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Direct Space Charge - Fields

1...charge density in Cb/m? Electric Magneﬂc
A... constant line charge 7 a’n N 5
I...constant current A3c = 7 a’nfc E=E, B = B(p
y a...beam radius N N N
X divE = curlB=p,J
€ /‘

Current density (Bcn)

[[[aivEdv=[[EdS §Brdp=[[curlBdA

Volume eleét

cylinder radius r cross section
length | radius r

Apply these integrals over

f’rl=E 2rrl B, 2m=p,r’nfen
80

’ I r | r
D N cross Er = 5 B(P = T
dA = ="Na/ section 2ne,Pe a 2ne,c” a
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Force on a Test Particle Inside the Beam

o el
Y 2meg,Pey’a’ Space
o el charge
"~ Jng poy’a’ force

Q circular beam

O uniform charge density

QF,, F,linear in x, y

Q force = O fory » 1 (B=2>1)

U defocusing lens in either plane
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Defocusing
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Defocusing
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Space Charge in a Transport Line

x"+K(s)x =0 Transport line with quadrupoles

X"+ (K(s) + K- (s))x =0 Transport line with quadrupoles and space charge

2
. d*x 1 d°x 1 @ 2r,1 r o= C
=== =———X where 0=y 2
ds Boc” dt Bcm,y eaP’yc né,m,C
Quadrupole
(Hor. Foc.)

SRE U

In a transport line, the Fx‘

focusing by quadrupoles is
counteracted by space charge,
making focusing weaker

Focusing
Linear
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Incoherent Tune Shift in a Synchrotron

Q Beam not bunched (so no acceleration)
Q Uniform density in the circular x-y cross section (not very realistic)

X"+ (K(s) + K. (s))x =0 2> Q,, (external) + AQ_(space charge)

2R7 2R

1 1
For small "gradient errors” k., AQ, =— .[kx (s)B, (s)ds =— IKSC (s)B, (s)ds
A - 4

AQ. = - 1 ZT“ 2,1 B(9) 4 __ GRI /B(S)\ __ nRI
h 4m < ef’y’c a’ ef’y’c \a’(s) ef’y’cE,
r,N using 1= (Nefc)/(2Rm) with
AQX,y - K N..number of particles in ring
27t X,yB Y E,,....emittance containing 100% of particles

O "Direct” space charge, unbunched beam in a synchrotron
Q Vanishes for y» 1

O Important for low-energy machines

O Independent of machine size 2nR for a given N
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Beam

Incoherent Tune Shift: Image Effects

AY —X
6h J====-= Os==t mrmcmmma=- Qrmmmmmmm - o
—A b 'S Electric field around
4h == = = = = = = = Conducting wall } E" a line Charge
h B = i Y
By s s o & DL d
s _ ot S s ,' :
| YA h e i S T < i '
. ______‘.__’__t 1 Line charge A
e Lol
. cdr{du@g o Image charge -\ fo render Ey _ =
By ksl E, = 0 on conductive wall 2ne, d
B i e
Image (line) charges created by two
_6hd---- o --- parallel conducting plates, distance 2h

A | 1 A 1 1
Eqy = 2ne, (2h—y 2h » Epy = B
0 y +y 2ng,\4h+y 4h-y

iny

_ (_1)““7»( 1 1 j 1)+ A y Image Field E;, generated by

2ne, \2nh-y - 2nh +y N dng, n’h? the n-th pair of line charges
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Image Effect of Parallel Conducting Plates ctd.

Vertical image field E; :
O vanishes at y=0
o | _ A= y Qlineariny
4me,h?\ 12 O vertical defocusing
A large if vacuum chamber
small (small h)

2

divE. =0 = OE, n OE, — _ A n’ X because between the conducting
T 19).4 oy L 471-50}12 12 plates no image charges
AQ _ 21.011{<Bx > 1 . 752
e n_2X i ecB’y 2<az>y2 48h*
" qe,h? 48| From these image . _ .
eko 2 forces F,, and F;, tune shift direct  image
Fiy = e hz 4_8y = l<SC = AQx,y AQ _ 2I'OIR<By> 1 N nz
’ g ecB’y 2<b2>y2 48h*

0 Image effects do not vanish for large y, thus not negligible for electron machines
3 Electrical image effects normally focusing in horizontal, defocusing in vertical plane
O Image effects also due to ferromagnetic boundary (e.g. synchrotron magnets)
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Incoherent and Coherent Motion

Incoherent motion

Static beam

SN

NN

Test particle trajectary

Test particle in a beam whose
centre of mass does not move

The beam environment does not
“see” any motion

Each particle features its individual
amplitude and phase
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Coherent motion

Kicker Pick—up
Vacuum chamber
A\

@ J Coherent oscillation |

Pulse < 1 turn Frequency
(—Q) ®

The centre of mass moves doing
betatron oscillation as a whole

The beam environment (e.g. a position
monitor “sees” the “"coherent motion")

On top of the coherent motion, each
particles has still its individual one
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' Coherent Tune Shift, Round Beam Pipe

& pipe X..hor. beam position (centre of mass)
a..beam radius
» x p..beam pipe radius (p » a)

bX = p>  (mirror charge on a circle)

A1 a1 a1
2

E. (X)= — R —= X
2ne, b—X 2mg, b 2mg, p
B er 1 [ same in vertical plane (y) due to symmetry
F (X = e — X Q force linear in X
o P O force positive hence defocusing in both planes

Coherent tune shift, round pipe
Q _ rOR<BX,y >I _ To <Bx,y> N O negative (defocusing) both planes
X,y coh ecfyp’ 2np* yp® | Jonly weak dependen.ce ony
0 AQ,,, always negative
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The "Laslett"* Coefficients
_Nro<By>( A B2§)

