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1) Introduction
Mechanism of Landau damping
A single oscillator with resonant frequency
ωr reacts to a pulse excitation with a free
oscillation. A harmonic excitation with ω,
after some transient, gives forced oscillation
at the same frequency but a phase which
depends on ωr−ω. For ω = ωr the oscillation
amplitude grows linear with time.
We take a set of oscillators having resonant
frequencies ωrj with distribution f(ωr). A
pulse excitation gives each oscillator the
same initial velocity ẋ(0) followed by a free
oscillation with ωrj. For impedances or beam
observation the center-of-mass motion
is relevant. Due to their different ωri the
oscillating particles change phase with respect
to each other and the center-of-mass motion
is slowly reduced.

The coherent center-of-mass motion is
’damped’ while the incoherent motion of
the particles continues. This damping is faster
the larger the spread of resonant frequencies.
It differs from other damping mechanisms and
the decay is usually not exponential.
For a harmonic excitation the phases of the
individual oscillations are different and depend
on ω−ωrj leading to some cancelation which
reduces the amplitude of the center-of-mass
motion.
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Treatment of Landau damping
Landau damping can be understood from dif-
ferent points of view. We treat it here in a
manner close to beam observation and exper-
iment.
The fields induced by the center-of-mass mo-
tion are modified by the beam surroundings
(impedance) and act back on the beam. This
can lead to an instability with a threshold de-
termined by the beam response. Below this
threshold the frequency spread eliminates any
coherent motion at infinitesimal small
amplitudes. Above, the voltage induced in
the resistive part of the impedance leads to
an increase of initial coherent motion and we
have an instability.

The amount of Landau damping depends on
the frequency distribution f(ωr) or its deriv-
ative at the frequency ω of the instability.
It can happen that the coherent (center-of-
mass) motion has a different frequency than
the individual particles and Landau damping
becomes ineffective.
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2) Response of an oscillator-set to excitation
Response to a pulse excitation
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ωrωr0

f(ωr)

∫
f(ωr)dωr = 1

Set of oscillators j with ωrj get at
t = 0 kick with ẋj(0

+) = ẋ0 and do
free oscillations with different ωrj

and fixed amplitude x̂j = ẋ0/ωrj

ẋj(t) = ẋ0 cos(ωrjt)

xj = x̂j sin(ωrjt)

Response of single particle and center-of-mass
ẋj(t)〉 = ẋ0 cos(ωrt), xj = (ẋ0/ωrj) sin(ωrjt)

〈ẋ(t)〉 = ẋ0

∫
f(ωr) cos(ωrt)dωr ∝ inv. FT

narrow distribution ∆ωr = ωr − ωr0 � ωr0

〈ẋ(t)〉 = ẋ0

∫
f(ωr0 + ∆ωr) cos((ωr0 + ∆ωr0)t)dωr

g(t) = 〈ẋ(t)〉/ẋ0 = cos(ωr0t)I1(t) + sin(ωr0)I2(t)

= cos(ωr0t − φ)E(t), (E(t) = envelope)

with inverse Fourier integrals

I1(t) =
∫
f(∆ωr) cos(∆ωrt)dωr

I2(t = −
∫
f(∆ωr)) sin(∆ωrt)dωr

g(t) ∝F−1
cos(f(∆ωr)) cos(ωr0t)

−F−1
sin (f(∆ωr)) sin(ωr0t)

E(t) =
√
I2
1(t) + I2

2(t)

The center-of-mass velocity response g(t) of frequency distribution f(∆ωr) to a pulse excitation
is proportional to its inverse Fourier transform times oscillation at ωr0.
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Single oscillator response to harmonic excitation
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Velocity response of single oscillator with
ωr to a pulse excitation at a time t0 is

ẋ(t) = ẋ0 cos(ωr(t − t0)).

Use harmonic excitation at ω starting at t1
and lasting to observation time t.

