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Particle motion in Hamiltonian 
Formalism I 

Or how to derive and solve equations of 
motion

Yannis PAPAPHILIPPOU
Accelerator and Beam Physics group

Beams Department
CERN

CERN Accelerator School
Introduction to Accelerator Physics

Everness Hotel, Chavannes de Bogis, Switzerland
September 25th – October 8th, 2021  
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Copyright statement and speaker’s release for video 
publishing 

n The author consents to the photographic, audio and video recording of  this 
lecture at the CERN Accelerator School. The term “lecture” includes any 
material incorporated therein including but not limited to text, images and 
references. 
n The author hereby grants CERN a royalty-free license to use his image and 
name as well as the recordings mentioned above, in order to post them on the 
CAS website. 
n The author hereby confirms that to his best knowledge the content of  the 
lecture does not infringe the copyright, intellectual property or privacy rights 
of  any third party. The author has cited and credited any third-party 
contribution in accordance with applicable professional standards and 
legislation in matters of  attribution. Nevertheless the material represent 
entirely standard teaching material known for more than ten years. Naturally 
some figures will look alike those produced by other teachers. 
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Purpose
n The key point is how to derive equations of motion

and how to solve (integrate) them
n Introduce formalism of theoretical mechanics for 

analysing particle motion in general (linear or non-
linear) dynamical systems, including particle 
accelerators

n Connect this formalism with concepts already 
studied in the introductory school (matrices, 
synchrotron motion, invariants,…)

n Prepare the ground for the approaches followed for 
studying non-linear particle motion in accelerators 
(in the advanced course)
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Equations of motion
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Reminder: Newton’s law 
n The motion of a “classical” particle in a force field is 

described by Newton’s law:

with       the position
the momentum 
the force
the corresponding potential

n It is essential to solve (integrate) the differential 
equation for understanding the evolution of the 
physical (dynamical) system

<latexit sha1_base64="fhrKtv7ZHnApM4TfWcaFG4pOvnc="></latexit>

m
d2u(t)

dt2
=

dpu(t)

dt
= F (u) = �@V (u)

@u
<latexit sha1_base64="F/krvNKSYIgiauj5jBBVONFkBmA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CXYFT2W3iHosevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38789hNVmknxYCYJDWI8FCxiBBsrtVy3lLpuv1zxqt4caJX4OalAjka//NUbSJLGVBjCsdZd30tMkGFlGOF0WuqlmiaYjPGQdi0VOKY6yObXTtGZVQYoksqWMGiu/p7IcKz1JA5tZ4zNSC97M/E/r5ua6DrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCv/zyKmnVqv5l9eK+Vqnf5HEU4QRO4Rx8uII63EEDmkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w+IeY3M</latexit>u

<latexit sha1_base64="skFMG9iU+ELQ+BfQutEPBIlHaEI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CbaCp7JbRD0WvXisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GZ+54kqzaR4MNOY+hEeCRYygo2V2tV4kFRLg3LFrblzoFXi5aQCOZqD8ld/KEkSUWEIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNU4IhqP51fO0NnVhmiUCpbwqC5+nsixZHW0yiwnRE2Y73sZeJ/Xi8x4bWfMhEnhgqyWBQmHBmJstfRkClKDJ9agoli9lZExlhhYmxAWQje8surpF2veZe1i/t6pXGTx1GEEziFc/DgChpwB01oAYFHeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1dTjlM=</latexit>pu
<latexit sha1_base64="pwwwMQabBfwzxeLp8q9luDWrdss=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiRT0WBfFYwbSFNpTNdtMu3WzC7kYoob/BiwdFvPqDvPlv3KQ5aOuDgcd7M8zM82POlLbtb6u0tr6xuVXeruzs7u0fVA+POipKJKEuiXgkez5WlDNBXc00p71YUhz6nHb96W3md5+oVCwSj3oWUy/EY8ECRrA2kntXT84rw2rNbtg50CpxClKDAu1h9WswikgSUqEJx0r1HTvWXoqlZoTTeWWQKBpjMsVj2jdU4JAqL82PnaMzo4xQEElTQqNc/T2R4lCpWeibzhDriVr2MvE/r5/o4NpLmYgTTQVZLAoSjnSEss/RiElKNJ8Zgolk5lZEJlhiok0+WQjO8surpHPRcC4bzYdmrXVTxFGGEziFOjhwBS24hza4QIDBM7zCmyWsF+vd+li0lqxi5hj+wPr8AW78jcs=</latexit>

