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PART 1
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INTRODUCTION

> Why staging? What is staging?


> Transverse beam dynamics (refresher)


> Calculating minimum staging length

http://forward.desy.de
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WHY STAGING?
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> Goal: accelerating particles to high energies.


> Challenges:


> Depletion 

> Final energy of the witness bunch is larger than what can be contained in a single driver


> Dephasing 

> The driver moves slower than the witness, such that the witness drifts out of the accelerating phase


> (mainly a problem for laser drivers)


> Diffraction 

> The drive beam diverges too much, stopping further acceleration


> (laser-specific term, but also applies to particle beams: known as head erosion [1])


> If any of the above problems apply, the solution is to use several acceleration stages.


> For TeV-scale acceleration using beam-driven PWFA, depletion is the main challenge.

[1] Ian Blumenfeld, “Scaling of the longitudinal electric fields and transformer ratio in a non-linear plasma wakefield accelerator,” Ph.D. thesis (Stanford University, 2009)

http://forward.desy.de
https://pqdtopen.proquest.com/doc/305009807.html?FMT=ABS
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STAGING IN A NUTSHELL

�4

> Two things need to occur between stages:


> 1. Out-coupling of the depleted driver, and in-coupling of a fresh driver


> 2. Capture and refocusing of the accelerated/witness bunch


> Has historically been an under-studied and under-estimated topic.


> We will focus mostly on plasma-based accelerators (because they are the most challenging).

Plasma cell Plasma cellSTAGING OPTICS

Beam
capture

Beam
refocus

Main 
beam

Magnetic/electrostatic lenses
Old


driver
New

driver

http://forward.desy.de


Carl A. Lindstrøm  |  Twitter: @FForwardDESY  |  Web: forward.desy.de  |  CERN Accelerator School (Sesimbra, Portugal)  |  March 21, 2019  |  Page 00 

REFRESHER: TRANSVERSE BEAM DYNAMICS
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> Geometric emittance:  
(trace space area) 

> Normalized emittance:  
(preserved with acceleration) 

> Beam covariance matrix: 


> Twiss parameters:


> Transport of beams through a “lattice” of optical elements (quadrupoles, etc):


> Transfer matrix of a lattice of elements (1–n):

Same emittance, 
different phase

Slope:
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[2] C. A. Lindstrøm, “Emittance growth and preservation in a plasma-based linear collider”, PhD thesis (University of Oslo, 2019)

Image source: C. A. Lindstrøm, PhD thesis (University of Oslo, 2019) [2]

http://forward.desy.de
http://urn.nb.no/URN:NBN:no-69347
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EXERCISE: MINIMUM LENGTH OF BEAM CAPTURE AND REFOCUSING
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> Assume point source beam  
(small initial beta function compared to staging length)


> Assume radial focusing


> Assume in- and out coupling sections are short:  
limited by the focal length of the focusing optic(s).


> Focusing strength (k), thin lens approximation for focal length (f):


> Total staging length (L):


> Optimize length of optic compared to focal length:


> Minimum length (Lmin) given by: 

> Example:   gr = 10 T/m,  E = 50 GeV   ⇒   Lmin = 16 m

f =
1
kl

k =
grec

E
fl =

E
grec

L = l + 4f

Lmin =
4
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= 4
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grec

dL
dl
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http://forward.desy.de
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PART 2
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TECHNICAL REQUIREMENTS 

> Charge coupling 


> Compact in- and out coupling of drive beams


> Emittance preservation 


> Isochronicity (R56 = 0)


> Overall compactness (high effective gradient)

http://forward.desy.de


Carl A. Lindstrøm  |  Twitter: @FForwardDESY  |  Web: forward.desy.de  |  CERN Accelerator School (Sesimbra, Portugal)  |  March 21, 2019  |  Page 00 

CHARGE COUPLING EFFICIENCY
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> Charge coupling decays exponentially with the number of stages (assuming no correlations)


> Therefore the charge coupling efficiency should be close to 100%. 


> Example: initial charge Q = 180 pC, 1.1x109 particles, η = 50% coupling efficiency, N = 30 stages 
 
                ⇒ Final charge: 1 electron.


> The only current staging experiment (BELLA at LBNL) had a charge coupling efficiency of 3.5%.


> Needs to improve in the future!

Q0 Q0η Q0η2 Q0η3 Q0ηN. . .

http://forward.desy.de
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IN- AND OUT-COUPLING OF DRIVE BEAMS
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> Beam drivers: 

> High energy particle beams (multi-GeV) are difficult to bend: need strong 
electromagnetic fields.


> Cannot use normal kickers, as these have rise times of several ns  
(drive–witness separation is sub-ps)


> Solution: energy separation with dipoles


> Requires beams of different energy (or charge) for separation ⇒ may be 
problematic at low witness beam energy


> Witness energy should be higher than the driver energy,  
as driver will develop ~100% energy spread


> Esoteric possibility: Using transverse wakefields as ultra-fast kicker/deflecting 
structure.


> Laser drivers: 

> 1. Use a magnetic chicane 
Challenge: difficult at high witness beam energies


> 2. Use a mirror 
Challenge: intense laser beams lead to burning of mirrors.  
Solution: Plasma mirrors (e.g. VHS tape) [3]

[3] C. Thaury, et al., “Plasma mirrors for ultrahigh-intensity optics”, Nature Phys. 3, 424–429 (2007)

Image source: LBNL

Image source: C. A. Lindstrøm et al.,  
Nucl. Instrum. Methods Phys. Res. A 829, 224–228 (2016).

http://forward.desy.de
https://www.nature.com/articles/nphys595
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DIPOLE SEPARATION IN BEAM-DRIVEN WAKEFIELD ACCELERATORS
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> Horizontal separation in a dipole of two different energy beams:


> Assuming Edriver = 20 GeV, Ewitness = 50+ GeV, B = 0.5 T, ∆x > 5 mm 
 
   ⇒    ldipole > 1.5 m          ⇒  Meter-scale dipole lengths 

> Cannot capture the witness bunch before driver–witness separation,  
as the beam energies are different. 
⇒ This will destroy the lower-energy drive bunch.


> Result: Long drift before witness bunch capture. 