Done by small kicks with harmonic modulation

dẋ0 =
dˆ̇x

dt0
cos(ωt0)dt0 = Gdt0 = Ĝ cos(ωt0)dt0

with acceleration G(t). Velocity at time t is

ẋ(t) = Ĝ
∫ t
t1

cos(ωt0) cos(ωr(t − t0))dt0.

Call T = t − t0, T1 = t − t1,
develop cos(ω(t − T ))

ẋ(t)

Ĝ
= −

∫ 0
T1

cos(ω(t − T )) cos(ωrT )dT =
∫ T1
0 (cos(ωt) cos(ωT ) + sin(ωt) sin ωT )) cos(ωrT )dT,

=
1

2


cos(ωt)

sin((ωr − ω)T1)

ωr − ω
− sin(ωt)

1 − cos((ωr − ω)T1)

ωr − ω


 , ( used (ωr − ω)/ωr � 1

= cos(ωt)rsr(ωr) + sin(ωt)rsi(ωr).

Velocity and acceleration are in phase for the first, resistive, term, but out of phase for the
second, reactive, term.

cas07ld-05



−40

−20

0

20

40 rsrω ωT1 = 80

resistive response

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

......................................
.............................................

.................................................
.......................................................

.........
..........
..................................................................

......
.....
........
........
........
........
........
........
........
........
........
.....
......
......
........
............
...................................................................................................................................................................

.........
.........
..........
.........................................................

...........
.................................................

.....................................................
....................................................................................

..............................
..............................

.......
.............................

......
......
......
..................

................................................
....................................

......
......
.....
....
....
.....
......
......
......
......
......
.....
...
...........................................

.....
......
.............................

...................................
..............................

.............

−20

0

20
rsrω ωT1 = 60

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..................................
.......................................................

.............................................................
............
................................................................

.........
........
........
.........
.........
........
.........
.........
.........
..........
........
.......................................................................................................................................

..........
..........
..................................................................

........................................................................
...............................................................................

....................................
........................................

......
......
................................................................................

......
......
......
......
......
......
......
......
......
......
........................................

........
....................................

...........................................
.....

−20

0

20 rsrω ωT1 = 40

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.......................................................................................................
.......................................................................................

...........
..........
.........
.........
..........
..........
...........
.................................................................................................................................

...............
...............................................................................................

.................................................................................
.................................................

........
..............................................................................

......
......
......
......
......
......
...........

................................................
........................................................

−40 −20 0 20 40
−20

0
rsrω ωT1 = 20

(ωr − ω)/ω
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

.

.

.

.

.

.

.

.

.

.

.................................................................................................................................................
.....................

....................
........................

............................................................................................................................................................................................................................
....................................................................................

.......................................................................................................................
.............

............
..............

..............................................................................

−40

−20

0

20

40 rsiω ωT1 = 80

reactive response

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..................................................
.............................................

..................................................
............................................................

.........
..........
......................................................................................................

.........
........
........
........
........
........
........
.........
.........
.........
........
........
........
........
........
........
........
.........
.........
......................................................................................................

.........
..........
....................................................

..........................................................
......................................................

.................................................
..........................

.............................
...............................

......
.....................................

....
......
......
......
......
......
......
..................................................................................................................

......
......
......
......
......
.....
...
...................................

.....
........
...........................

...............................
.................................

....

−20

0

20
rsiω ωT1 = 60

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.................................................
........................................................

................................................................
...........
.................................................................................................

......
.........
........
........
........
........
.........
........
........
........
........
........
.......
........
..................................................................................................

............
.................................................................

.........................................................................
....................................................................

....................................
.........

..............................
......
......
......
......
......
......
..........................................................................................

......
......
......
......
......
......................................

.........
.....................................

....................................

−20

0

20 rsiω ωT1 = 40

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..............................................................................................................................
.........................................................................................................

..........
..........
.........
.........
.........
.........
.........
..........
............
........................................................................................................

