1	
  
or	
  λpe<<σz	
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!15 !10 !5 0 5 10 15
0

0.5

1
Original Signal

z

I b, n
b

10!2 10!1 100 101 102 1030

0.005

0.01

0.015

0.02
Fourier Transform

!
A

m
pl

itu
de

!15 !10 !5 0 5 10 15
0

0.5

1
Original Signal

z

I b, n
b

10!2 10!1 100 101 102 1030

0.01

0.02

0.03

0.04
Fourier Transform

!

A
m

pl
itu

de

λpe	
  

Example:	
  bunch	
  with	
  σ=3,	
  modulated	
  with	
  
λ=2	
  	
  in	
  a	
  plasma	
  with	
  plasma	
  wavelength	
  
λpe=2	
  

λpe	
  

Not	
  effecDve	
   EffecDve	
  

=>	
  (self-­‐)ModulaDng	
  the	
  bunch	
  density	
  (nb~1/σr
2σz)	
  at	
  ~λpe	
  is	
  a	
  very	
  effecDve	
  

way	
  to	
  drive	
  larger	
  (than	
  in	
  the	
  kpeσz~√2	
  case)	
  wakefields	
  



P.	
  Muggli,	
  CAS	
  11/25/2014	
  

 Idea	
  developed	
  “thanks”	
  to	
  the	
  non-­‐availability	
  of	
  short	
  p+	
  bunches	
  

 Very	
  similar	
  to	
  Raman	
  self-­‐modulaDon	
  of	
  long	
  laser	
  pulses	
  
(LWFA	
  of	
  the	
  20th	
  century)	
  	
  

SELF-­‐MODULATION	
  INSTABILITY	
  (SMI)	
  

 CERN	
  p+	
  bunches	
  (PS,	
  SPS,	
  LHC)	
  ~12cm	
  long	
  

 EWB~ωpe~ne1/2	
  and	
  σz~ne-­‐1/2	
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 IniDal	
  small	
  transverse	
  wakefields	
  modulate	
  the	
  bunch	
  density	
  

 Associated	
  longitudinal	
  wakefields	
  reach	
  large	
  amplitude	
  
	
  through	
  resonant	
  excitaDon	
  

z=5cm,	
  e-­‐	
  

Eaccel~4%EWB	
   Eaccel~40%EWB	
  

Er-­‐cBθ	
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⎞ 

⎠ 
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Grows	
  along	
  the	
  bunch	
  &	
  along	
  the	
  plasma	
  
Pukhov	
  et	
  al.,	
  PRL	
  107,	
  145003	
  (2011)	
  
Schroeder	
  et	
  al.,	
  PRL	
  107,	
  145002	
  (2011)	
  

J.	
  Vieira,	
  IST	
  

J.	
  Vieira	
  et	
  al.,	
  Phys.	
  Plasmas	
  19,	
  063105	
  (2012)	
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SELF-­‐MODULATION	
  INSTABILITY	
  (SMI)	
  

 Longitudinal,	
  transverse	
  wakefields	
  ~nb	
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Growth	
  

SaturaDon	
  

Vieira	
  et	
  al.,	
  Phys.	
  Plasmas	
  19,	
  063105	
  (2012).	
  

Radial!	
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  longitudinal!	
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SELF-­‐MODULATION	
  INSTABILITY	
  (SMI)	
  
SMI/SMI-­‐based	
  experiments:	
  

Accelerator	
  Test	
  Facility,	
  Brookhaven	
  NaDonal	
  Laboratory,	
  USA	
  
E0=60MeV	
  e-­‐,	
  Q=50-­‐1000pC,	
  ne=1015-­‐1016cm-­‐3	
  

• Driving	
  of	
  wakefields	
  with	
  bunches	
  1,	
  2,	
  …,	
  5λpe	
  (Ez)	
  
• Seeding	
  of	
  the	
  SMI	
  
• Comparison	
  linear	
  PWFA	
  theory,	
  simulaDons,	
  experiments	
  

Fang,	
  PRL	
  112,	
  045001	
  (2014).	
  

SLAC	
  NaDonal	
  Accelerator	
  Laboratory,	
  USA	
  
E0=20GeV	
  e-­‐/e+,	
  Q=3nC,	
  ne=1016-­‐1017cm-­‐3	
  
• Radial	
  modulaDon	
  
• Energy	
  loss	
  gain	
  (GeVs)	
  
• Transverse	
  evoluDon	
  
• Seeding/	
  mode	
  compeDDon	
  

Vieira,	
  PoP	
  19,	
  063105	
  (2012)	
  

DESY-­‐PITZ	
  Zeuthen,	
  Germany	
  
E0=20MeV	
  e-­‐,	
  Q=pC,	
  ne=1015cm-­‐3	
  
• Radial	
  modulaDon	
  
• Seeding	
  
AWAKE	
  @	
  CERN,	
  CH	
  
E0=400GeV	
  p+,	
  Q=25nC,	
  ne=1015-­‐1015cm-­‐3	
  
• Radial	
  modulaDon	
  
• AcceleraDon	
  of	
  externally	
  injected	
  e-­‐	
  

AWAKE	
  Colab.	
  PPCF	
  56	
  084013	
  (2014)	
  

=>	
  Edda’s	
  talk	
  on	
  …	
  

Gros,	
  NIMA	
  740,	
  74	
  (2014)	
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FACET	
  @	
  SLAC:	
  Flagship	
  Experimental	
  Program	
  
• AcceleraDon	
  of	
  witness	
  e-­‐	
  bunch	
  with	
  GeV	
  gain	
  
• Narrow	
  energy	
  spread	
  
• Large	
  energy	
  transfer	
  efficiency	
  
• Beam	
  loading	
  

• AcceleraDon	
  of	
  e+	
  with	
  GeV	
  gain	
  
• EmiAance	
  preservaDon	
  

• External	
  injecDon	
  of	
  e-­‐	
  bunch	
  	
  
• AcceleraDon	
  of	
  e+	
  witness	
  bunch	
  on	
  e—driven	
  wake	
  …	
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“quality”	
  

Hogan, 
NJP 12, 

055030 (2010) 
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SLAC	
  
FACET	
  

E0" 2E0"

Blumenfeld, Nature 445, 741 (2007) 

“quanDty”	
  

42	
  =>	
  84GeV	
  in	
  85cm!	
  50GeV/m	
  

Experiment	
  

SimulaDon	
  

~E0	
  

∆E<<E	
  

E200	
  

ne=2.3x1017cm-­‐3	
  

σz~20µm	
  

Litos,	
  Nature	
  515,	
  92	
  (2014)	
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The	
  PWFA	
  is	
  a	
  very	
  interesDng	
  and	
  acDve	
  research	
  topic	
  

Barely	
  scratched	
  the	
  surface	
  of	
  the	
  topic	
  

Many	
  topics	
  were	
  not	
  addressed	
  (but	
  may	
  be	
  in	
  other	
  lectures):	
  
• Linear	
  –	
  non	
  linear	
  –	
  quasi-­‐linear	
  theory/regimes	
  
• Transformer	
  raDo	
  
• Beam	
  loading	
  
• Energy	
  transfer	
  efficiency	
  
• Collider-­‐related	
  issues	
  …	
  
• Etc.	
  …	
  

There	
  is	
  a	
  large	
  body	
  of	
  results	
  …	
  (theory,	
  simulaDons,	
  experiments)	
  

Thank	
  you!	
  


