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Luminosity Run of a typical storage ring:

LHC Storage Ring: Protons accelerated and stored for 12 hours
distance of particles travelling at about v = ¢
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=> guide the particles on a well defined orbit (,,design orbit“)
> focus the particles to keep each single particle trajectory
within the vacuum chamber of the storage ring, i.e. close to the design orbit.




Transverse Beam Dynamics:

0.) Introduction and Basic Ideas

4 « in the end and after all it should be a kind of circular machine*
- need transverse deflecting force

Lorentz force F =q (BK+Vvx B )

typical velocity in high energy machines: y~c=3*10" "
s

old greek dictum of wisdom:

But remember: magn. fields act allways perpendicular to the velocity of the particle
= only bending forces, = no , beam acceleration*

The ideal circular orbit y

S

circular coordinate system

condition for circular orbit:

N\
Lorentz force F, =evB
?_g,
2
F _ y m,v > e
centrifugal force centr o
= foiditv!!
ym, v\ Bp beam rigidity
= \B




1.) The Magnetic Guide Field

Dipole Magnets: LY
. . u,nl 7T
define the ideal orbit B = 5
homogeneous field created @ 1= :;/\l/
by two flat pole shoes o ;/ 1
yoke

convenient units:

B= [T]= [Lsz} p= [GeV] Example LHC:
m c
B=8.3T
p=70002Y

10 c
Tz o Normalise magnetic field to momentum:
) | eB

0 P_g, — L_¢B
; : — e p P

field map of a storage ring dipole magnet
The Magnetic Guide Field
1 83V, 835 310/

e =
x10° eV *10° m?>
P 7000%10 4 7000%10° m

1. 0.3 83
P 7000/ m
p=253km —— 2mp=17.6km B=1.8T
=66%
rule of thumb: B [T] whormalised bending strength“

1
— =03
P plGeV/cl




2.) Quadrupole Magnets:

required:  focusing forces to keep trajectories in vicinity of the ideal orbit

linear increasing Lorentz force

linear increasing magnetic field B ,=8X B =gy
normalised quadrupole field:

gradient of a _ 2u,nl
quadrupole magnet: n
- k=%
ple
( T/ m) LHC main quadrupole magnet
simple rule: k=031
p(GeV /c) g=~25.220T/m
what about the vertical plane: UxB :% %ﬁ{ -0 _ 0B, _ B,
.. Maxwell ox ay

3.) The equation of motion:
Linear approximation:
*ideal particle

> design orbit

* any other particle 2 coordinates x, y small quantities
Xy <<p

> magnetic guide field: only linear terms in x & y of B
have to be taken into account

Taylor Expansion of the B field:

2 . .
B,(x) =B, + dB, s ld liy ) leg3 norma/lésit;momentum
2! dx 3ldx P P
B(x) _ B, g*x 1 eg” 1 eg”"
ple B,p ple

20 p/e 3! ple




The Equation of Motion:

only terms linear in x, y taken into account dipole fields

Bx) _1 kx4 D 2 —xP+
ple P 2!

5

i " g %

quadrupole fields

Separate Function Machines:

Split the magnets and optimise
them according to their job:

bending, focusing etc

Example:
heavy ion storage ring TSR
man sieht nur

dipole und quads > linear

Equation of Motion:

Consider local segment of a particle trajectory

... and remember the old days:
(Goldstein page 27)

radial acceleration:
_dp_ (doY
= Pl

general trajectory: p 2> p +x

2

d
F=mF(x+p)—

2
my

X+p

= eBy

v

Ideal orbit:

p = const,

Force: F=mp(%) =mpw

F=mv/p




2 2

® 4 -
F(x+p)=Ex ... as p = const

@ remember: x =mm ,p=m ... > develop for small x

1 l r 1) Taylor Expansion
Xtpopop 700 = 7o)+ T ) SN
2 2
m4 T a-Yy-eBy
dt P
guide field in linear approx.
dB, d’x mv* X )
B,=B,+x axJ a7 —7(1—*)—8" B,+x m
dzf_ﬁ(l_i)=e"30+evxg
dt p P m

independent variable: t — s

dx _ dx ds

dt ds dt

dzx_d dx ds\ d (dx ds\ds

dr’ dt\ ds dt ds\ ds dt ) dt
NN
x' v

dzx ”_.2 d

=X VvV +— v
dr S
2
v x evB evx
x"v——(0=-)= o 4 g i

o o




*

my my
, 1 x B, xg
x _;"' pz = ple + ple normalize to momentum of particle
B, 1
” 1 1 Y
x" = +i2=— +k x ple P
P g
-k
ple

x"+x(L2—k)=0
0

Equation for the vertical motion:

1 . .
—=0 no dipoles ... in general ...

o

k < -k quadrupole field changes sign

y'+ky=0
Remarks:
" 1
* X + (72 -k)-x=0 ... there seems to be a focusing even without
a quadrupole gradient
wweak focusing of dipole magnets
k=0 - X' =— i X even without quadrupoles there is a retriving force
,02 (i.e. focusing) in the bending plane of the dipole magnets

... in large machines it is weak. (!)

180° spectrometer
magnet \

Mass spectrometer: particles are separated
according to their energy
and focused due to the 1/p

effect of the dipole

lon source




% Hard Edge Model:

X"+ {Lz — k} x=0 ... this equation is not correct !!!
" 1 k -0 bending and focusing fields ... are functions
x'(s)+ p2 (s) —k(s)} x(s) = of the independent variable ,,s“

Inside a magnet we assume constant focusing
properties !

6014-88 MP|

1
— =const k = const

Magn. Induktion B (T)

Field or mulhipole component

Hard edge model

/

True field shape B
\

4 |
L Central value

Bl,, ={Bds / 7 \#L

Lens y
[ Steel length | |
4.) Solution of Trajectory Equations
2
Define ... hor. plane: K = 1/ p -k )
x"+Kx=0

...vert. Plane: K =k

Differential Equation of harmonic oscillator ... with spring constant K

Ansatz: x(s) =a, -cos(ws) + a, *sin(ws)

general solution: linear combination of two independent soluti

X'(s) = —a,w sin(w s) + a,w cos(w s)

x"(s) = —a,w* cos(ws) - a,w” sin(ws) = —w*x(s) — w=JK

general solution:

x(s)=a, cos(\/fs) +a, sin(\/fs)




determine a; , a, by boundary conditions:

x(O)=x, , a=x
s=0 — X,

X0 =x, , ay=

=

Hor. Focusing Quadrupole K > 0:
1
x(s) = x, -cos(q/‘K‘s) + X} -fsin(ql‘K‘s)
I8
X'(8) = —xq /| K| -sin({/| K |s) + x{, - cos(J| K |s)

For convenience expressed in matrix formalism:

X X
=M, *
(x,)sl r (x,)sl)

cos(\/@s) \/‘1?‘ sin(ﬁs

- ‘K‘sin( ‘K‘s) cos(\/@s)

foc™

hor. defocusing quadrupole:

x"-Kx=0

Remember from school:

f(s)=cosh(s) ,  f'(s)=sinh(s)

Ansatz: x(s) = a,-cosh(ws) + a, -sinh(w s)

1
coshd‘K‘l sith‘K‘l
JIK|
JIK|sinh(f[K]1  cosh,f|K]

def oc™

drift space: 1/
K=0 Mdrift= (0 1

! with the assumptions made, the motion in the horizontal and vertical planes are
independent , ... the particle motion in x & y is uncoupled“




Thin Lens Approximation:

cos \/WI ! sin \/Wl

matrix of a quadrupole lens M = \/W

—\/W sin \/WI cos \/WI

in many practical cases we have the situation:

1
f= ﬁ >> lq ... focal length of the lens is much bigger than the length of the magnet

q

limes: I, — O whilekeeping k1, = const

1 O 1 0

... useful for fast (and in large machines still quite accurate) ,,back on the envelope
calculations* ... and for the guided studies !

Transformation through a system of lattice elements
combine the single element solutions by multiplication of the matrices

M

total =

(x) =M(s2,51)*(x,)
X s2 X s1

MQF *Mp *MQD M pena * Mps_

B g O\ "
8T, gt focusing lens

dipole magnet

[ _i\ .
e J J defocusing lens
%sz;:,/ court. K. Wille

x(s)t

typical values
in a strong
foc. machine:

x~=mm,x’ < mradt
2

10



5.) Orbit & Tune:

YASP DV LHCRING / INJ-TEST-NB / beam 1
=

Tune: number of oscillations per turn | AWWMMW W w . # WHV\WM]%M%

£

64.31

59.32 S

Relevant for beam stability: M’W]L;';%LMMWW%Mm%‘ﬁw%%wﬂ

non integer part

nnnnnnn

LHC revolution frequency: 11.3 kHz 0.31*11.3kHz=3.5kH?