......................................................................................................................................................................
...................................................

.......
.......
.......
......................................................................................

.......
.......
.......
.......

................................................
..........................................

−40 −20 0 20 40
−20

0
rsiω ωT1 = 20

(ωr − ω)/ω
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

.

.

.

.

.

.

.

.

.

.

............................................................................................................................................................................................................
...................

..................
...................

..........................
...................................................................................................................................................................................................................................................

.................
....................................................................................................................................

..................
......................................................

We plot the single oscillator response
as a function of ∆ω = ωr − ω for dif-
ferent excitation times T1 It becomes
concentrated around ωr = ω where its
resistive part has a maximum and the
reactive one goes through zero.
The fast oscillation for large T1 aver-
ages while integrating over f(ωr) giv-
ing with

∫∞
−∞ dx sin(ax)/x = π

rsr =
sin((ωr − ω)T1)

2(ωr − ω)
≈





∞,ω = ωr

0 ,ω 6= ωr

≈π

2
δ(ωr − ω)

rsi = −1 − cos((ωr − ω)T1)

2(ωr − ω)
≈





0 ,ω = ωr
1

2(ωr−ω) ,ω 6= ωr

ẋ = Ĝ cos(ωt)rsr(ωr) + sin(ωt)rsi(ωr)ẋ(t) ≈ Ĝ

2


cos(ωt)πδ(ωr − ω) − sin(ωt)




1

ωr − ω




ω 6=ωr



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Oscillator set response to harmonic excitation
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ωrωr0

f(ωr)

f(ωr) =
1

N

dN

dωr
∫ ∞
0 f(ωr)dωr = 1

The velocity of the center-of-mass
motion is obtained by integrating
the single oscillator response over
the distribution

ẋ(t) ≈ Ĝ

2


cos(ωt)πδ(ωr − ω) − sin(ωt)




1

ωr − ω




ω 6=ωr




〈ẋ(t)〉 =
∫ ∞
0 ẋ(t, ωr)f(ωr)dωr

〈ẋ(t)〉
Ĝ

=
1

2


cos(ωt)πf(ω) − sin(ωt)PV

∫ ∞
−∞

f(ωr)dωr

ωr − ω




= cos(ωt)rr(ω) + sin(ωt)ri(ω)

PV
∫ f(ωr)

ω − ωr
dωr = lim

ε→0



∫ ω−ε
−∞

f(ωr)

ωr − ω
+

∫ ∞
ω+ε

f(ωr)

ωr − ω


 dωr

This response to harmonic excita-
tion is called transfer function.
Its resistive part is proportional to
the distribution at ω and vanishes
therfore if the excitation frequency
lies outside the distribution f(ωr).

Remember: ωr is the resonant frequency of a particle in the distribution,
ω the frequency of excitation.

cas07ld-07



Short derivation using complex notation

cos(ωt) =
ejωt + e−jωt

2
→ ejωt

2
, −∞ ≤ ω ≤ ∞

ẍ + ω2
rx =

Ĝ

2
ejωt , (−ω2 + ω2

r)x =
Ĝ

2
ejωt

x =
Ĝejωt

2(ω2
r − ω2)

=
Ĝejωt

4ω




1

ωr − ω
− 1

ωr + ω




〈x〉+
Ĝ

=
ejωt

4ω

∫ ∞
0

f(ωr)

ωr − ω
dωr ,

〈ẋ〉+
Ĝ

= jω
〈x〉+
Ĝ

∫ ∞
−∞

f(ωr)dωr

ωr − ω
= ±jπf(ω) + PV

∫ f(ωr)dωr

ωr − ω

Use complex notation with positive and
negative frequencies.