> Implies two regimes of staging design:


> 1. Capture length limited by driver–witness separator (low energy)


> 2. Capture length limited by focal length of optics (high energy)


> Energy loss in dipoles from synchrotron radiation should be minimized. 
Favours longer dipoles and weaker B-fields (for constant offset):

Δx =
ldipole

2Bce

2 ( 1
Edriver

−
1

Ewitness )

B

Edriver

EwitnessΔx

Accelerator Dipole separator Capture optics etc.

ldipole

ΔESR = PSRldipole = ( e4c3

6πϵ0 ) γ2B2ldipole

http://forward.desy.de
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ISOCHRONICITY (R56) — AVOIDING BUNCH COMPRESSION/STRETCHING
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> If dipoles are part of the staging, different energy slices must have the same path length to avoid bunch lengthening/
contraction.


> Governed by transfer matrix element R56: relation between the longitudinal coordinate and the energy


> Example: Witness bunch length σz = 10 µm rms, energy spread σ𝛿 = 1% rms   ⇒   R56 << 1 mm


> Quadrupoles also affect R56 — can be tweaked to cancel it.


> A suggested option [4] is to use a controlled R56 (using a chicane) and two stages to remove the energy chirp from a laser 
plasma accelerator.

R56 ≪
σz

σδ
≈

1
kpσδ

[4] A. Ferran Pousa et al., ”Correlated Energy Spread Compensation in Multi-Stage Plasma-Based Accelerators,” arXiv:1811.07757 (2018)
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FIG. 1. Overview of the proposed accelerator concept (not to scale).

E0
z is assumed. This yields

�(t) =
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�0�̄0 �
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E0

zt
⌘
�̄(t)�1 , (1)

which tends asymptomatically to � = E0
z/Ez and where

�0 and �̄0 are the initial bunch chirp and energy. If the
bunch length is �z =

p
h�⇠2i, this induces a correlated

energy spread �corr
� (t)/�̄(t) = �(t)�z. In a 2-stage accel-

erator as in Fig. 1, the accumulated chirp after a first
stage of length Lp,1 for an initially unchirped bunch will
be �1 = �(e/mc2)E0

z,1Lp,1/�̄1. Therefore, if the longitu-
dinal phase space of the bunch is inverted at this point
such that �̂1 = �(�z,1/�z,2)�1 is obtained, the correlated
energy spread could be compensated in a following stage
fulfilling E0

z,2Lp,2 = (mc2/e)�̂1�̄1. For a symmetric in-
version (�z,1 = �z,2), using two identical plasma stages
(same E0

z and Lp) would be the simplest setup.
This longitudinal phase space inversion can be per-

formed with a conventional chicane. As illustrated in Fig.
2, this device is composed by 4 dipole magnets in which
particles undergo an energy-dependent trajectory bend.
With respect to a hypothetical reference particle with
� = �ref , those with � > �ref experience less bending and
therefore a shorter path length, while the opposite occurs
for those with � < �ref . Defining � = (� � �ref)/�ref , the
path length di↵erences after the chicane, �⇠ch, can be
expressed with respect to the reference particle as

�⇠ch(�) = R56� + T566�
2 +O(�3) , (2)

where T566 ' �3/2R56 [31]. To first order, the R56 co-
e�cient can be simply determined as R56 = �⇠ch/� =
�⇠ch/��⇠ (assuming �ref = �̄). These path length dif-
ferences allow for a certain control of the longitudinal
phase space. For example, full bunch compression can
be achieved if �⇠ch exactly compensates the initial o↵-
sets with respect to the bunch center, �⇠. Similarly,
inverting the chirp, i.e inverting the bunch along ⇠, can
be achieved if �⇠ch = 2�⇠. This implies that a chicane
with R56 = 2/� is required.

However, successfully performing this process requires
�, and therefore E0

z, to be uniform along the bunch.
Thus, this scheme is ideally suited for weakly beam-
loaded wakefields, where E0

z is not perturbed by the
bunch, or where the beam-loading e↵ect linearly mod-
ifies the accelerating fields [19]. Additionally, in order

FIG. 2. Working principle of a magnetic chicane with R56 =
2/�. The bunch longitudinal phase space is shown at the
chicane entrance (a), middle (b) and exit (c). Darker color
implies higher energy.

to maintain a purely linear chirp after the chicane, the
higher order terms in Eq. (2) need to be minimized. This
is required because the non-linear contributions cannot
be compensated in the second stage and therefore will
lead to increased energy spread. In particular, keeping
the higher order e↵ects below 1%, i.e |T566�/R56| . 10�2,
requires �z . 0.015c/!p if typical blowout fields are as-
sumed (E0

z = (m/2e)!2
p and Ez = (mc/e)!p). These

contributions can also be mitigated by sextupole mag-
nets [32] or by imprinting non-linearities in the bunch to
compensate those from the chicane, e.g., by optimizing a
non-uniform E0

z along the bunch. Still, for a non-uniform
�, the scheme could be designed to mitigate the chirp
at the bunch core in order to minimize the slice energy
spread for applications such as FELs.
Once the chicane R56 is determined, the magnet length

Lm and bending angle ✓ experienced by the reference par-
ticle can be directly determined from R56 = �2✓2(Ld +
2Lm/3) [31], where Ld, as defined in Fig. 2, is the length
of the drift space between the first and second as well as
the third and fourth dipoles. The magnetic field strength
can then be obtained as B = (mc/e)✓�ref/Lm. Assum-
ing a bunch with � = E0

z/Ez and typical blowout fields,
it can be obtained that R56 ' 4c/!p ⌧ 1 mm (for
np & 1016 cm�3) which, considering Lm ⇠ Ld ⇠ 0.1 m
leads to ✓ ⌧ 0.1 rad. The high � characteristic of PBAs
therefore allows for a very compact chicane design (⇠ 1
m) while requiring a very small bending angle. This
greatly minimizes the impact of Coherent Synchrotron
Radiation (CSR) [33] on the beam parameters.
A possible implementation of this scheme is shown in
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spread for applications such as FELs.
Once the chicane R56 is determined, the magnet length

Lm and bending angle ✓ experienced by the reference par-
ticle can be directly determined from R56 = �2✓2(Ld +
2Lm/3) [31], where Ld, as defined in Fig. 2, is the length
of the drift space between the first and second as well as
the third and fourth dipoles. The magnetic field strength
can then be obtained as B = (mc/e)✓�ref/Lm. Assum-
ing a bunch with � = E0

z/Ez and typical blowout fields,
it can be obtained that R56 ' 4c/!p ⌧ 1 mm (for
np & 1016 cm�3) which, considering Lm ⇠ Ld ⇠ 0.1 m
leads to ✓ ⌧ 0.1 rad. The high � characteristic of PBAs
therefore allows for a very compact chicane design (⇠ 1
m) while requiring a very small bending angle. This
greatly minimizes the impact of Coherent Synchrotron
Radiation (CSR) [33] on the beam parameters.
A possible implementation of this scheme is shown in

Image source: A. Ferran Pousa et al., arXiv:1811.07757 (2018) [4]

http://forward.desy.de
https://arxiv.org/abs/1811.07757
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EMITTANCE PRESERVATION
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> Low normalized emittance is key to both linear colliders and FELs:  
must be preserved throughout the acceleration.