F (u)
<latexit sha1_base64="ctAdHgxcm5G4GUUUVjX5naijyyw=">AAAB7HicbVBNS8NAEJ31s9avqkcvi0Wol5JIUY9FLx4rmLbQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5QSK4No7zjdbWNza3tks75d29/YPDytFxW8eposyjsYhVNyCaCS6ZZ7gRrJsoRqJAsE4wucv9zhNTmsfy0UwT5kdkJHnIKTFW8tq19KI8qFSdujMHXiVuQapQoDWofPWHMU0jJg0VROue6yTGz4gynAo2K/dTzRJCJ2TEepZKEjHtZ/NjZ/jcKkMcxsqWNHiu/p7ISKT1NApsZ0TMWC97ufif10tNeONnXCapYZIuFoWpwCbG+ed4yBWjRkwtIVRxeyumY6IINTafPAR3+eVV0r6su1f1xkOj2rwt4ijBKZxBDVy4hibcQws8oMDhGV7hDUn0gt7Rx6J1DRUzJ/AH6PMHh3yN2w==</latexit>

V (u)
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Reminder: Harmonic oscillator

d2u(t)

dt2
+ !2

0u(t) = 0 with

<latexit sha1_base64="qIurW78tXeUTr0CSk8LWcfYlHhg=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmkqBuh6MZlBfuAJoTJdNIOncnEmYlQQjZu/BU3LhRx6z+482+ctllo64ELh3Pu5d57woRRpR3n2yotLa+srpXXKxubW9s79u5eW4lUYtLCggnZDZEijMakpalmpJtIgnjISCccXU/8zgORior4To8T4nM0iGlEMdJGCuxDT3AyQIFzCT11L3XmRRLhbJRnPM8Du+rUnCngInELUgUFmoH95fUFTjmJNWZIqZ7rJNrPkNQUM5JXvFSRBOERGpCeoTHiRPnZ9IscHhulDyMhTcUaTtXfExniSo15aDo50kM1703E/7xeqqMLP6NxkmoS49miKGVQCziJBPapJFizsSEIS2puhXiITAzaBFcxIbjzLy+S9mnNPavVb+vVxlURRxkcgCNwAlxwDhrgBjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDFhKY+w==</latexit>

!0 =

r
k

m

u

u

n A linear restoring force (Harmonic oscillator) is described by
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Reminder: Harmonic oscillator
n A linear restoring force (Harmonic oscillator) is described by

n The solution obtained by the substitution 
and the solutions of the characteristic polynomial are 

, which yields the general solution 

with the ”velocity” 

d2u(t)

dt2
+ !2

0u(t) = 0

u(t) = e�t

u(t) = cei!0t + c⇤e�i!0t = C1 cos(!0t) + C2 sin(!0t) = A sin(!0t+ �)

with

<latexit sha1_base64="qIurW78tXeUTr0CSk8LWcfYlHhg=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmkqBuh6MZlBfuAJoTJdNIOncnEmYlQQjZu/BU3LhRx6z+482+ctllo64ELh3Pu5d57woRRpR3n2yotLa+srpXXKxubW9s79u5eW4lUYtLCggnZDZEijMakpalmpJtIgnjISCccXU/8zgORior4To8T4nM0iGlEMdJGCuxDT3AyQIFzCT11L3XmRRLhbJRnPM8Du+rUnCngInELUgUFmoH95fUFTjmJNWZIqZ7rJNrPkNQUM5JXvFSRBOERGpCeoTHiRPnZ9IscHhulDyMhTcUaTtXfExniSo15aDo50kM1703E/7xeqqMLP6NxkmoS49miKGVQCziJBPapJFizsSEIS2puhXiITAzaBFcxIbjzLy+S9mnNPavVb+vVxlURRxkcgCNwAlxwDhrgBjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDFhKY+w==</latexit>

!0 =

r
k

m

<latexit sha1_base64="1z0+wNS0mTXdWkETCsE1yVrKQkI="></latexit>

du(t)

dt
= �C1!0 sin(!0t) + C2!0 cos(!0t) = A!0 cos(!0t+ �)

<latexit sha1_base64="aQZh7ZUcnfLL02EswQ6M9oZt6kk="></latexit>

�2 + !2
0 = 0 ) �± = ±i!0
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Reminder: Harmonic oscillator
n A linear restoring force (Harmonic oscillator) is described by

n The solution obtained by the substitution 
and the solutions of the characteristic polynomial are 

, which yields the general solution 

with the ”velocity” 

n Note that a negative sign in the differential equation provides 
a solution described by hyperbolic sine/cosine functions

n Note also that  for no restoring force , the motion is 
unbounded

d2u(t)

dt2
+ !2

0u(t) = 0

u(t) = e�t

u(t) = cei!0t + c⇤e�i!0t = C1 cos(!0t) + C2 sin(!0t) = A sin(!0t+ �)

with

<latexit sha1_base64="qIurW78tXeUTr0CSk8LWcfYlHhg=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmkqBuh6MZlBfuAJoTJdNIOncnEmYlQQjZu/BU3LhRx6z+482+ctllo64ELh3Pu5d57woRRpR3n2yotLa+srpXXKxubW9s79u5eW4lUYtLCggnZDZEijMakpalmpJtIgnjISCccXU/8zgORior4To8T4nM0iGlEMdJGCuxDT3AyQIFzCT11L3XmRRLhbJRnPM8Du+rUnCngInELUgUFmoH95fUFTjmJNWZIqZ7rJNrPkNQUM5JXvFSRBOERGpCeoTHiRPnZ9IscHhulDyMhTcUaTtXfExniSo15aDo50kM1703E/7xeqqMLP6NxkmoS49miKGVQCziJBPapJFizsSEIS2puhXiITAzaBFcxIbjzLy+S9mnNPavVb+vVxlURRxkcgCNwAlxwDhrgBjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDFhKY+w==</latexit>