Displacement response, single oscillator.
For ω > 0 only first and for ω < 0 only
second term is large. Taking the first and
integrating over f(ωr)
Integration over pole gives PV (princi-
ple value) integral plus imaginary residue.
Resolve sign ambiguity by ẋ(−∞) = 0

for ω > 0
〈ẋ〉+
Ĝ

=
ejωt

4


πf(ω) + jPV

∫ ∞
−∞

f(ωr)

ωr − ω
dωr




for ω < 0
〈ẋ〉−
Ĝ

=
e−jωt

4


πf(ω) − jPV

∫ ∞
−∞

f(ωr)

ωr − ω
dωr




〈ẋ〉+
Ĝ

+
〈ẋ〉−
Ĝ

=
1

2


cos(ωt)πf(ω) − sin(ωt)PV

∫ ∞
−∞

f(ωr)

ωr − ω
dωr


 , (agrees with previous)
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Response for a Gaussian frequency distribution

f(ωr) =
1√

2πσω
e
−∆ω2

r
2σ2

ω ,
∫ ∞
−∞ f(∆ωr)dωr = 1

g(t) =
cos(ωrt)√

2πσω

∫ ∞
−∞ e

−∆ω2
r

2σ2
ω cos(∆ωrt)dωr = e−

σ2
ωt2

2 cos(ωr0t)

rr(ω) =
∫ ∞
0 e

−∆ω2
r

2σ2
ω cos(∆ωt)dt =

π√
2πσω

e−∆ω2/2σ2
ω

ri(ω) =
∫ ∞
0 e

−∆ω2
r

2σ2
ω sin(∆ωt)dt =

√
2

σω
e
−∆ω2

2σ2
ω
∫ ∆ω√

2σω)
0 et′2dt′

frequency distribution

pulse response
g(t) = E(t) cos(ωr0t)

transfer function, from FT of
E(t), Dawson integral
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Landau damping of oscillator set
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Center-of-mass motion of oscillator set is mea-
sured by detector, amplified signal is fed to a
kicker which produces an acceleration Gs in
phase with velocity. Can lead to growing os-
cillation, i.e. negative feed-back system.

〈ẋ〉
G

= [rr + jri] =
1

2


πf(ω) + jPV

∫ f(∆ωr)

ωr − ω
dωr




=




π√
2πσω

e−∆ω2/2σ2
ω + j

√
2

σω
e−(∆ω/σω)2/2

∫ ∆ω/(
√

2σω)
0 et′2dt′




〈ẋ〉 = G
π√

2πσω
, for ∆ω = 0

Center-of-mass velocity re-
sponse to acceleration
G = Ĝ exp(jωt)

Take excitation at central
frequency ∆ω = 0. ri = 0

〈ẋ〉 = k〈ẋ〉 π√
2πσω

k <

√√√√√√
2

π
σω, stable.

Replace external G by the one of feed-back Gs = k〈ẋ〉, assume
a gain k just sufficient to keep oscillation going.
This maximum gain k still giving stability is proportional to
frequency spread. Landau damping suppresses an accidental
coherent oscillation at infinitesimally small levels.
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3) Transverse coasting beam instability
Oscillation modes
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θ

A coasting beam of N particles circulates with
ω0, current I = eNω0/(2π) in a ring of uni-
form focusing. Each particle executes a beta-
tron oscillation of Qω0

θi = θ0i + ω0t , yi(t) = ŷ cos(Qω0(t − ti)).

Depending on the phases Qω0ti between ad-
jacent particles we have different modes. We
choose a form as seen at fixed location θ

y(t) = ŷ cos(nθ − ωt) , y(0) = ŷ cos(nθ).

Frozen in time t = 0 gives closed wave with
n periods. Following a particle θs(t) = θ0 +
ω0t gives betatron oscillation with frequency
Qω0.

ys = ŷ cos(nθ0 − (ω − nω0)t)

= ŷ cos(nθs − Qω0t)

giving for the frequency ω seen by stationary
observer

ω = (n+Q)ω0 = ωβ with −∞ < n < ∞.