> Emittance can only grow (Liouville’s theorem)—only exception is 
radiation damping (damping rings).


> Large accelerators will have an “emittance budget”


> Typically ~100% growth or less in the entire linac


> For many stages, this implies a limit of approximately 
%-level emittance growth per stage 

> Main challenges:


> Chromaticity = different focusing for different energies 

> Dispersion = different centroid offsets for different energies


> Geometric terms = nonlinear focusing effects in sextupoles, etc


> Transverse misalignments 

> Gas scattering

ℒ =
HD

8πmec2

Pwall

βxϵNxN
η

βyϵNy

Luminosity of a collider:

Image source: ILC
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CHROMATICITY: EMITTANCE GROWTH IN CONVENTIONAL LATTICES

�13

[5] M. Scisciò, “Parametric study of transport beam lines for electron beams accelerated by laser-plasma interaction”, J. Appl. Phys. 119, 094905 (2016)

Large emittance growth in a quadrupole sextuplet (half shown). Energy spread 6% rms (LWFA).  
Image source: M. Scisciò, J. Appl. Phys. 119, 094905 (2016) [5]

http://forward.desy.de
https://doi.org/10.1063/1.4942626
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CHROMATICITY — ONE OF THE MAIN CHALLENGES

�14

> Chromaticity = Different energies are focused differently. 


> While the emittance of each energy slice IS preserved, the projected (energy-averaged) emittance IS NOT preserved.


> For plasma wakefield accelerators, all energy slices must be matched to avoid further emittance growth in the plasma ion column.

Plasma 
cell

Plasma
cell

L*

β*

Larger L*

Smaller  
β*

Chromatic 
focusing errors 

are larger

Plasma
cell

Plasma
cell

Image source: T. Mehrling et al.,  
Phys. Rev. ST Accel. Beams 15, 111303 (2012) [6]

longitudinal momentum during the acceleration process.
To compensate for this effect, the normalized transverse
trace-space emittance !n¼ ! !pz=mec is introduced, with
!pz, me, and c being the particle averaged longitudinal
momentum, the electron rest mass, and the speed of light,
respectively.

We consider an electron bunch with transverse proper-
ties defined by the emittance ! and the Courant-Snyder
[18] parameters

" ¼ hx2i
!

; # ¼ hx02i
!

; $ ¼ " hxx0i
!

: (2)

The beta function is a measure for the beam size and for the
betatron length, gamma is a measure for the spread in the
particle slopes, and alpha represents the correlation be-
tween x and x0. Combining Eqs. (1) and (2) yields the
relation between these parameters, "# ¼ 1þ $2.

In the following we assume that the bunch propagates
collinear and with a defined temporal offset with respect to
a laser pulse on the laser propagation axis. The laser pulse
with normalized vector potential a0 is focused onto a gas
target, ionizes the gas and simultaneously excites plasma
waves that carry large amplitude wakefields. Experiments
with externally injected electron bunches should be de-
signed such that the laser drives linear (a0 $ 1) or quasi-
linear plasma waves (a0 %1) to inhibit self-injection of
plasma electrons [19]. The formulation within the scope of
this work describes only this regime and is not valid for the
highly nonlinear or blowout regime. Since a nonlinear
radial dependence of the fields causes emittance growth,
the driving laser pulse must have a ‘‘parabolalike’’ radial
intensity dependence near axis, a2ðrÞ %1" ðr=rsÞ2, to
guarantee for linearly focusing fields in the quasilinear
regime. A Gaussian envelope of the laser driver,

a2ð%; rÞ ¼ a20 exp
!
"ð%" %lÞ2

L2

"
exp

!
" 2r2

r2s

"
; (3)

complying with this constraint is assumed, where % ¼
z" vgt is the comoving variable, vg is the group velocity
of the laser, rs is the laser spot size, and L the length of the
pulse. The longitudinal electric wakefield component for a
resonantly driven plasma wave (L ¼

ffiffiffi
2

p
=kp) for positions

behind the laser pulse ð%" %lÞ2 ( L2 is then given by [20]

Ez

E0
’

ffiffiffiffiffi
&

2e

r
a20 exp

!
" 2r2

r2s

"
cos½kpð%" %lÞ*: (4)

Here kp ¼ !p=c is the plasma wave number, !p is the
plasma frequency, and E0 is the cold nonrelativistic
wave breaking field [21]. Moreover, the radial wakefield
Er " cB' acting on a relativistic, charged particle can be
deduced using Maxwell’s equations and assuming cylin-
drical symmetry. This yields for the transverse fields near
the axis [22],

Er " cB'

E0
’ "K2kpr sin½kpð%" %lÞ*; (5)

where K ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
8&=e4

p
a0=ðkprsÞ. For simplicity we will use

kp%l ¼ & in the following, such that maximum accelerat-
ing field and the zero crossing of the focusing field are
located at % ¼ 0. The aim in external injection is to place
electron bunches with a length much shorter than the
plasma wavelength and a transverse extent much smaller
than the laser spot size into the phase region of the wake
which is both focusing and accelerating. While being
accelerated, the individual particles perform transverse
betatron oscillations with a betatron frequency of

!2
" ¼ K2!2

p

#r
sinðkp%Þ; (6)

where #r is the Lorentz factor. Because of the particle
oscillations, the ellipse with area &!, defined by the
Courant-Snyder parameters [18],

#x2 þ 2$xx0 þ "x02 ¼ !; (7)

rotates according to the single-particle trajectories in trace
space, which are given by

x2="m þ "mx
02 ¼ const; (8)

where "m is deduced from the equation of motion,

"m ¼ !pz

me#r!"
: (9)

Since the betatron frequency [Eq. (6)] is %-dependent and
additionally the electron bunch may have an energy chirp,
the individual longitudinal slices of a finite-length bunch
oscillate at different frequencies which leads to a
%-dependence of the betatron-oscillation phase, and ulti-
mately to complete decoherence during the acceleration
process. This effect is illustrated in Fig. 1, where the trace-
space ellipses of longitudinal bunch slices from a PIC
simulation are shown for different z positions. The interval

½!z" 3(z; !zþ 3(z*, where (z ¼
ffiffiffiffiffiffiffiffi
hz2i

p
is the rms bunch

FIG. 1. Ellipses representing bunch slices from PIC simulation
C2 (see below) at position z ¼ "0:03 mm (left) and z ¼
1:06 mm (right). The gray scale of the ellipse was chosen
according to the ratio of the charge in a slice q and total bunch
charge qb.