J
g ole—piece Q inc —
pole—P Y Bzyn bz,yz h2 gz

h vacuum
. (— Nhamber direct electr. magnet.
® eam . >~ image image

i w X _NI'0<BY>[ E)l B2 é )

AQuus =~ - =L
Laslett Cirenlar [lliptical Par: |||1 | ]‘.rl hes
coeficients | (a=050, w="h) (e.e. w = 2h) (1) ()
1/2 —
= / ala+b)
Uniform, elliptical beam oY 1/2 L
in an elliptical beam pipe. X 0 —0.172 ~0.206
Similar formulae for AQ, ) 0 0.172 {}-L’“*&
In general, AQ, >AQ, i /2 U8 0 Cairas >
;:? 1/2 (.55 0.617(7=/16)
% )41 lr——.'-’__..-'fl] —0.411 0411
=4 111|—-_..--:1;| 0.411 0.411
& 0 0 0
*L.J. Laslett, 1963 & 0.617(x2/16) 0.617 0.617
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Bunched Beam in a Synchrotron

Vacuum chamber

Beam |
L - 8 N T T Oy
~ CM f: !
line 'y e A (8 . |
: ensi :
denSITy )‘_0 - - _N - .
N A E— 5
Bunch length many m’
Ap A Ap 4
longitudinal _ ﬁ
= S \
phase plane &
Coasting
0 = 0
Q-shift over —'y —1t
a synchrotron —2[ "Qshift’ —2r
period —3} _3
—4 _ 41
—5F —sl
Y Y .
AQjne AQyy constant, ~ &g AQ;,.  Synchrotron oscillation
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period ~ 100 ps ... ms

Multi-Particle Effects: Space Charge

What's different with
bunched beams?

0 Q-shift much larger in
bunch centre than in tails

0 Q-shift changes
periodically with o,

Q peak Q-shift much larger
than for unbunched beam
with same N (number of
particles in the ring)

0 Q-shift = Q-spread over
the bunch
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AQ _ Iy q°) N KG, B,
Y 1l A)JB¥% B, \ba+b)

AQ :_ro(qzj N F,Gy, 1
¥ n( Ay’ B E
X,y y,X

q/A..... charge/mass number of ions (1 for protons, e.g. 6/16 for ,,0%*)

b(a +b)

< B, > p 1
_ bz(y

Fy.y-.."Form factor” derived from Laslett's image coefficients ¢/*, g%, &,%, &Y (F= 1 if
dominated by direct space charge)

6, y....Form factor depending on particle distribution in x,y. In general, 1< &6 <2
Uniform 6-=1 (E,, 100% emittance)
Gaussian 6=2 (E,, 95% emittance)

B;..... "Bunching Factor": average/peak line density B; =

>>| >
— | (|
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A Space-Cha

rge Limited Accelerator

ﬁ 57 CERN PS Booster Synchrotron
e N = 103 protons
Qv ce | - rcton,’ E." =80 urad m [4 By 6,%/B,] hor. emittance
. 0 ES =27 urad m vertical emittance
™ B.=0.58

55 2Qv=11

' ” 8 Foy=1

200, /i i ,
8 AN G,/G,=1.3/1.5

54 - / o

e | 8 0 Direct space charge tune spread
- , covering 2nd

necktie | and 34 order stop-bands
52 00 ms O “necktie”-shaped tune spread
shrinks rapidly due to the 1/p%?

- % dependence

| Z % O Enables the working point to be

moved rapidly to an area
5.0 | clear of strong stop-bands
4.1 4.2 4.3 4.4 4.5
4.0
QH——
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How to Remove the Space-Charge Limit?

Problem: A large proton synchrotron is limited in N because

Direct space char‘Age AQ, reaches 0.3 ... 0.5 when filling the (vertical) acceptance.

AQ = Li Solution: Increase N by raising the injection energy and
Y EyB2y3 I thus %y while keeping to the same AQ. Ways to do this:

Make a longer (higher-energy) e more tanks
Linac (by adding tanks as has | |

been done in Fermilab) FNAL 200 MeV 400 MeV
[32”3 0.57 148 Synchroton
I . .

---- Potential gain 2.6 ---»

Add a small "Booster”
synchrotron of radius r = R/n Linac

with n the number of
batches (BNL) or rings (CERN)

Synchroton

r=R/n %
Linac Booster Potential

(MeV) (GeV) n=E L e ==
CERN PS 50 1 4(rings) 59 15
BNL AGS 200 15 | 4(batches) 26 ~8
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Lecture Summary

"Direct” space charge generated by the self-field of the beam

» acts on incoherent motion but has no effect on coherent (dipolar) motion

» proportional fo beam intensity

» defocusing in both transverse planes

> scales with 1/y3 = barely noticeable in high-energy hadron and low-energy
lepton machines

Image effects due to mirror charges induced in the vacuum envelope

> proportional fo beam intensity

> scales with 1/y = not negligible for high-y beams and machines

> give rise to a further change in the incoherent motion, but focusing in one
plane, defocusing in the other plane

» modify the transverse coherent motion (coherent Q-change)

Bunched beams: Space-charge defocusing depends on the particle's position
in the bunch leading o a Q-spread (rather than a shift)

> Direct space charge is a hard limit on intensity/emittance r'a’rio

> can be overcome by a higher-energy injector —
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High Intensity Proton Beam in a FODO Line

Transverse phase planes horizontal Transverse envelopes
rad vs. m vertical mm vs. m
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Courtesy of Alessandra Lombardi/ CERN, 8/04
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