Divide modes into fast and slow waves ac-
cording to sign of phase difference between
adjacent particle

ωβf = (nf + Q)ω0 , nf > −Q

ωβs = (ns − Q)ω0 , ns > Q.
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Effect of momentum spread

Betatron frequencies of beam with nominal momentum:

ωβf = (nf + Q)ω0 , ωβs = (ns − Q)ω0,

for ωβf close to ωβs, nf 6= ns. Through

∆E

E
= β2∆p

p
= −β2

ηc

∆ω0

ω0
, and ∆Q = Q′∆p

p

they are affected by a momentum deviation

∆ωβf = (Q′ − ηc(nf + Q))ω0
∆p

p

∆ωβs = (Q′ − ηc(ns − Q))ω0
∆p

p
.

resulting in two frequency distributions f(ωβf), f(ωβs).
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Response of narrow particle string
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Excite a ring of monoenergetic particles

ÿ + ω0Q
2y = Ĝ cos(ωt)

Seek solution y(t) = ŷ cos(nθ − ω), drive particles
not at ω0Q but close to either the fast or slow wave
ωβf = (nf + Q)ω0 or ωβs = (ns − Q)ω0, here
nf = ns = n.

(
−(nω0 − ω)2 + Q2ω2

0

)
ŷ cos(nθ − ωt) = Ĝ cos(ωt)

ŷ =
Ĝ

ω2
0Q

2 − (nω0 − ω)2
=

−Ĝ

(ω − ω0(n + Q)(ω − ω0(n − Q)

=
−Ĝ

(ω − ωβf)(ω − ωβs)
=

Ĝ

2ω0Q




1

ω − ωβs
− 1

ω − ωβf


 .



ŷ

Ĝ



f
≈ − 1

2ω0Q




1

ω − ωβf


 ,



ŷ

Ĝ



s
≈ 1

2ω0Q




1

ω − ωβs


 .

substituting into diff. equa-
tion

excite and observe at θ = 0

gives response,
excite fast wave ω ≈ ωβf ,
first term much smaller
than second and vice versa,
responses have opposite
sign, discussed later.
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Response of the whole beam
The whole beam has frequency distribution
f(ωβf) and f(ωβs) Using G(t) = Ĝejωt The
center of mass responses in displacement and ve-
locity are related 〈ẏ〉 = jω〈y〉

〈ˆ̇y〉f = −j
Ĝω

2Qω0

∫ f(ωβf)

ωβf − ω
dωβf)

= − Ĝω

2Qω0


πf(ω) + jPV

∫ f(ωβf)

ωβf − ω


 dωβf

〈ˆ̇y〉s = j
Ĝω

2Qω0

∫ f(ωβs)

ωβs − ω
dωβs

=
Ĝω

2Qω0


πf(ω) + jPV

∫ f(ωβs)

ωβs − ω


 dωβs

The term πf(ω) is real, exciting accelera-
tion and responding velocity are in phase
resulting in an absorption of energy and
damping, called Landau damping. It is
only present if the excitation frequency ω
is within the frequency distribution of the
individual particles. The second term is
imaginary and gives the out-of-phase re-
sponse being of less interest.
The spread in betatron frequencies is given
by the momentum spread and the depen-
dence of revolution frequency ω0 and be-
tatron tune Q on momentum deviation
∆p/p. It is therefore determined by an ex-
ternal parameter which is not affected
by the excitation of betatron oscillations.
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Measuring the beam response
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A
φ

Vertical TF of an unbunched beam in the ISR

The center of mass displacement response
can directly be measured with a network
analyzer. Here, we derived the velocity re-
sponse which is more transparent for un-
derstanding the resistive and reactive be-
havior of the beam. In measurements the
displacement is observed and our equation
have to be converted to analyze the results.
Due to cable delays the real and imaginary
part of the response are often mixed. It
is easier to measure amplitude and phase
response and correct the latter off-line.
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Beam response measurement at upper and lower side-band
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Transverse impedance
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~B

transverse

ZT (ω) = j

∫ (
~E(ω) + [~v × ~B(ω)]