T. MEHRLING et al. Phys. Rev. ST Accel. Beams 15, 111303 (2012)
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case (CM)—beam with matched Courant-Snyder parame-
ters, !CMðz0Þ ¼ !m, "CMðz0Þ ¼ "m ¼ 0; (ii) mismatched
case (C1)—beam with matched beta function at focus
!CMðzf;C1Þ ¼ !m but with mismatched focal position
zf;C1 ! z0 ! "C1ðz0Þ ! 0; (iii) mismatched case (C2)—
beam with mismatched beta function !C2ðz0Þ ! !m but
matched focal position zf;C2 ¼ z0 ! "C2ðz0Þ ¼ 0. For the
matched case (CM), the focal position of the bunch zf;CM,
must be positioned at z0 to satisfy "CMðz0Þ ¼ 0 in the
matching conditions (10). We analyzed the slope of the
transverse force at the position where the bunch is sup-
posed to be injected and used Eqs. (6) and (9) to find the
matching beta function!m ¼ 0:126 mm. This corresponds
to an rms beam size of 1:97 #m for $n;init ¼ 0:3 #m.

In simulation (C1), the focus is at zf;C1 ¼ $ 20c=!p ’
$ 0:33 mm. During the initial vacuum propagation the
Courant-Snyder parameters evolve according to the for-
mulas for their evolution in a free drift, neglecting space-
charge forces [18],

"ðzÞ ¼ zf $ z

!f
; !ðzÞ ¼ !f þ

ðz $ zfÞ2
!f

;

%ðzÞ ¼ 1

!f
;

(17)

where !f is the beta function at focus zf. The beta and
gamma functions at z0 in the PIC simulation are !C1;0 ¼
1:026 mm and %C1;0 ¼ 7:937 mm$ 1. For case (C2) the
beta and gamma function at z0 are !C2;0 ¼ 0:678 mm,
%C2;0 ¼ 1:476 mm$ 1. Figure 2 depicts the evolution of
the Courant-Snyder parameters during acceleration for
the three mentioned cases. The evolution of the alpha

parameter shows that bunches in simulations (CM) and
(C2) are focused to position z0 whereas "C1 crosses zero
before z0 and the bunch is defocused at position z0. This is
also indicated by the evolution of the beta parameter. Its
parabola vertices (at focus) for cases (CM) and (C2) are
situated at z0 in contrast to case (C1), for which the vertex
is in front of the plasma rising edge. The gamma function
of (C1) initially equals %CMðz0Þ while %C2 is not matched.
If matched, the bunch ellipse will not oscillate after injec-
tion and " will remain zero during the acceleration process
as observed for simulation (CM), whereas the alpha pa-
rameters in the cases (C1) and (C2) oscillate around zero.
Owing to relativistic mass gain, the beta function increases
adiabatically and the gamma function decreases accord-
ingly. The ", !, % curves of (C1) and (C2) all approach the
matched case (CM) by the cost of emittance growth during
betatron-phase mixing as can be seen by comparison of
Figs. 2 and 3. We want to emphasize that the emittance in
the matched case (CM) did not grow significantly despite
the fact that the bunch slipped back substantially with
respect to the plasma wave because of the low injection
energy. This is because the phase slippage occurs adiabati-
cally and does not disrupt the matching conditions.
The betatron phase is completely mixed at z & 2:5 mm

and emittance growth is saturated at that position in good
agreement with expectations [confer Eq. (18) below]. The
emittance in the matched case (CM) grows marginally
compared to the nonmatched cases. After exiting the
plasma target and the beam being at a waist (" ¼ 0),
the Courant-Snyder parameters evolve again according
to Eq. (17).
We now compare these numerical results on the emit-

tance evolution with the above derived analytic theory. The
normalized emittance at the plasma exit in the PIC simu-
lation is $n;C1 ¼ 1:360 #m for case (C1) and $n;C2 ¼
0:830 for case (C2). Using formula (16) we find $n;fin;C1 ¼
1:371 #m and $n;fin;C2 ¼ 0:835 #m. Thus, the theory
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PIC simulations.
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longitudinal momentum during the acceleration process.
To compensate for this effect, the normalized transverse
trace-space emittance !n¼ ! !pz=mec is introduced, with
!pz, me, and c being the particle averaged longitudinal
momentum, the electron rest mass, and the speed of light,
respectively.

We consider an electron bunch with transverse proper-
ties defined by the emittance ! and the Courant-Snyder
[18] parameters

" ¼ hx2i
!

; # ¼ hx02i
!

; $ ¼ " hxx0i
!

: (2)

The beta function is a measure for the beam size and for the
betatron length, gamma is a measure for the spread in the
particle slopes, and alpha represents the correlation be-
tween x and x0. Combining Eqs. (1) and (2) yields the
relation between these parameters, "# ¼ 1þ $2.

In the following we assume that the bunch propagates
collinear and with a defined temporal offset with respect to
a laser pulse on the laser propagation axis. The laser pulse
with normalized vector potential a0 is focused onto a gas
target, ionizes the gas and simultaneously excites plasma
waves that carry large amplitude wakefields. Experiments
with externally injected electron bunches should be de-
signed such that the laser drives linear (a0 $ 1) or quasi-
linear plasma waves (a0 %1) to inhibit self-injection of
plasma electrons [19]. The formulation within the scope of
this work describes only this regime and is not valid for the
highly nonlinear or blowout regime. Since a nonlinear
radial dependence of the fields causes emittance growth,
the driving laser pulse must have a ‘‘parabolalike’’ radial
intensity dependence near axis, a2ðrÞ %1" ðr=rsÞ2, to
guarantee for linearly focusing fields in the quasilinear
regime. A Gaussian envelope of the laser driver,

a2ð%; rÞ ¼ a20 exp
!
"ð%" %lÞ2

L2

"
exp

!
" 2r2

r2s

"
; (3)

complying with this constraint is assumed, where % ¼
z" vgt is the comoving variable, vg is the group velocity
of the laser, rs is the laser spot size, and L the length of the
pulse. The longitudinal electric wakefield component for a
resonantly driven plasma wave (L ¼

ffiffiffi
2

p
=kp) for positions

behind the laser pulse ð%" %lÞ2 ( L2 is then given by [20]