!0 =

r
k

m

<latexit sha1_base64="1z0+wNS0mTXdWkETCsE1yVrKQkI="></latexit>

du(t)

dt
= �C1!0 sin(!0t) + C2!0 cos(!0t) = A!0 cos(!0t+ �)

<latexit sha1_base64="aQZh7ZUcnfLL02EswQ6M9oZt6kk="></latexit>

�2 + !2
0 = 0 ) �± = ±i!0

!0 = 0
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Matrix solution
n The amplitude and phase depend on the initial conditions

n The solutions can be re-written thus as

<latexit sha1_base64="HwxmAMrl0VVXZvBeDdrnKC8vtfU="></latexit>

u(0) = u0 = C1 ,
du(0)

dt
= u0

0 = C2!0 , A =

⇣
u0
0
2 + !2

0u
2
0

⌘1/2

!0
, tan(�) =

u0
0

!0u0

<latexit sha1_base64="HidrJAohcKzZe/VaL0y5L7/BoT4="></latexit>

u(t) = u0 cos(!0t) +
u0
0

!0
sin(!0t)

<latexit sha1_base64="SJr8CbrhZVZjBR7/E2QNHPQsMbA=">AAACLXicbZDNSgMxFIUz9X/8q7p0E2ylLWKZEVE3gqgLlwrWFtoyZNK0Dc0kQ3IjlOILufFVRHChiFtfw7QWUeuBwMl37yW5J04FNxAEL15manpmdm5+wV9cWl5Zza6t3xhlNWUVqoTStZgYJrhkFeAgWC3VjCSxYNW4dzasV2+ZNlzJa+inrJmQjuRtTgk4FGXP83nfFopQwsd4F9soaKiEdUgU4Ibhsvh9g9IOtoUhpsr8xNjP56NsLigHI+FJE45NDo11GWWfGi1FbcIkUEGMqYdBCs0B0cCpYHd+wxqWEtojHVZ3VpKEmeZgtO0d3nakhdtKuyMBj+jPiQFJjOknsetMCHTN39oQ/lerW2gfNQdcphaYpF8Pta3AoPAwOtzimlEQfWcI1dz9FdMu0YSCC9h3IYR/V540N3vl8KC8f7WXOzkdxzGPNtEWKqIQHaITdIEuUQVRdI8e0Qt69R68Z+/Ne/9qzXjjmQ30S97HJ6SCovA=</latexit>

u0(t) = �u0!0 sin(!0t) + u0
0 cos(!0t)
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Matrix solution
n The amplitude and phase depend on the initial conditions

n The solutions can be re-written thus as

or in matrix form

<latexit sha1_base64="HwxmAMrl0VVXZvBeDdrnKC8vtfU="></latexit>

u(0) = u0 = C1 ,
du(0)

dt
= u0

0 = C2!0 , A =

⇣
u0
0
2 + !2

0u
2
0

⌘1/2

!0
, tan(�) =

u0
0

!0u0

<latexit sha1_base64="HidrJAohcKzZe/VaL0y5L7/BoT4="></latexit>

u(t) = u0 cos(!0t) +
u0
0

!0
sin(!0t)

<latexit sha1_base64="SJr8CbrhZVZjBR7/E2QNHPQsMbA=">AAACLXicbZDNSgMxFIUz9X/8q7p0E2ylLWKZEVE3gqgLlwrWFtoyZNK0Dc0kQ3IjlOILufFVRHChiFtfw7QWUeuBwMl37yW5J04FNxAEL15manpmdm5+wV9cWl5Zza6t3xhlNWUVqoTStZgYJrhkFeAgWC3VjCSxYNW4dzasV2+ZNlzJa+inrJmQjuRtTgk4FGXP83nfFopQwsd4F9soaKiEdUgU4Ibhsvh9g9IOtoUhpsr8xNjP56NsLigHI+FJE45NDo11GWWfGi1FbcIkUEGMqYdBCs0B0cCpYHd+wxqWEtojHVZ3VpKEmeZgtO0d3nakhdtKuyMBj+jPiQFJjOknsetMCHTN39oQ/lerW2gfNQdcphaYpF8Pta3AoPAwOtzimlEQfWcI1dz9FdMu0YSCC9h3IYR/V540N3vl8KC8f7WXOzkdxzGPNtEWKqIQHaITdIEuUQVRdI8e0Qt69R68Z+/Ne/9qzXjjmQ30S97HJ6SCovA=</latexit>

u0(t) = �u0!0 sin(!0t) + u0
0 cos(!0t)