)

T
ds

Ix(ω)

= −
ω
∫ (

~E(ω) + [~v × ~B(ω)]
)

T
ds

Iẋ(ω)

Response to applied G of fast and slow wave

〈ẋ〉f = − Gω

2Qω0


πf(ω) + jPV

∫ f(∆ωr)

ωr − ω
dωr




〈ẋ〉s =
Gω

2Qω0


πf(ω) − jPV

∫ f(∆ωr)

ωr − ω
dωr




induced fields in ZT give Gs averaged over 2πR

Gs =
e
∮ (

~E(ω) + [~β × ~B(ω)]
)

T
ds

2πRm0γ
=

−eZTI〈ẋ〉
γm02πRω
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Stability limit

〈ẋ〉s = − Gω

2Qω0


πf(ω) − jPV

∫ f(∆ωr)

ωr − ω
dωr




= − Gω

2Qω0

π√
2πσω

e
−∆ω2

2σ2
ω


1 + j

2√
π

∫ ∆ω√
2σω)

0 et′2dt′



ZT = − ω

I〈ẋ〉(ω)

∮ (
~E(ω) + [~β × ~B(ω)]

)

T
ds

Ĝs = − eZTI〈ẋ〉
γm02πRω

response of the slow wave

take Gaussian distribution

f(ωr) =
1√

2πσω
e
−∆ω2

r
2σ2

ω , ∆ω = ω − ωr

voltage induced in ZT gives accelera-
tion Gs If Ĝs = Ĝ, self sustained os-
cillation without drive, threshold.

〈ẋ〉s = − Gω

2Qω0

π√
2πσω

= − ecZTrI〈ẋ〉
4πQm0c2γ

1 =
ecZTrI

4
√

2πσωQm0c2γ
, ZTr ≤

4
√

2πσωQm0c
2γ

ecI

use ∆ω = 0, get only real response

stability condition
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Stability diagram

For the general complex response and impedance
the stability condition can be expressed as a dia-
gram by relating the beam parameter against the
inverse response of the beam, i.e. inverse ampli-
tude plotted against the negative phase, inverse
Nyquist diagram.

slow wave:
jecIZT (ω)

4πQE
≤ 1

∫ f(ωβs)

ωβs−ω
dωβs

fast wave:
jecIZT (ω)

4πQE
≥ −1

∫ f(ωβf)

ωβf−ω
dωβf

.

Relation between complex impedance and com-
plex beam response to excitation. If impedances
inside central curve we have stability, outside an
instability. Curve itself represents threshold.
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sideband
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•
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•

•

•

•

•1
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•3

•

•

•
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4) Longitudinal coasting beam instability
Dynamics
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∆ω0/ω0 = − ηc

β2

∆E

E
f0(∆E) → F0(∆ω0)

At t = 0 we pulse ex-
cite mode

δE = δE0 cos(nθ), at t = 0, pulse excite mode

f(0+) = f0(∆E + δE) ≈ f0(∆E) +
df0(∆E)

dE
δE

= f0 +
df0

dE
δE0 cos(nθ),

f(t) = f0 +
df0

dE
cos(nθ − ωrt)

ωr = ω0 − ω0ηc∆E/E

I(t) = Neω0

∫
f(∆E)dE = I0 + I1(t) current.
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Response to a harmonic excitation
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≈ U(t) = U0e
iωt

∆E

E
= − 1

ηc

∆ω0

ω0
, ∆ω0 = ωr − ω0

I(t) = Neω0

∫
f(∆E)dE = I0 + I1(t)

I1(t) ∝ eiωt = U(t)(rr(ω) + jri(ω))

I1(t) =
−jNe2ω3

0U(t)

2πβ2E

∫ dF0/dω0

ω − nω0
dω0
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Longitudinal stability limit

I1(t) =
Ne2ω3

0U(t)