Question: what will happen, if the particle performs a second turn ?
... or a third one or ... 10" turns

Teilchenbahnen und Enveloppe

T T T T T T T T T T T T T T T T

100
T

¥/mm ———>

-100

s/m ———>

11



Astronomer Hill:

differential equation for motions with periodic focusing properties
wHill‘s equation

Example: particle motion with
periodic coefficient

equation of motion: xX"(s) = k(s)x(s)=0

restoring force # const, we expect a kind of quasi harmonic
k(s) = depending on the position s oscillation: amplitude & phase will depend
k(s+L) = k(s), periodic function on the position s in the ring.

6.) The Beta Function
General solution of Hill s equation:

@D x(s)=eJB(s) cos@(s)+9)

& @ = integration constants determined by initial conditions

P(s) periodic function given by focusing properties of the lattice < quadrupoles

B(s+L)=p(s)

Inserting (i) into the equation of motion ...
° ds

Y(s)=[——

{ B(s)

Y(s) = ,,phase advance“ of the oscillation between point ,,0“ and ,,s“ in the lattice.
For one complete revolution: number of oscillations per turn ,, Tune*

1 . ds
285w

12



7.) Beam Emittance and Phase Space Ellipse

general solution of @ x(s)=+e VB(s) cosy (s)+¢)
Hill equation \/;

@ 0= fo(s) cost (s)+ 9) +sin(y () + ) }
from (1) we get .
X als)= 2B (s)
cos(y (s)+¢) = 7\/; '7/3(5) - 1+ a(s)
Insert into (2) and solve for ¢ Bs)

£ =7(s) X*(s) + 2a(s)x(s)x'(s) + B (5) x"* (s)

* & is a constant of the motion ... it is independent of ,,s“
* parametric representation of an ellipse in the x x* space
* shape and orientation of ellipse are given by a, f, y

Beam Emittance and Phase Space Ellipse

£ =7(s) X7 (5) + 2a(s)x(s)x'(s) + B (5) x* (s)

area in phase space is constant.

A = m*e=const

Jor
/

Liouville: in reasonable storage rings

& beam emittance = woozilycity of the particle ensemble, intrinsic beam parameter,
cannot be changed by the foc. properties.
Scientifiquely speaking: area covered in transverse x, x’ phase space ... and it is constant !!!

13



Phase Space Ellipse
x(s) =e [ B(s) cosfy (s)+ ¢}

x " at that position ...?

particel trajectory:

o) =\ —

max. Amplitude:

£ =y (s) xX7(5) +20(5)x(5)x'(s) + B(s) X*(S)  and solve forx*

e=y-ef+2aef - x' + Bx"”
— X' =-a-e/B

... put X(s) into

< A high p-function means a large beam size and a small beam divergence. !
... etviceversall!
% In the middle of a quadrupole f = maximum, ,
a = zero x=0
... and the ellipse is flat

Phase Space Ellipse
-1,
a(s)=—F)
£ =7(8) x*(8) + 2a()x(s)x'(5) + B(5) x”(s) )
v(s) = l+a(s)
B(s)
2 2.2
— =2 +20-xx' + B-x"
B
X+ _ 2
...solve forx” x|, = %

x
dx' Jer
... and determine %' via: =0
dx /

shape and orientation of the phase space ellipse
depend on the Twiss parameters ff o y




Emittance of the Particle Ensemble:

X(s) = \/z\/m cos(W(s)+¢)

#(s) = Ve JB(s)

1
/ Gauf o(x) = N-e '875?
Particle Distribution: 27 o,

particle at distance 1 ¢ from centre — 68.3 % of all beam particles

single particle trajectories, N = 10 '! per bunch

vertical: ov gy =24.376 um

2 T T T T T T

150 N

s

05~

o s 1 1 1

02 015 01 -005 0 005 o1

LHC: 0 =.Je*f =+/5%10"°m*180m = 0.3 mm

015 02

aperture requirements: r ,= 10 * ¢

8.) Transfer Matrix M

. yes we had the topic already

x(s) =/e [ B(s) cosfy (s) + ¢}

general solution \/_
of Hill's equation , -Ve .
f q x'(s) = m [a(s)cos{zp(s)+¢}+ sm{1p(s)+¢}]
s
remember the trig etrical gymnastics: sin(a +b) = ... etc

x(s) = \/;\/F\ (cosws cos¢ —siny, sin¢)

xX'(s)= i[(xs COSY, COS P — 0t siny, sing + sinyy cos¢ + cosyy, sin ¢]

starting at point s(0) =s,, where we put ¥(0) =0

%o

By ,
sin¢=—f(xﬂ/>7+j"ﬁﬁ)
0

cos¢g =

inserting above ...