Ez

E0
’

ffiffiffiffiffi
&

2e

r
a20 exp

!
" 2r2

r2s

"
cos½kpð%" %lÞ*: (4)

Here kp ¼ !p=c is the plasma wave number, !p is the
plasma frequency, and E0 is the cold nonrelativistic
wave breaking field [21]. Moreover, the radial wakefield
Er " cB' acting on a relativistic, charged particle can be
deduced using Maxwell’s equations and assuming cylin-
drical symmetry. This yields for the transverse fields near
the axis [22],

Er " cB'

E0
’ "K2kpr sin½kpð%" %lÞ*; (5)

where K ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
8&=e4

p
a0=ðkprsÞ. For simplicity we will use

kp%l ¼ & in the following, such that maximum accelerat-
ing field and the zero crossing of the focusing field are
located at % ¼ 0. The aim in external injection is to place
electron bunches with a length much shorter than the
plasma wavelength and a transverse extent much smaller
than the laser spot size into the phase region of the wake
which is both focusing and accelerating. While being
accelerated, the individual particles perform transverse
betatron oscillations with a betatron frequency of

!2
" ¼ K2!2

p

#r
sinðkp%Þ; (6)

where #r is the Lorentz factor. Because of the particle
oscillations, the ellipse with area &!, defined by the
Courant-Snyder parameters [18],

#x2 þ 2$xx0 þ "x02 ¼ !; (7)

rotates according to the single-particle trajectories in trace
space, which are given by

x2="m þ "mx
02 ¼ const; (8)

where "m is deduced from the equation of motion,

"m ¼ !pz

me#r!"
: (9)

Since the betatron frequency [Eq. (6)] is %-dependent and
additionally the electron bunch may have an energy chirp,
the individual longitudinal slices of a finite-length bunch
oscillate at different frequencies which leads to a
%-dependence of the betatron-oscillation phase, and ulti-
mately to complete decoherence during the acceleration
process. This effect is illustrated in Fig. 1, where the trace-
space ellipses of longitudinal bunch slices from a PIC
simulation are shown for different z positions. The interval

½!z" 3(z; !zþ 3(z*, where (z ¼
ffiffiffiffiffiffiffiffi
hz2i

p
is the rms bunch

FIG. 1. Ellipses representing bunch slices from PIC simulation
C2 (see below) at position z ¼ "0:03 mm (left) and z ¼
1:06 mm (right). The gray scale of the ellipse was chosen
according to the ratio of the charge in a slice q and total bunch
charge qb.
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case (CM)—beam with matched Courant-Snyder parame-
ters, !CMðz0Þ ¼ !m, "CMðz0Þ ¼ "m ¼ 0; (ii) mismatched
case (C1)—beam with matched beta function at focus
!CMðzf;C1Þ ¼ !m but with mismatched focal position
zf;C1 ! z0 ! "C1ðz0Þ ! 0; (iii) mismatched case (C2)—
beam with mismatched beta function !C2ðz0Þ ! !m but
matched focal position zf;C2 ¼ z0 ! "C2ðz0Þ ¼ 0. For the
matched case (CM), the focal position of the bunch zf;CM,
must be positioned at z0 to satisfy "CMðz0Þ ¼ 0 in the
matching conditions (10). We analyzed the slope of the
transverse force at the position where the bunch is sup-
posed to be injected and used Eqs. (6) and (9) to find the
matching beta function!m ¼ 0:126 mm. This corresponds
to an rms beam size of 1:97 #m for $n;init ¼ 0:3 #m.

In simulation (C1), the focus is at zf;C1 ¼ $ 20c=!p ’
$ 0:33 mm. During the initial vacuum propagation the
Courant-Snyder parameters evolve according to the for-
mulas for their evolution in a free drift, neglecting space-
charge forces [18],

"ðzÞ ¼ zf $ z

!f
; !ðzÞ ¼ !f þ

ðz $ zfÞ2
!f

;

%ðzÞ ¼ 1

!f
;

(17)

where !f is the beta function at focus zf. The beta and
gamma functions at z0 in the PIC simulation are !C1;0 ¼
1:026 mm and %C1;0 ¼ 7:937 mm$ 1. For case (C2) the
beta and gamma function at z0 are !C2;0 ¼ 0:678 mm,
%C2;0 ¼ 1:476 mm$ 1. Figure 2 depicts the evolution of
the Courant-Snyder parameters during acceleration for
the three mentioned cases. The evolution of the alpha

parameter shows that bunches in simulations (CM) and
(C2) are focused to position z0 whereas "C1 crosses zero
before z0 and the bunch is defocused at position z0. This is
also indicated by the evolution of the beta parameter. Its
parabola vertices (at focus) for cases (CM) and (C2) are
situated at z0 in contrast to case (C1), for which the vertex
is in front of the plasma rising edge. The gamma function
of (C1) initially equals %CMðz0Þ while %C2 is not matched.
If matched, the bunch ellipse will not oscillate after injec-
tion and " will remain zero during the acceleration process
as observed for simulation (CM), whereas the alpha pa-
rameters in the cases (C1) and (C2) oscillate around zero.
Owing to relativistic mass gain, the beta function increases
adiabatically and the gamma function decreases accord-
ingly. The ", !, % curves of (C1) and (C2) all approach the
matched case (CM) by the cost of emittance growth during
betatron-phase mixing as can be seen by comparison of
Figs. 2 and 3. We want to emphasize that the emittance in
the matched case (CM) did not grow significantly despite
the fact that the bunch slipped back substantially with
respect to the plasma wave because of the low injection
energy. This is because the phase slippage occurs adiabati-
cally and does not disrupt the matching conditions.
The betatron phase is completely mixed at z & 2:5 mm

and emittance growth is saturated at that position in good
agreement with expectations [confer Eq. (18) below]. The
emittance in the matched case (CM) grows marginally
compared to the nonmatched cases. After exiting the
plasma target and the beam being at a waist (" ¼ 0),
the Courant-Snyder parameters evolve again according
to Eq. (17).
We now compare these numerical results on the emit-

tance evolution with the above derived analytic theory. The
normalized emittance at the plasma exit in the PIC simu-
lation is $n;C1 ¼ 1:360 #m for case (C1) and $n;C2 ¼
0:830 for case (C2). Using formula (16) we find $n;fin;C1 ¼
1:371 #m and $n;fin;C2 ¼ 0:835 #m. Thus, the theory
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[6] T. Mehrling et al., “Transverse emittance growth in staged laser-wakefield acceleration”, Phys. Rev. ST Accel. Beams 15, 111303 (2012)
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CHROMATICITY – PROJECTED EMITTANCE GROWTH
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> Chromaticity is inherent in any focusing element:


> Quantified in by the so-called “chromatic amplitude” or W-function,  
first introduced by B. Montague [7] in 1979.