<latexit sha1_base64="+Eo4H/MNpuW7f5m1RA4Eg9LUUoM="></latexit>✓
u(t)
u0(t)

◆
=

✓
cos(!0t)

1
!0

sin(!0t)
�!0 sin(!0t) cos(!0t)

◆✓
u0

u0
0

◆
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Matrix solution
n The amplitude and phase depend on the initial conditions

n The solutions can be re-written thus as

or in matrix form

n By replacing and , this becomes the 
solution of a quadrupole (see Transverse Linear Beam 
Dynamics lectures) 

<latexit sha1_base64="HwxmAMrl0VVXZvBeDdrnKC8vtfU="></latexit>

u(0) = u0 = C1 ,
du(0)

dt
= u0

0 = C2!0 , A =

⇣
u0
0
2 + !2

0u
2
0

⌘1/2

!0
, tan(�) =

u0
0

!0u0

<latexit sha1_base64="HidrJAohcKzZe/VaL0y5L7/BoT4="></latexit>

u(t) = u0 cos(!0t) +
u0
0

!0
sin(!0t)

<latexit sha1_base64="SJr8CbrhZVZjBR7/E2QNHPQsMbA=">AAACLXicbZDNSgMxFIUz9X/8q7p0E2ylLWKZEVE3gqgLlwrWFtoyZNK0Dc0kQ3IjlOILufFVRHChiFtfw7QWUeuBwMl37yW5J04FNxAEL15manpmdm5+wV9cWl5Zza6t3xhlNWUVqoTStZgYJrhkFeAgWC3VjCSxYNW4dzasV2+ZNlzJa+inrJmQjuRtTgk4FGXP83nfFopQwsd4F9soaKiEdUgU4Ibhsvh9g9IOtoUhpsr8xNjP56NsLigHI+FJE45NDo11GWWfGi1FbcIkUEGMqYdBCs0B0cCpYHd+wxqWEtojHVZ3VpKEmeZgtO0d3nakhdtKuyMBj+jPiQFJjOknsetMCHTN39oQ/lerW2gfNQdcphaYpF8Pta3AoPAwOtzimlEQfWcI1dz9FdMu0YSCC9h3IYR/V540N3vl8KC8f7WXOzkdxzGPNtEWKqIQHaITdIEuUQVRdI8e0Qt69R68Z+/Ne/9qzXjjmQ30S97HJ6SCovA=</latexit>

u0(t) = �u0!0 sin(!0t) + u0
0 cos(!0t)

<latexit sha1_base64="+Eo4H/MNpuW7f5m1RA4Eg9LUUoM="></latexit>✓
u(t)
u0(t)

◆
=

✓
cos(!0t)

1
!0

sin(!0t)
�!0 sin(!0t) cos(!0t)

◆✓
u0

u0
0

◆

<latexit sha1_base64="A4MiJhf87juiZcr8GofU8fWU31c=">AAACCHicbVBNS8NAEN3Ur1q/oh49uFgETyWRoh6LXjxWsB/QhLDZbtulm2zcnSgl9OjFv+LFgyJe/Qne/Ddu2xy09cHA470ZZuaFieAaHOfbKiwtr6yuFddLG5tb2zv27l5Ty1RR1qBSSNUOiWaCx6wBHARrJ4qRKBSsFQ6vJn7rninNZXwLo4T5EenHvMcpASMF9qEnI9YngYM9xfsDIErJB+zpOwXZMHDGgV12Ks4UeJG4OSmjHPXA/vK6kqYRi4EKonXHdRLwM6KAU8HGJS/VLCF0SPqsY2hMIqb9bPrIGB8bpYt7UpmKAU/V3xMZibQeRaHpjAgM9Lw3Ef/zOin0LvyMx0kKLKazRb1UYJB4kgrucsUoiJEhhCpubsV0QBShYLIrmRDc+ZcXSfO04p5VqjfVcu0yj6OIDtAROkEuOkc1dI3qqIEoekTP6BW9WU/Wi/VufcxaC1Y+s4/+wPr8Ac1dmds=</latexit>