15



x(s) = \/g’{coszp: +a, sinz/;s}x0 + {/ﬁsﬁo siny, }x(’J

U 1 : ﬁ() : !
X'(s) = ——=—=1y —a, Jeosy, —(1+aya,)siny, rx, + [=-1C0SY  —a, siny, rx
,—ﬁs B, {( 0 ) 0 } 0 B, { } 0

x X
which can be expressed ... for convenience ... in matrix form ( ,) =M ( ,)
x X
s 0

% (cosy, +aysinyp, ) BBy siny
0
M=

(g —ay)cosy = (1+aya, )siny,

W % (cosws —o siny )
sIF0

* we can calculate the single particle trajectories between two locations in the ring,
if we know the a f y at these positions.
* and nothing but the a f y at these positions.

* ces @ * Agquivalenz der Matrizen
9.) Periodic Lattices B : -
) ﬁ—‘ (cossz +a, siny ) BBy siny
0
M=
o, —a)cosy, —(1+aya, )siny, .
(2 -a,) wbﬂ; )0t ) SInY %(cosws—axsmws)
VFsF0
- T ST =
Hadronenphysik: i ~2.-;/~¢ ~ \ =
cpsers 8T SYL = : . . .
N i, N » This rather formidable looking
= i SEetanerin N matrix simplifies considerably i
7o\ 9 p ly
Booster- {1\ i \ Synchrotronlicht we consider one complete revolution ...“
[ spmsmarn Y\ \
6 G ’ -\ ' &
L«.Mi \V/ Ly % /o
i N, — ‘ //
AL e N T
DELTA Electron Storage Ring
cos + o sin sin
M(S) _ Y urm ' s Y tum ﬂs 1//1.,7,. s+L ds W o =P hase advance
=Y Sy, COSY 4y = A SINY P = f B(s) per period
1 ds
0-3.f
Tune: Phase advance per turn in units of 2n 27 B(s)

16



Stability Criterion:

Question: what will happen, if we do not make too
many mistakes and your particle performs
one complete turn ?

/
Matrix for 1 turn:
M= COSl/}mm +‘as Simplum ﬁ.\' Sinmen - COSI/«" l 0 + Sin'l/l a ﬂ
_y.\' qu}lurn coswmm - a: smwlurrl 0 1 _y -a
—— —
1 J
Matrix for N turns:

MY =(1-cos1/1 +J~sin1/})N =1-cos Ny +J -sin Nyp

The motion for N turns remains bounded, if the elements of MN remain bounded

vord o ol = (e )

stability criterion .... proof for the disbelieving collegues !!

i i 10 a
M for 1 o[ W B ) c(,sw.( ) ; sinz/)( ﬁ]
=Y sy, COSY = O SINY 01 -
—

Matrix for 2 turns: I J

M? = (I cosy, +J siny, ){I cosy, +J siny, )

= I’ cosy, cosyp, + IJ cosy, sinyy, + JI siny, cosy, +J 7 siny, sinyp,

el RS L L

0 1 -y -—a -y -«

R B R
-y -—oa) {0 1 -7y -a

(¢ B\a B\_ (- aB-pa)_(-1 0 7
-y —al \-y -a] \-ya+ay o*-yp 0 -1

M? =1 cos(y, +v,) +J sin(y, +v,)

1J=J1

M? =1 cos(2p) +J sin(2y)

17
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10.) Transformation of a, f, y - N\ o

consider two positions in the storage ring: s, , s

[e] 1,

M=t T
m,, om,, e —

Betajdnction na Stora;ge Ring

£=pB.x"+2axx +y x*

since & = const (Liouville): ; , ; s ,
€ = Boxy +20X, X + 7%,

... remember W= CS™-SC" =1

x e
x) x' X, =M, X -m,x
0 s ] 227 12
[—

X., = =01, X 4, X
m,, -m, : : '
M=
—m, my,

£= B (m X =my, xX) + 2ag (my,x = m,x)m, x5 = m, X) 4y, (my,x = m,x")°

... inserting into &

sort via x, x ‘and compare the coefficients to get ....