> The added chromatic amplitude per optic is approximately: 
(larger beta in the optic and stronger focusing is bad)


> There is also a corresponding chromatic phase, which evolves at twice the rate of 
the betatron phase, and determines how the chromatic amplitude from each new 
optic is added.


> Chromaticity is linked to relative emittance growth to lowest order in σ𝛿  by [8]:


> Mnemonic: To keep emittance growth below 100%, the W-function must be below 
1/(rms energy spread).

k(δ) =
k0

1 + δ δ =
Δp
p

≈
ΔE
E

W = ( ∂α
∂δ

−
α
β

∂β
∂δ )

2

+ ( 1
β

∂β
∂δ )

2

[7] Brian W. Montague, “Linear optics for improved chromaticity correction,” LEP Note 165 (CERN, Geneva, 1979) 
[8] C. A. Lindstrøm and E. Adli, “Design of general apochromatic drift-quadrupole beam lines,” Phys. Rev. Accel. Beams 19, 071002 (2016)

Δϵ2
n

ϵ2
n

= W2σ2
δ + 𝒪(σ4

δ )

ΔW = βkl ≈
β
f
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CHROMATICITY FOR IN PLASMA WAKEFIELD ACCELERATOR STAGING
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> Matched beta function, assumed to be small compared to 
staging length (if not, we do not require any staging optics).


> Assume radial focusing.


> Beam expands over a distance L* before being captured:


> The beam is capture and refocused with a lens of focal length:


> The induced chromaticity is approximately: 
and the emittance growth is given by:


> Recommendations for reducing emittance growth: 
— Decrease plasma density at entry/exit 
— Increase focusing gradient (decrease focal length) 
— OR cancel chromaticity in other ways

βm =
2γ

kp

βmax = βm +
L*2

βm
≈

L*2

βm

f =
L*
2

f

L*

f

L*

W =
βmax

f
≈

2L*
βm

Δϵ2
n

ϵ2
n

=
4L*2

β2
m

σ2
δ + 𝒪(σ4

δ )

Δϵ2
n

ϵ2
n

≈ 4
E

grec

k2
p

2γ
σ2

δ ≈
2n0eσ2

δ

grϵ0c

Assuming minimum focal length staging 
(result will be wrong by a numerical factor)

k2
p =

n0e2

ϵ0mec2
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PLASMA DENSITY RAMPS

�17

> Plasma density ramps are gradual changes of the plasma density at the entry and exit of the plasma stage.


> Reduces the chromaticity problem outside the ramp (larger matched beta function)


> Different classes of density ramps:


> Adiabatic (α ≈ 0 throughout the ramp): longer, but high energy acceptance [9]


> Non-adiabatic (α ≠ 0): shorter, but low energy acceptance [10]


> Warning: Long ramps will decelerate or induce energy spread.

last configuration is for the recently developed collider
concepts based on linking together many PBAs [35,36].
Each stage (with a separate driver) provides a gain of about
10 GeV. In the latter three cases, a magnetic focusing optic
will be needed to couple the beam from one stage into or
from the PBA.
In the above scenarios, the beam exiting one stage

needs to be coupled into the next stage that may have a
drastically different field-focusing strength. In traditional
accelerators, solenoids and quadrupoles are typically
combined to guide the transverse motion of the particles
between the stages. However, due to an ultrahigh
focusing gradient in the nonlinear plasma wake
(G½MT=m"≡ Fr=ecr ≈ 3.01np½1017 cm−3"), state-of-the-
art quadrupoles (G ∼ 103 T=m) [37,38] are not strong
enough to confine the transverse motion of the particles
between the stages. Here Fr is the transverse focusing force
in the direction r and np is the plasma density. As a result,
beams will experience orders of magnitude transverse size
variation when propagating between the PBA and the
conventional focusing optic, and the particles’ transverse
motion will become very sensitive to the energy spread of
the bunch; i.e., particles with different energy will undergo
transverse betatron oscillations with different betatron
phases, leading to a catastrophic emittance growth [13–16].
The transverse normalized emittance, which is a

figure of merit for the beam quality, is defined as
ϵn ¼ ð1=mcÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx2ihp2

xi − hxpxi2
p

, where hi represents an
ensemble average over the beam distribution, x is the
transverse position, and px is the transverse momentum.
The phase space distribution is described by the CS
parameters β, α, and γ [23] where β ¼ hx2i=ϵ,
α ¼ −hxx0i=ϵ, γ ¼ hx02i=ϵ, where x0 ¼ dx=dz ¼ px=pz

is the slope of the particle trajectory, ϵ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx2ihx02i − hxx0i2

p
is the geometric emittance, β is a

measure of the beam size, α represents the correlation
between x and x0 (e.g., at beam waist α ¼ 0), and γ is a
measure of the spread in the particle slopes. The CS
parameters satisfy the relationship βγ ¼ 1þ α2. In typical
cases, the CS parameters of a matched electron beam in
the PBAs are determined by the field structure inside
the nonlinear wake as βp ¼

ffiffiffiffiffiffiffiffiffiffiffi
2hγbi

p
k −1p , αp ¼ 0, where

hγbi is the average value of the relativistic factor of
the beam.
It is straightforward to obtain the emittance evolution

when a relativistic beam drifts in free space as

ϵnðzÞ ¼ hpziϵ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ̂2γb ½ðγiz − αiÞ2 þ 1" þ 1

q
, where σ̂γb ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hp2
zi − hpzi2

p
=hpzi is the relative energy spread of the

beam, and the geometric emittance ϵ remains constant in
free space [13,14]. Here subscript “i” refers to the input or
initial quantity. When the relativistic beam propagates in
focusing elements, the emittance evolution is determined
by the detailed configurations of the quadrupoles or the
field structure in the plasma wake. For the simple case

where a linear focusing force Fr that is constant in z is
present, the emittance grows and finally saturates when the
beam is not matched and there is any initial or induced
energy spread.
Now we consider the situation shown in Fig. 1(a), where

both Fr and accelerating field Ez are present. Here an
electron bunch of hγb;ii ¼ 200 with an initial energy spread
σ̂γb ¼ 0.01 is produced in a 1019 cm−3 injector stage
(βi ¼ 33.7 μm, αi ¼ 0). It then propagates 0.5 mm in
vacuum (βv ≈ 220βi, αv ≈ −15) before entering a lower
density (1017 cm−3) acceleration stage, with no attempt
made to match the beam between the two stages. Further
energy spread is induced by the acceleration gradient that
varies uniformly between ½Ez − ΔEz