2πβ2E


π

dF0

dω0
(ω) − jPV

∫ dF0(ω0)/dt

ω − nω0
dω0




1 =
Ne2ω3

0ηZ(ω)

2πβ2E



πdF0

dω0
(ω) − PV j

∫ dF0(ω0)/dt

ω − nω0
dω0




]

Response is perturbed current
I1(t) = U(t)(rr(ω) + jri(ω))
Stability limit if I1(t) induces in
Z(ω) just voltage used to ex-
cite beam U(t) = I1(t)Z(ω)

−1 0 1
−1

0

1

2

...........................................................................................................................................................................................................................................................................................................................................................................................................................................

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
....................

................
..............
.............
...........
...........
..........
..........
..........
..........
.........
.........
.........
.........
.........
.........
........
.........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
...

U ′

V ′

•

••

•• x1 = 2

0

1

−2

−1

Mapping between complex impedance and complex response
presented as stability diagram.
Separate beam and distribution form parameters.

I0 =
Neω0

2pi
, δp = half width half height

S = ηω0
δp

p
spread, x =

ωr − ω0

S
, x1 =

ω − nω0

nS

g0(x) =
2πSF0(ωr)

N
,
∫
g0(x)dx = 1.

1 = −[V ′ + iU ′]


π

dg0

dx
(x1) − iPV

∫ df
dx

x − x1
dx


 , [V ′ + iU ′] =

eI0Z(ω)/n

2πβ2E0η(∆p/p)2
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Longitudinal stability criterion (Keil-Schnell)

Stability diagrams, (A. Ruggiero, V. Vaccaro)

We separate effects due the distribution form and the
ones due to beam and accelerator parameters and got
the normalized stability diagram

V ′ + iU ′ =
eI0Z(ω)/n

2πβ2E0ηc(δp/p)2

= −

π

dg0

dx
(x1) − iPV

∫ df
dx

x − x1
dx




−1

Approximate these diagrams by circel of radius 0.6,
get Keil-Schnell stability criterion

∣∣∣∣∣∣∣

Z

n

∣∣∣∣∣∣∣
≤ 2πβ2Eηc(δp/p)2

eI0
.
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Measured coasting beam responses

Transverse: In each side-band the
phase changes by π. The resistive re-
sponse in is positive for the slow and
negative for the fast wave.
Longitudinal: Each revolution har-
monics gives a 2π phase change.
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6) POTENTIAL WELL BUNCH LENGTHENING
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V (t)
V̂RF

t

bunch

We take a parabolic bunch form

Ib(τ ) = Î


1 −

τ 2

τ̂ 2


 =

3πI0

2ω0τ̂


1 −

τ 2

τ̂ 2




dIb

dτ
= −3πI0τ

ω0τ̂ 3
, I0 = 〈Ib〉,

V = V̂ (sin φs + hω0 cos φsτ ) +
3πI0Lτ

ω0τ̂ 3
, Lω0 =

∣∣∣∣∣∣∣

Z

n

∣∣∣∣∣∣∣

V = V̂


sin φs + cos φshω0


1 +

3π|Z/n|0I0

hV̂ cos φs(ω0τ̂ )3


 τ




ω2
s0 = −ω2

0hηceV̂ cos φs

2πE

ω2
s = ω2

s0


1 +

3π|Z/n|0I0

hV̂RF cos φs(ω0τ̂ )3




∆ωs

ω0
=

ωs − ωs0

ωs0
≈ 3π|Z/n|0I0

2hV̂RF cos φs(ω0τ̂0)3
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V (t)
V̂RF

t

bunch

ω2
s

ω2
s0

= 1 +
3π|Z/n|0I0

hV̂RF cos φs(ω0τ̂ )3

ωs − ωs0

ωs0
=

∆ωs

ωs
≈ 3π|Z/n|0I0

2hV̂ cos φs(ω0τ̂0)3

Only incoherent frequency of single particles
is changed (reduced for γ > γT , increased for
γ < γT ), but not the coherent dipole (rigid
bunch) mode. This separates the two.
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V (t)
V̂