The Twiss parameters a, f, y can be transformed through the lattice via the
matrix elements defined above.

1

P(s)=m] B, =2m m, e, +m,y,
a(s) =—m,m,, f, + (m m,, +nm m,)a, -m,m,y,
y(8) =m;, B, = 2m, m,, a, + m;, v,

in matrix notation:

2 2 2 !
i m, ~2m,m,, mp, i
al =|-mm, m.m, +m,m, -m.,m,|*|a !
y) . m;, ~2m,,m,, m;, Y),

1.) this expression is important

2.) given the twiss parameters a, f, y at any point in the lattice we can transform them and
calculate their values at any other point in the ring.

3.) the transfer matrix is given by the focusing properties of the lattice elements,
the elements of M are just those that we used to calculate single particle trajectories.

4.) go back to point 1.)

18



II.) Acceleration and Momentum Spread

The , not so ideal world "

Remember:
Beam Emittance and Phase Space Ellipse:

equation of motion: x"(s)-k(s) x(s)=0

x(s) = e {JB(s) cos@ (s)+ )

o= gﬂ =~"mm"

general solution of Hills equation:
beam size:

£ = 7(5) X () + 2a()x(5)x'(5) + B(5) x(5) als)= 5 B )
_ 1+a(s)

B(s)

7(s)

* & is a constant of the motion ... it is independent of ,,s*
* parametric representation of an ellipse in the x x‘ space
* shape and orientation of ellipse are given by a, 3, y

.

19



11.) Liouville during Acceleration

£ =7(8) x*(s) + 2a(5)x(s)x'(5) + B(5) x”(5) o

Beam Emittance corresponds to the area covered in the / /)

X, x " Phase Space Ellipse / \/— x
e

Liouville: Area in phase space is constant.

But so sorry ... & # const!

Classical Mechanics:

Pphase space = diagram of the two canonical variables
position & momentum

X px

_oL

Y ; L=T-V =kin. Energy— pot. Energy
q;

J

According to Hamiltonian mechanics:
Pphase space diagram relates the variables q and p

q = position =x _ 1 X
- = oy = v= s Bo=—
P = momentum = ymv = mcyf, | V2 c
T
Liouvilles Theorem: f pdq = const
for convenience (i.e. because we are lazy bones) we use in accelerator theory:
, dx dxdt
X =7=77=ﬂ where f=v./c
ds dtds f
[ pda=me[yp.dx
f pdq=mcyp f x'dx , 1 the beam emittance
- = €= f xdx o F shrinks during
e acceleration ¢~1/y

20



Nota bene:

1.) A proton machine ... or an electron linac ... needs the highest aperture at injection energy !!!
as soon as we start to accelerate the beam size shrinks as y -2 in both planes.

o=\

2.) At lowest energy the machine will have the major aperture problems,

2 here we have to minimise

B

LHC Error Analysis MAD-X 3.00.03 03/12/08 10.32.07

5000.
4500. B- B
3.) we need different beam 4000. 1
optics adopted to the energy: 3500. }
A Mini Beta concept will only 2000, }
be adequate at flat top. 2500. ]
2000.
00 e e e e 1500.
550.
500. 1000. 4
450. 500.
400.
0.0
S 0.0 8.01 16.02 24.03
by Momentum offset = 0.00 %
250. s(m) [*10*% 3)]
200.
150. LHC mini beta
100. .
oy optics at 7000 GeV
%060 81 16.2 243 LHC injection
Momentum offset = 0.00 % s(m) [%10%% 3)] optics at 450 GeV
Magnet—gr
8 T T
Example: HERA proton ring -
3t §
injection energy: 40 GeV y=43
flat top energy: 920 GeV y =980
to ;
emittance ¢ (40GeV) =1.2*10-7
£(920GeV) =5.1*10"
8L i
1
Magnet—gqr 8 A L
2 F100 —-50 o 50 100
- Anzohl Sigma 7
7 6 beam envelope at E = 40 GeV
8|t _
E o
2t y
1
g . 1 )
F100 =50 o 50 190 ... and at E = 920 GeV

Anzahl Sigma 7

21



12.) The,, Ap /p # 0“ Problem

Linear Accelerator

Energy Gain per ,Gap":

W =qU,sinwg.t

drift tube structure at a proton linac

* RF Acceleration: multiple application of
the same acceleration voltage;
brillant idea to gain higher energies
... but changing acceleration voltage

1928, Wideroe

Problem: panta rhei /Il
(Heraklit: 540-480 v. Chr.)