=2; Ez þ ΔEz
=2". We

solve the transverse motion equation numerically for many
test particles to plot the evolution of the emittance as solid
lines in Fig. 1(a) for twodifferent values ofΔEz

. Catastrophic
emittance growth by more than a factor of 15 is seen.
It is also possible to obtain an analytical expression for

the projected emittance. Following the derivation in
Ref. [16] for cases where all particles are initialized at
the same zi leads to

ϵn ¼ ϵn;sat

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
ðγiβF þ βi=βFÞ2 − 4

ðγiβF þ βi=βFÞ2

"
sinΔΦ
ΔΦ

#
2

s

; ð1Þ

where ϵn;sat ≈ ϵn;iðγiβF þ βi=βFÞ=2 [15] and βF ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hγbimc=Ge

p
is the average beta function of the beam
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(a)

Beam Focusing Element Matching Section PA

Accelerated Bunch
Drive Beam

Matched Beam

(b)

Beam Envelope

“Blown-out”
Wake

FIG. 1. (a) The emittance evolution of an electron beam
(hγb;ii ¼ 200) from a high-density plasma injector as it prop-
agates in a low-density plasma accelerator. The emittance
evolution for two different values of ΔEz

and Ez ¼ 1, where
Ez is normalized by mcωp;acc=e and ωp;acc is the plasma
frequency in the accelerator. The inset shows the relative position
of the bunch within the nonlinear accelerating cavity. (b) The
concept of matching using a longitudinally tailored plasma
profile. The beam to be accelerated in a PBA is focused at the
entrance of a plasma density ramp for matching and injected into
a fully “blown-out" wake produced by either a laser pulse or an
electron bunch (driver bunch).

PRL 116, 124801 (2016) P HY S I CA L R EV I EW LE T T ER S
week ending

25 MARCH 2016

124801-2

Image source: X. Xu et al., Phys. Rev. Lett. 116, 124801 (2016) [10]

Before 
ramp

After ramp

x

x′�

 [9] Klaus Floettmann, “Adiabatic matching section for plasma accelerated beams”, Phys. Rev. ST Accel. Beams 17, 054402 (2014) 
[10] X. L. Xu et al., “Physics of Phase Space Matching for Staging Plasma and Traditional Accelerator Components Using Longitudinally Tailored Plasma Profiles”, Phys. Rev. Lett. 116, 124801 (2016)
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TRANSVERSE OFFSET TOLERANCES

�18

> Emittance growth from misalignment into a plasma stage:


> (1) Decoherence


> (2) Seed for beam-breakup instability


> Requirement (approximate): Offsets of the witness beam relative to the driver/
structure should be smaller than its transverse size.


> For high-energy, low-emittance beams in high-gradient PWFAs, this can be very 
small: ~10 nm tolerances [11, 12] 

> (LCLS best: 100–200 nm rms)


> Linear collider misalignment tolerance at IP is also few nm-level


> The offset of a beam waist is locked to the offset of the final quads. 

> Similarly, staging optics components just after capture/before refocusing must 
therefore be aligned to roughly the same level: 1–10 nm


> The main problem is random jitter (static offsets can be removed by tuning).


> Effect of plasma ramps: position tolerances improve / angular tolerances 
worsen.
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[11] Ralph Assmann and Kaoru Yokoya, “Transverse beam dynamics in plasma- based linacs,” Nucl. Instrum. Methods Phys. Res. A 410, 544 (1998) 
[12] C. A. Lindstrøm et al., “Transverse tolerances of a multi-stage plasma wakefield accelerator,” Proc. of IPAC2016, p. 2561 (2016)

Image source: C. A. Lindstrøm et al., Proc. of IPAC2016, p. 2561 (2016) [12]
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ENERGY SCALING OF STAGING LENGTH

�19

> Minimum staging length scales as √E 

> Matched beta function scales as √E 

> In the high-energy regime (limited by focusing strength), 
staging length scales as √E 

> All beta functions also scale as √E 
 
⇒ The same optics is valid for any energy (scaled by √E) 

> The relative emittance growth from chromaticity is the same for 
each stage (independent of energy).


> Question:  
Does this mean that wakefield accelerators will eventually be 
worse than conventional accelerators (scaling as E)?

Lmin =
4

k
= 4

E
grec

βmax = βm +
L*2

βm
≈ ∼ E

βm =
2γ

kp

Δϵ2
n

ϵ2
n

=
4L*2

β2
m

σ2
δ + 𝒪(σ4

δ )
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ALTERNATIVE STAGING SCHEMES — LOGARITHMIC/RECURSIVE STAGING

�20

> Can reduce overall staging length by using higher energy drivers.


> For beam-driven PWFA, we can use an witness bunch as a higher-energy drive bunch


> Leads to exponential (not linear) growth of energy per stage—but also exponentially longer plasma stages. 
 
  ⇒   Fewer stages, less staging length


> Requires high driver–witness energy transfer efficiency to be useful.

E0 2E0 3E0 4E0 5E0 6E0 7E0

(a)  Linear staging

E0 2E0 4E0 8E0 16E0

(b)  Logarithmic staging

> This is included in Case Study 4 (so we won’t reveal all the conclusions)

http://forward.desy.de
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PART 2

�21

SUGGESTED STAGING TECHNIQUES

> Single-stage / focus-free acceleration


> Sextupoles in dispersive sections


> A(po)chromatic optics


> Passive and active plasma lenses


> Bent channels

http://forward.desy.de
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HIGH-TOTAL-ENERGY DRIVERS (AVOIDING STAGING 1/2)

�22

> If all the energy required is already contained in one 
driver, single-stage acceleration is sufficient.


> Cannot use a single high total energy electron/positron 
driver, as electron/positron acceleration is then 
unnecessary.


> However, two options are attractive:


> Proton bunches, which can be accelerated to high 
energy in synchrotrons to contain several kJ per bunch 
(laser/electron bunches: ~J).


> Bunch trains, resonantly driving the wakefield. 
Possible with both particle and laser [13] beams.


> The AWAKE experiment at CERN is using both of these 
concepts, by employing self-modulation of proton 
bunches into bunch trains [15].