!0 !
p
k0

<latexit sha1_base64="TVkAzphv/S21YWIjzhdbjsRcIfQ=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquFPVY9OKxgv2AdinZNNuGZpMlmVXq0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhYngBjzv2ymsrW9sbhW3Szu7e/tl9+CwZVSqKWtSJZTuhMQwwSVrAgfBOolmJA4Fa4fjm5nffmDacCXvYZKwICZDySNOCVip75YB9zQfjoBorR6x6bsVr+rNgVeJn5MKytHou1+9gaJpzCRQQYzp+l4CQUY0cCrYtNRLDUsIHZMh61oqScxMkM0Pn+JTqwxwpLQtCXiu/p7ISGzMJA5tZ0xgZJa9mfif100hugoyLpMUmKSLRVEqMCg8SwEPuGYUxMQSQjW3t2I6IppQsFmVbAj+8surpHVe9S+qtbtapX6dx1FEx+gEnSEfXaI6ukUN1EQUpegZvaI358l5cd6dj0VrwclnjtAfOJ8/ofWTFg==</latexit>

t ! s
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n General transfer matrix from s0 to s

n Note that 
which is always true for conservative systems (”energy” is constant)

n Note also that

Matrix formalism

(see Transverse Linear Beam Dynamics lectures) 
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n General transfer matrix from s0 to s

n Note that 
which is always true for conservative systems (”energy” is constant)

n Note also that

n The general solution can be build by a series of matrix multiplications

from s0 to s1
from s0 to s2

from s0 to s3

from s0 to sn

Matrix formalism

…
S0

S1 S2 S3 Sn-1
Sn

(see Transverse Linear Beam Dynamics lectures) 
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Integral of motion
n Rewrite the differential equation of the harmonic 

oscillator as a pair of coupled 1st order equations
du(t)

dt
= pu(t)

dpu(t)

dt
= �!2

0u(t)
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Integral of motion
n Rewrite the differential equation of the harmonic 

oscillator as a pair of coupled 1st order equations
which can be combined to 
provide

or 

with      an integral of motion

identified as the mechanical energy of the system

du(t)

dt
= pu(t)

dpu(t)

dt
= �!2

0u(t)

dpu
dt

pu + !2
0u

du

dt
=

1

2

d

dt

�
p2u + !2

0u
2
�
= 0

1

2

�
p2u + !2

0u
2
�
= I1 I1
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Integral of motion
n Rewrite the differential equation of the harmonic 

oscillator as a pair of coupled 1st order equations
which can be combined to 
provide

or 

with      an integral of motion

identified as the mechanical energy of the system
n Solving the previous equation for       , the system 

can be reduced to a first order equation

du(t)

dt
= pu(t)

dpu(t)

dt
= �!2

0u(t)

dpu
dt

pu + !2
0u

du

dt
=

1

2

d

dt

�
p2u + !2

0u
2
�
= 0

1

2

�
p2u + !2

0u
2
�
= I1 I1

pu

du

dt
=

q
2I1 � !2

0u
2
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Integration by quadrature 
n The last equation can be solved as an explicit 

integral or “quadrature”

,  yielding 

or the well-known solution 

Z
dt =

Z
dup

2I1 � !2
0u

2

u(t) =

p
2I1
!0

sin(!0t+ !0I2)

t+ I2 =
1

!0
arcsin

✓
u!0p
2I1

◆
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Integration by quadrature 
n The last equation can be solved as an explicit 

integral or “quadrature”

,  yielding 

or the well-known solution 
n Note: Although the previous route may seem 

complicated, it becomes more natural when non-
linear terms appear, where an ansatz of the type 

is not applicable

Z
dt =

Z
dup

2I1 � !2
0u

2

u(t) =

p
2I1
!0

sin(!0t+ !0I2)

u(t) = e�t

t+ I2 =
1

!0
arcsin

✓
u!0p
2I1

◆
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Integration by quadrature 
n The last equation can be solved as an explicit 

integral or “quadrature”

,  yielding 

or the well-known solution 
n Note: Although the previous route may seem 

complicated, it becomes more natural when non-
linear terms appear, where an ansatz of the type 

is not applicable
n The ability to integrate a differential equation is not 

just a nice mathematical feature, but deeply 
characterizes the dynamical behavior of the system 
described by the equation

Z
dt =

Z
dup

2I1 � !2
0u

2

u(t) =

p
2I1
!0

sin(!0t+ !0I2)

u(t) = e�t

t+ I2 =
1

!0
arcsin

✓
u!0p
2I1

◆
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Frequency of motion
n The period of the harmonic oscillator is calculated through 

the previous integral after integration between two extrema 
(when the velocity vanishes), i.e.          :du

dt
=

q
2I1 � !2

0u
2

T = 2

Z p
2I1
!0

�
p

2I1
!0

dup
2I1 � !2

0u
2
=

2⇡

!0

uext = ±
p
2I1
!0
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Frequency of motion
n The period of the harmonic oscillator is calculated through 

the previous integral after integration between two extrema 
(when the velocity vanishes), i.e.          :

n The period (or the frequency) of linear systems is 
independent of the integral of motion (energy)