Example: HERA RF:

A=60cm
sin(90”) =1
A ©0") AU _6010°
sin(84°) = 0.994 U
. . 10107
typical momentum spread of an electron bunch: p

Bunch length of Electrons = Icm

v =500MHZ} A=60cm
c=Av

22



13.) Dispersion: trajectories for Ap /p # 0

Force acting on the particle

2
my
—— =eBv
xX+p

dZ
F=m—-(x+p)-
dtz( P)

remember: x =mm ,p =m ... > develop for small x

2 2
m T 1-)-eBy
dt 14

¥

consider only linear fields, and change independent variable: t — s B, =B,+x p
x

exg

ooLta-xy_eBo
5 B

... but now take a small momentum error into account !!!

p=pstdp

Dispersion:
1 1
develop for small momentum error Ap << p,=>——=—— g;
Po+AP  p, P

" ~€ B0 B, _ A—’; eB, + xeg _ xeg—

1 x
X ——+—
P P Po Po Do
—— —— S a—

" 1 1
x x=A—pi — x+x(—2—k)=£—
P Po P

Momentum spread of the beam adds a term on the r.h.s. of the equation of motion.

= inhomogeneous differential equation.




Dispersion:
x”+x(iz—k)=A—p'i
P pp

x,(s)+K(s) x,(s)=0
€(5)= 5,05 N

2(s) + K () x,(s) = 2P
o p

general solution:

Normalise with respect to Ap/p:

D(s) = x;(s)

AV
p

Dispersion function D(s)
* is that special orbit, an would have for Ap/p =1
*the orbit of any particle is the sum of the well known x; and the dispersion

* as D(s) is just another orbit it will be subject to the focusing properties of the lattice

Dispersion
Example: homogeneous dipole field

Matrix formalism:

e.g. matrix for a quadrupole lens:

( figr | . [y \
cos((Kls  —=sin(y[Kls| ¢ s
M, _l \ \I\IK[ \ |_ - l
i cine Ko et Nele J \C 5

| =yIK[sin(y|K]s  cos(ylK]s |

x(s)=x5(s)+D(s) Ap

p £ -le 5 )25 o)
5() = C(5) %, + ()3 + D(s) 2. ¥), e s\x), e\
p

24



or expressed as 3x3 matrix

x c S D
X | =|C" S DI
) \ooo o

Example HERA

Xg = 1..2mm

D(s)=1..2m

A7z1-10‘3
»

Calculate D, D’

D(s) = S(s) f%C(§)d§ - C(s) f%S(§)d§
s0 s0

Amplitude of Orbit oscillation

contribution due to Dispersion = beam size
= Dispersion must vanish at the collision point ,
[

sl sl

(proof: see appendix)

Example: Drift

Example: Dipole

cos(\/@s)

Mfoc=
—JIK]sin([K]s)
/ .1
cos— psin—
MDipole = 1 /
—-—sin— cos—

PP

s1 s1

D(s) = S(s) f%C(i)dE - C(s) f%S(g)dg
s0 s0
i ~0

1 1
sin(,/‘K‘s K=T><

VIK] P

cos(J‘K‘s) o s=1,

D(s)=p-(1- cosi)
1

D'(s)= sini
0

25



Example: Dispersion, calculated by an optics code for a real machine

x, =D(s) A
p

* D(s) is created by the dipole magnets
... and afterwards focused by the quadrupole fields

pre+ , Protonsn Luminced Ogkik o@zz htD2 B, 920 Gev

VB —-y

TTEA NN ;
a \ 100 200 \ E 00 E=) BOG 00 s
Mini Beta Section, D(s)~1.2m
=2 no dipoles !!!

Dispersion is visible

HERA Standard Orbit

Maschine - NERA D protnen Lo
o Comm RS wen
[Gosedone =] [sam <] Xihe| 00 [ BB Swm 44 swn[ ox

e[ D [ pne T e [

o =575 ey
MBEEAN  DUOBEBZ e awel [ G0 s bpon

S o
fommmaomrmiing <] o ] ] o ] st e “Soe e

HERA Dispersion Orbit

dedicated energy change of the stored beam

2 closed orbit is moved to a Bt i 10 ity

. . . Pritng Optionen Korekturen Offsats Save Fle Select Fle  Set Optics  Sek Bunch Orbk View  Expart.
dispersions trajectory

0.