t

bunch

Reduction of ωs reduces longitudinal focusing
and increases the bunch length

τ̂ = ε̂ηc/ωs , τ̂ 2 = τ̂ ε̂ηc/ωs = Esηc/ωs

rel. energy spread ε̂, long. emitt. Es = τ̂ ε̂
Protons: Es= constant, τ ∝ 1/

√
ωs

small:
∆τ̂

τ̂0
≈ −∆ωs

2ωs0
≈ − 3π|Z/n|0I0

4hV̂ cos φs(ω0τ̂0)3
,

or:


τ̂

τ̂0




4

+
3π|Z/n|0I0

hV̂ cos φs(ω0τ̂0)3



τ̂

τ̂0


− 1 = 0

Electrons: ε̂= const. by syn. rad. τ̂ ∝ 1/ωs

small:
∆τ̂

τ̂0
≈ −∆ωs

ωs0
≈ − 3π|Z/n|0I0

2hV̂ cos φs(ω0τ̂0)3
,

or:


τ̂

τ̂0




3

− τ̂

τ̂0
+

3π|Z/n|0I0

hV̂ cos φs(ω0τ̂0)3
= 0
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5) Bunched beams - Landau damping by non-linearities

In bunched beams the frequency spread is mostly
due to non-linearities which make the oscillation fre-
quency dependent on amplitude. The calculation is
more complicated but usually only the amount of
spread is of interest.
Example: synchrotron oscillation with parameters E0,
T0 = 2π/ω0 and φs = hω0ts = π with deviations
ε = ∆E/E0 ≈ ∆p/p0 and φ = hω0τ .
next approximation, developing sin φ ≈ φ − φ3/6,

seeking solution of the form φ = φ̂ cos(ωst)

(−ω2
s + ω2

s0)φ̂ cos(ωst) − φ̂3ω2
s0 cos3(ωst)/6 = 0

using cos3 x = (3 cos x + cos(3x))/4, neglecting
higher harmonics gives

ωs

ωs0
=

√√√√√√1 − 1

8
φ̂2 ≈ 1 − 1

16
φ̂2,

∆ωs

ωs0
= −φ̂2

16
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V (φ)
V̂

bunch

................................................................................................................................................................................................................................................................................................................................................................................................................ ............... ..................................................................... ...............

φφs

linear:

φ̈ + ω2
s0 sin φ = 0 ,

ω2
s0

ω2
0

=
ηcheV̂

2πE0

φ � 1 → φ̈ + ω2
s0φ = 0 solution

ε = ε̂ cos(ωs0t) , τ = τ̂ sin(ωs0t)

0

1

−6 −4 −2 0 2
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........
........
........
........
........
........
........
.

R = 8
σ2

φ

∆ωs

ωs0

exp(−R)

frequency distribution
.............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
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Increase Landau damping - double RF-system
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Double RF-system with n=3
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Single RF-system
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0

I(φ)

Two RF-systems ωRF and nωRF , φs ≈ π,

V (φ) = −V̂1 sin φ + V̂n sin(nφ) with V̂n/ = V̂1/n

V (φ) ≈ V̂1


−


φ − φ3

6


 +

1

n


nφ − n3φ3

6







= −V̂1
n2 − 1

6
φ3

φ̈ + ω2
s0

n2 − 1

6
φ3 = 0 , ωs ∝ φ̂

φ̇2

2
+ ω2

s0

n2 − 1

24
φ4 = H = constant

I(φ) = Î exp


−ω2

s0

n2 − 1

24σ2
φ̇

φ4




ωs0 and ωs are synchrotron frequencies of basic and double RF-system. There strong amplitude
dependence gives large spread and Landau damping. The flat voltage leads to a long bunch.
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Landau damping by double RF
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