du

dt
=

q
2I1 � !2

0u
2

T = 2

Z p
2I1
!0

�
p

2I1
!0

dup
2I1 � !2

0u
2
=

2⇡

!0

uext = ±
p
2I1
!0
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Frequency of motion
n The period of the harmonic oscillator is calculated through 

the previous integral after integration between two extrema 
(when the velocity vanishes), i.e.          :

n The period (or the frequency) of linear systems is 
independent of the integral of motion (energy)

n Note that this is not true for non-linear systems, e.g. for an 
oscillator with a non-linear restoring force

n The integral of motion is and the 

integration yields

n This means that the period (frequency) depends on the 
integral of motion (energy) i.e. the maximum “amplitude”

du

dt
=

q
2I1 � !2

0u
2

T = 2

Z p
2I1
!0

�
p

2I1
!0

dup
2I1 � !2

0u
2
=

2⇡

!0

I1 =
1

2
p2u +

1

4
k u4

d2u

dt2
+ k u(t)3 = 0

T = 2

Z (4I1/k)
1/4

�(4I1/k)1/4

duq
2I1 � 1

2k u4
=

r
1

2⇡
�2(

1

4
) (I1 k)�1/4

uext = ±
p
2I1
!0
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The pendulum
n An important non-linear equation which can be integrated is 

the one of the pendulum, for a string of length L and 
gravitational constant g

n For small displacements it reduces to a harmonic oscillator 

with frequency
n By appropriate substitutions, this becomes the equation of 

synchrotron motion (see Longitudinal BD lectures)

d2�

dt2
+

g

L
sin� = 0

!0 =

r
g

L
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The pendulum
n An important non-linear equation which can be integrated is 

the one of the pendulum, for a string of length L and 
gravitational constant g

n For small displacements it reduces to a harmonic oscillator 

with frequency
n By appropriate substitutions, this becomes the equation of 

synchrotron motion (see Longitudinal BD lectures)
n The integral of motion (scaled energy) is

and the quadrature is written as

assuming that for

d2�

dt2
+

g

L
sin� = 0

!0 =

r
g

L

1

2

✓
d�

dt

◆2

� g

L
cos� = I1 = E0

t =

Z
d�p

2(I1 +
g
L cos�)

t = 0 , �0 = �(0) = 0
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Solution for the pendulum
n Using the substitutions with

, the integral is 

and can be solved using 

Jacobi elliptic functions:

cos� = 1� 2k2 sin2 ✓

k =
p

1/2(1 + I1L/g)

t =

s
L

g

Z ✓

0

d✓p
1� k2 sin2 ✓

�(t) = 2 arcsin


k sn

✓
t

r
g

L
, k

◆�
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Solution for the pendulum
n Using the substitutions with

, the integral is 

and can be solved using 

Jacobi elliptic functions:

n For the period, the integration is performed between 
the two extrema, i.e.               and , 
corresponding to and                   , for which

,
i.e. the complete elliptic integral (whose argument 
depends on the integral of motion) multiplied by four 
times the period of the harmonic oscillator

cos� = 1� 2k2 sin2 ✓

k =
p

1/2(1 + I1L/g)

t =

s
L

g

Z ✓

0

d✓p
1� k2 sin2 ✓

�(t) = 2 arcsin


k sn

✓
t

r
g

L
, k

◆�

� = arccos(�I1L/g)� = 0
✓ = 0 ✓ = ⇡/2

T = 4

s
L

g

Z ⇡/2

0

d✓p
1� k2 sin2 ✓

= 4

s
L

g
F(⇡/2, k)
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Langrangian and 
Hamiltonian
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Lagrangian formalism
q Describe motion of particles in qn coordinates 

(n degrees of freedom) from time t1 to time t2
q It can be achieved by the Lagrangian function 

with the 
generalized coordinates and the 
generalized velocities

L(q1, . . . , qn, q̇1, . . . , q̇n, t) (q1, . . . , qn)
(q̇1, . . . , q̇n)
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Lagrangian formalism
q Describe motion of particles in qn coordinates 

(n degrees of freedom) from time t1 to time t2
q It can be achieved by the Lagrangian function 

with the 
generalized coordinates and the 
generalized velocities

q The Lagrangian is defined as , i.e.
difference between kinetic and potential energy 

qThe integral 
defines the action

qHamilton’s principle: system 
evolves so as the action becomes 
extremum (principle of stationary action)

L(q1, . . . , qn, q̇1, . . . , q̇n, t) (q1, . . . , qn)
(q̇1, . . . , q̇n)