- - LTS
; /r TS, IWY | - N :

xD=D(s)*A—p
p

FTI e I o B T | T P

e T T e e T T T T |_;._.‘....,,.,

Attention: at the Interaction Points v o e
ire D=D "= 0 <] Scratchs <] ieoey 2053 || 23312 | 9"'"" ‘-‘7 Status [“wrong

we require D=D "= e Eperie | L[ [T | b e [T

Feb 08 23.09:16 2006 20060208 2307:15 dplp  awe | [1482 | [goladen] hpHOn Relesse | " E
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14.) Momentum Compaction Factor: a,

particle with a displacement x to the design orbit : particle trajectory
2 path length dl ... _. ...........

dal _p+x

ds 0 design orbit

- dl=(1+ X )ds
p(s)

circumference of an off-energy closed orbit

X
Ly = §dl =§| 1+ 2L | ds remember:
frf{ s )
x5 (8) = D(s) 2
p
* The lengthening of the orbit for off-momentum
Ap ~ D(s)
Olyp =—— d. particles is given by the dispersion function
P p(s) and the bending radius.
Definition: ol, =q &
L " p
1 . D(s)
- a,=— f
L ( p(s) )
— = const.

For first estimates assume:

fD(S) ds = lz(dipales) .<D>dipole

dipoles
1 1 1 1 27 <D>
a,=— Lo (D)—=—2mp-(D)— — ~=— (D)=L
» Lz(dp1)<>p L p<>p a, L<> R
Assume: V=C
oT 41, Ap a,, combines via the dispersion function
- T L oy 7 the momentum spread with the longitudinal

motion of the particle.




15.) Gradient Errors

Matrix in Twiss Form ‘ —

g .
ay ?%. -‘iﬁ" g
Transfer Matrix from point ,,0 in the g’ RoSS g
lattice to point ,,s“: } / [ .»';Q\'-‘

B8y

i o K ;,‘

%
B (cosy, +at,sinp,) JB.By siny,
M(s)= 9
O (- kosty, -1+ aa)sing,  [By

(cos(y, —a,siny,)

VB.Bs B,

For one complete turn the Twiss parameters
have to obey periodic bundary conditions:

cosy, . +da, siny B, siny
M (s) = turn s turn s turn

- )/s Sinws COSWmm - as Sin’l/Jmm

B(s+L)=pB(s)
a(s+L)=a(s)
y(s+L)=y(s)

Quadrupole Error in the Lattice

optic perturbation described by thin lens quadrupole

1 0\ [cos +asin sin
Mdist = MAk . MO = ( ).( wﬂll‘n wl"rﬂ [‘), l/)lllfn

Akds 1 -y Slnwmm COSWmm -a SIHU)tum
H_J — _
—~—
quad error ideal storage ring

cosy, +asiny, psiny,
Akds(cosy, +asiny,) -y siny, Akdsfsiny, +cosy, —asiny,

dist =

rule for getting the tune

Trace(M) = 2cosy =2cosy, + Akdsf siny,,
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Quadrupole error > Tune Shift

Y=y, +AY  _, cos(y,+Ay)=cosy, +

2

Akds B siny,

remember the old fashioned trigonometric stuff and assume that the error is small !!!

cosy, cosAy —siny, sin Ay =cosy, +
=1 ~ A’(/}
Ay = kd2s/3’

and referring to Q instead of y:

Y =210

_ L Ak(s)B(s)ds

A
¢ 4

s0

n

m

2

kds 5 siny,,

the tune shift is proportional to the p-function
at the quadrupole

field quality, power supply tolerances etc are
much tighter at places where p is large

mini beta quads: p & 1900 m
arc quads: p » 80 m

B is a measure for the sensitivity of the beam

a quadrupol error leads to a shift of the tune:

5 02 027 03 03 03 031 03 05 026 027 018 01 03

Example: measurement of f§ in a storage ring:
tune spectrum

Akﬁ(s) ds ~ AquuadB

f 4 45
s0
GIl06 NR
y=-6.7863x + 0.3883
0.3050
0.3000
0.2950
&
3
< 0.2900
0.2850
—
0.2800