L = T � V

W =

Z
L(qi, q̇i, t)dt



H
am

ilt
on

ia
n 

fo
rm

al
is

m
, C

ER
N

 A
cc

el
er

at
or

 S
ch

oo
l, 

Se
pt

em
be

r 2
02

1

30

Euler- Lagrange equations
qBy using Hamilton’s principle, i.e. , 

over some time interval t1 and t2 for two 
stationary points (see 
appendix), the following differential 
equations for each degree of freedom are 
obtained, the Euler-Lagrange equations

d

dt

@L

@q̇i
� @L

@qi
= 0

�q(t1) = �q(t2) = 0

�W = 0
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Euler- Lagrange equations
qBy using Hamilton’s principle, i.e. , 

over some time interval t1 and t2 for two 
stationary points (see 
appendix), the following differential 
equations for each degree of freedom are 
obtained, the Euler-Lagrange equations

qIn other words, by knowing the form of the 
Lagrangian, the equations of motion can be 
derived

d

dt

@L

@q̇i
� @L

@qi
= 0

�q(t1) = �q(t2) = 0

�W = 0
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Lagrangian mechanics
qFor a simple force law contained in a potential 

function, governing motion among interacting 
particles, the Lagrangian is (or as Landau-Lifshitz
put it “experience has shown that…”)

q For velocity independent potentials, Lagrange 
equations become

,

i.e. Newton’s equations.

L = T � V =
nX

i=1

1

2
miq

2
i � V (q1, . . . , qn)

miq̈i = �@V

@qi



H
am

ilt
on

ia
n 

fo
rm

al
is

m
, C

ER
N

 A
cc

el
er

at
or

 S
ch

oo
l, 

Se
pt

em
be

r 2
02

1

33

From Lagrangian to Hamiltonian
qSome disadvantages of the Lagrangian formalism:

q No uniqueness: different Lagrangians can lead to same 
equations

q Physical significance not straightforward (even its basic 
form given more by “experience” and the fact that it 
actually works that way!)
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From Lagrangian to Hamiltonian
qSome disadvantages of the Lagrangian formalism:

q No uniqueness: different Lagrangians can lead to same 
equations

q Physical significance not straightforward (even its basic 
form given more by “experience” and the fact that it 
actually works that way!)

qLagrangian function provides in general      second 
order differential equations (coordinate space)

qWe already observed the advantage to move to a 
system of       first order differential equations, 
which are more straightforward to solve (phase 
space)

qThese equations can be derived by the Hamiltonian
of the system

n

2n
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Hamiltonian formalism
q The Hamiltonian of the system is defined as the Legendre

transformation of the Lagrangian

where the generalised momenta are pi =
@L

@q̇i

H(q,p, t) =
X

i

q̇ipi � L(q, q̇, t)
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Hamiltonian formalism
q The Hamiltonian of the system is defined as the Legendre

transformation of the Lagrangian

where the generalised momenta are 

q The generalised velocities can be  expressed as a function of 
the generalised momenta if the previous equation is 
invertible, and thereby define the Hamiltonian of the system

pi =
@L

@q̇i

H(q,p, t) =
X

i

q̇ipi � L(q, q̇, t)
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Hamiltonian formalism
q The Hamiltonian of the system is defined as the Legendre

transformation of the Lagrangian

where the generalised momenta are 

q The generalised velocities can be  expressed as a function of 
the generalised momenta if the previous equation is 
invertible, and thereby define the Hamiltonian of the system

q Example: consider 

q From this, the momentum can be determined as 
which can be trivially inverted to provide the Hamiltonian  

pi =
@L

@q̇i

H(q,p, t) =
X

i

q̇ipi � L(q, q̇, t)

L(q, q̇) =
1

2

X

i

miq̇
2
i � V (q1, . . . , qn)

pi =
@L

@q̇i
= mq̇i

H(q,p) =
X

i

p
2
i

2mi
+ V (q1, . . . , qn)
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Hamilton’s equations
qThe equations of motion can be derived 

from the Hamiltonian following the same 
variational principle as for the Lagrangian
(“stationary” action) but also by simply 
taking the differential of the Hamiltonian 
(see appendix) 

q̇i =
@H

@pi
, ṗi = �@H

@q
,

@L

@t
= �@H

@t
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Hamilton’s equations
qThe equations of motion can be derived 

from the Hamiltonian following the same 
variational principle as for the Lagrangian
(“stationary” action) but also by simply 
taking the differential of the Hamiltonian 
(see appendix) 

qThese are indeed equations describing 
the motion in the “extended” phase space

q̇i =
@H

@pi
, ṗi = �@H

@q
,

@L

@t
= �@H

@t

2n+ 2

(qi, . . . , qn, p1, . . . , pn, t,�H)
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Properties of Hamiltonian flow
q The variables are called 

canonically conjugate (or canonical) and define the 
evolution of the system in phase space

q These variables have the special property that they 
preserve volume in phase space, i.e. satisfy the 
well-known Liouville’s theorem

qThe variables used in the Lagrangian do not 
necessarily have this property

(qi, . . . , qn, p1, . . . , pn, t,�H)
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Properties of Hamiltonian
q The variables are called 

canonically conjugate (or canonical) and define the 
evolution of the system in phase space

q These variables have the special property that they 
preserve volume in phase space, i.e. satisfy the 
well-known Liouville’s theorem

qThe variables used in the Lagrangian do not 
necessarily have this property

qHamilton’s equations can be written in vector form 
with

and 

qThe matrix  is called the 

symplectic matrix

(qi, . . . , qn, p1, . . . , pn, t,�H)

ż = J ·rH(z) z = (qi, . . . , qn, p1, . . . , pn)
r = (@qi, . . . , @qn, @p1, . . . , @pn)

2n⇥ 2n J =

✓
0 I

�I 0

◆
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Poisson brackets
qCrucial step in study of Hamiltonian systems is 

identification of integrals of motion
q Consider  a time dependent function of phase 

space. Its time evolution is given by 

where             is the Poisson bracket of     with 

d

dt
f(p,q, t) =

nX

i=1

✓
dqi
dt

@f

@qi
+

dpi
dt

@f

@pi

◆
+

@f

@t

=
nX

i=1

✓
@H

@pi

@f

@qi
� @H

@qi

@f

@pi

◆
+

@f

@t
= [H, f ] +

@f

@t

[H, f ] f H
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Poisson brackets
qCrucial step in study of Hamiltonian systems is 

identification of integrals of motion
q Consider  a time dependent function of phase 

space. Its time evolution is given by 

where             is the Poisson bracket of     with 
qIf a quantity is explicitly time-independent and its 

Poisson bracket with the Hamiltonian vanishes (i.e.
commutes with the    ), it is a constant (or integral) 
of motion (as an autonomous Hamiltonian itself)

d

dt
f(p,q, t) =

nX

i=1

✓
dqi
dt

@f

@qi
+

dpi
dt

@f

@pi

◆
+

@f

@t

=
nX

i=1

✓
@H

@pi

@f

@qi
� @H

@qi

@f

@pi

◆
+

@f

@t
= [H, f ] +

@f

@t

[H, f ] f H

H
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Appendix
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Derivation of Lagrange equations
qThe variation of the action can be written as

q Taking into account that , the 2nd part of the 

integral can be integrated by parts giving   

qThe first term is zero because
so the second integrant should also vanish,
providing the  following differential equations for 
each degree of freedom, the Lagrange equations

d

dt

@L

@q̇i
� @L

@qi
= 0

�q̇ =
d�q

dt

�W =

Z t2

t1

(L(q + �q, q̇ + �q̇, t)� L(q, q̇, t)) dt =

Z t2

t1

✓
@L

@q
�q +

@L

@q̇
�q̇

◆
dt

�W =

����
@L

@q̇
�q

����
t2

t1

+

Z t2

t1

✓
@L

@q
� d

dt

✓
@L

@q̇

◆◆
�qdt = 0

�q(t1) = �q(t2) = 0
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Derivation of Hamilton’s equations
q The equations of motion can be derived from the 

Hamiltonian following the same variational principle as for 
the Lagrangian (“least” action) but also by simply taking the 
differential of the Hamiltonian

dH =
X

i

pidq̇i + q̇idpi �
@L

@q̇i
dq̇i �

@L

@qi
dqi �

@L

@t
dt

pi ṗi
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Derivation of Hamilton’s equations
q The equations of motion can be derived from the 

Hamiltonian following the same variational principle as for 
the Lagrangian (“least” action) but also by simply taking the 
differential of the Hamiltonian

or

q By equating terms, Hamilton’s equations are derived

q These are indeed equations describing the motion in 
the “extended” phase space

dH =
X

i

pidq̇i + q̇idpi �
@L

@q̇i
dq̇i �

@L

@qi
dqi �

@L

@t
dt

pi ṗi

2n+ 2
(qi, . . . , qn, p1, . . . , pn, t,�H)

q̇i =
@H

@pi
, ṗi = �@H

@q
,

@L

@t
= �@H

@t

dH(q, p, t) =
X

i

q̇idpi � ṗidqi �
@L

@t
dt =

X

i

@H

@pi
dpi +

@H

@qi
dqi +

@H

@t
dt
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Poisson brackets’ properties
qThe Poisson brackets between two functions of a set 

of canonical variables can be defined by the 
differential operator

[f, g] =
nX

i=1

✓
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Poisson brackets’ properties
qThe Poisson brackets between two functions of a set 

of canonical variables can be defined by the 
differential operator

q From this definition, and for any three given 
functions, the following properties can be shown 

bilinearity
anticommutativity

Jacobi’s identity

Leibniz’s rule
qPoisson brackets operation satisfies a Lie algebra

[af + bg, h] = a[f, h] + b[g, h] , a, b 2 R
[f, g] = �[g, f ]

[f, [g, h]] + [g, [h, f ]] + [h, [f, g]] = 0

[f, gh] = [f, g]h+ g[f, h]

[f, g] =
nX

i=1

✓
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