0.01250

0.01300

0.01350
KL

0.01400 0.01450
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16.) Chromaticity:
A Quadrupole Error for Ap/p # 0

Influence of external fields on the beam: prop. to magn. field & prop. zu 1/p

Bdl
dipole magnet o= L
ple

focusing lens
r.:,: '.::i:;no el particle having ...
to high energy
to low energy
ideal energy
Chromaticity: Q'

]7 p=p,+Ap
e

in case of a momentum spread:

k=——8 € Py g Ak
Po+Ap py Py
Ak =22
Py

... which acts like a quadrupole error in the machine and leads to a tune spread:

AQ--1 2P

Dy

k,B(s)ds

definition of chromaticity:

1
AQ =0 % ; Q'=—Efk(s)ﬁ(s)ds




. what is wrong about Chromaticity:

Problem: chromaticity is generated by the lattice itself !!

Q'is a number indicating the size of the tune spot in the working diagram,

Q' is always created if the beam is focussed
> it is determined by the focusing strength k of all quadrupoles

oL
o'=- fh(s)B(s)ds

k = quadrupole strength
P = betafunction indicates the beam size ... and even more the sensitivity of

the beam to external fields

Example: LHC
>Some particles get very close to

0'=250 resonances and are lost
Ap/p=+/-0.2 *107
40=10.256 ... 0.36 in other words: the tune is not a point

it is a pancake

Correction of Q':

Ap
1.) sort the particles acording to their momentum xp(s) =D(s) 7

2.) apply a magnetic field that rises quadratically with x (sextupole field)

B, =gxz

oB OB ~ linear rising
S =—_==28x radient®:
0z ax »8 ;

1. 5 2
B, =—g(x" -z
B 2g( )

Sextupole Magnets:

\z
- Eisenjoch

ax
ple

Eisenjoch

sext =m

sext.

Ap

O S 'A({)\A' ! ksext = m,vext.D7

corrected chromaticity: Q' = - % f {K (s)- mD(s)}ﬁ(s)ds
T

normalised quadrupole strength:
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Chromaticity in the FoDo Lattice

0 =+ fk(5)(s) ds

S { } ! f - ! E
Lo i (l+sinw""' )L (l—sinq""")L
p-Function in a FoDo . 2 3. ;
I siny,.,
0= -1 N «B-B
4 fo
[L(l +sin ey _ 11— sin Yot )
. =1 1 5 -
Q=N+ 2 2
e fe sinpu

using some TLC transformations ... & can be expressed in a very simple form:

p -1 -
Q.= = *tan ¥
R 2

contribution of one FoDo Cell to the chromaticity of the ring:

Ly 2Lsin”
Q' - N* B 2
4 fo sinyr,,
L sin L
Q' - -1 N* 1 > 2
4 fo  sin U"_" " cos w‘""'
| Ltan Weet
-1 _ 2
fo  sin ,,,',7,.,

remember ...

. X X
sinx = 2sin—cos —
2 2

putting ...

sinFeetl o L
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Chromaticity

0 - fK(s)B(s)ds

question: main contribution to ¢ in a lattice ... ?

hpl8ite+
1600

1400

1800

1000

B/m

Bon 1 tion. region

BO0

400

200 Foy

17.) Résume:
beam rigidity:
bending strength of a dipole:
focusing strength of a quadrupole:
focal length of a quadrupole:
equation of motion:

matrix of a foc. quadrupole:

1
cos/|K | —sin.,/|K|/
e K| T VIK|
-JIK|sin|K[l cos K]l

B-op=P"
%

L1y 0298 B
14 p(GeV/c)

([n?]- 0.2998- g

" p(GeV/c)
1
f=7
k-,
x"+Kx=lA—p
pp
x52 =M'xs1
1 0
, =L,
f
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, 1
Resume’: beam emittance: € x——

By
beta function in a drift: B(s) =By =205 +7,5°
... and fora =10 /3(3)=/J’0+S.
By
particle trajectory for Ap/p + 0 x4 x(i —k)= Ap 1
inhomogenious equation: P’ po P
... and its solution: x(s) = xg(s) + D(s)~A—p
p
momentum compaction: ol _ a, Ap a,, ~ 2—”<D> ~ )
L p P L R
" AK ()P (s)ds
: AQ= [ SN
quadrupole error 0 J; o
, 1
chromaticity: Q-=- EfK ($)B(s)ds
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