Image source: S. Hooker/University of Oxford

[13] J. Cowley et al., “Excitation and Control of Plasma Wakefields by Multiple Laser Pulses”, Phys. Rev. Lett. 119, 044802 (2017) 
[14] K. Nakajima et al., “Plasma wake-field accelerator experiments at KEK,” Nucl. Instrum. Methods Phys. Res. A 292, 12 (1990) 
[15] E. Adli et al. (AWAKE Collaboration), “Acceleration of electrons in the plasma wakefield of a proton bunch”, Nature 561, 363–367 (2018)

Image source: E. Adli et al. (AWAKE Collaboration), Nature 561, 363–367 (2018) [15]
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DIELECTRIC OR HOLLOW PLASMA CHANNELS (AVOIDING STAGING 2/2)

�23

> Structure-based dielectric [16] or hollow channel plasma [17] 
wakefield accelerators can provide strong acceleration (GV/m-
scale) without on-axis focusing.


> No strong focusing removes the chromaticity problem 
⇒ Easier staging (less focusing optics)


> However, very strong dipole-like transverse wakefields [18, 19] 
lead to beam breakup and strong witness bunch deflections.

Longitudinal wakefield
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[16] B. D. O’Shea et al., “Observation of acceleration and deceleration in gigaelectron-volt-per-metre gradient dielectric wakefield accelerators”, Nat. Commun. 7, 12763 (2016) 
[17] S. Gessner et al., “Demonstration of a positron beam-driven hollow channel plasma wakefield accelerator”, Nat. Commun. 7, 11785 (2016) 
[18] C. B. Schroeder, D. H. Whittum, and J. S. Wurtele, “Multimode Analysis of the Hollow Plasma Channel Wakefield Accelerator”, Phys. Rev. Lett. 82, 1177 (1999) 
[19] C. A. Lindstrøm et al., “Measurement of Transverse Wakefields Induced by a Misaligned Positron Bunch in a Hollow Channel Plasma Accelerator”, Phys. Rev. Lett. 120, 124802 (2018)

Image source: SLAC (2016) Image source: B. D. O’Shea,  
  Nat. Commun. 7, 12763 (2016) [16]

Image source: C. A. Lindstrøm et al., Phys. Rev. Lett. 120, 124802 (2018) [19]
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SEXTUPOLES IN DISPERSIVE SECTIONS (THE CONVENTIONAL SOLUTION)

�24

> Sextupoles: Different focal length at each offset (+ “geometric terms”)


> Energetically disperse the beam onto sextupole (different energy at each offset)


> Adjust sextupole strength to cancel chromaticity


> Cancel the geometric terms (B ~ xy, etc.) 


> Used in final focus systems, where betas are demagnified by 106–109


> Two methods of chromaticity cancellation [20]


> Global chromaticity correction (used in Stanford Linear Collider)


> Local chromaticity correction (planned for ILC, CLIC, FCC, CEPC)

Bx ⇠ xy + �Dxy

By ⇠ 1

2
(x2 � y2) + x�Dx +

1

2
�2D2

x

Linear chromatic terms
CORRECT CHROMATICITY

Non-linear chromatic term 

Non-linear  
geometric terms

Sextupole B-fields:

Geometric term cancellation:

[20] P. Raimondi and A. Seryi, “Novel Final Focus Design for Future Linear Colliders”, Phys. Rev. Lett. 86, 3779 (2001)
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preservation of the linear optics should be as large as pos-
sible; the system should have as few elements as possible.
It is straightforward, starting from the IP, to build such a
system: a final doublet is required to provide focusing; the
FD generates chromaticity, so two sextupoles interleaved
with these quadrupoles and a bend upstream to generate
dispersion across the FD will locally cancel the chromatic-
ity; the sextupoles generate geometric aberrations, so two
more sextupoles in phase with them and upstream of the
bend are required; four more quadrupoles are needed up-
stream to match the incoming beam (see Fig. 2).

The second order aberrations are canceled when the x
and y pairs of sextupoles are separated by transfer matrices
MF and MD:

MF !

F 0 0 0
F21 F21 0 0
0 0 F 0
0 0 F43 F21

;

MD !

D 0 0 0
D21 D21 0 0
0 0 D 0
0 0 D43 D21

,

where all nonzero parameters are arbitrary. In order to can-
cel the second order chromatic aberrations, the sextupole
integrated strengths KS have to satisfy

KSF2 ! 2F3KSF1; KSD2 ! 2D3KSD1 ,

KSF1 !
jx 1 1 jx 2

R3
F12h0 ; KSD1 !

jy

R3
D34h0 ,

and jx 1 ! jx 2, where jx 1 is the horizontal chromaticity of
the system upstream of the bend, jx 2 is the chromaticity
downstream, and jy is the vertical chromaticity. RF and
RD are the transfer matrices from SF1 and SD1 to the IP
as shown in Fig. 2. The angular dispersion at the IP, h0,
is necessarily nonzero in the new design but can be small
enough that it does not significantly increase the beam di-
vergence. Half of the total horizontal chromaticity of the
whole final focus must be generated upstream of the bend
in order for the sextupoles to simultaneously cancel the
chromaticity and the second order dispersion. One should
note that the need to generate horizontal chromaticity up-
stream of the bend does not significantly degrade the per-
formance of the system. In fact, even in the traditional
scheme about 50% of the total X chromaticity and 25% of
the Y chromaticity is generated by the quadrupoles in the
CCX and CCY. For the new system, only about 10% of the
Y chromaticity is generated upstream of the final doublet.

Doublet
Final

D

D

D2
F2

M

S
S

M

S

R

SF1

F

D1

Bend

IP

RF

FIG. 2. Optical layout of the new final focus.

The horizontal and vertical sextupoles are interleaved,
so they can generate third order geometric aberrations ac-
cording to

U1222 ! xR2
D12R2

F12c12; U3444 ! xR2
D34R

2
F34c12 ,

U1244 ! U3224 ! 2x!c12R2
D34R

2
F12 1 c12R2

D12R2
F34

2 4c34RD12RD34RF12RF34"#2 ,

where x ! KSDKSF , Uijkl ! ≠3x i#$≠x j≠x k≠x l%, and x i
are the six dimension phase space coordinates at the IP.
c12 and c34 are elements of the transfer matrix between
SF1 and SD1. The beam size dilution from U3444 and U1222
is small if the last quadrupole is defocusing for typical
flat beam parameters as given in Table I. U1244 and U3224
can be made to vanish by properly choosing the transfer
matrices between the sextupoles. Similar constraints hold
for third order chromogeometric aberrations. All these
constraints can be satisfied with the system described.

Although the synchrotron radiation from the bending
magnets causes beam size dilution in both systems, the
effect is smaller in the new design where the chromatic
correction for both planes is done in the same section so
that all of the bends in the CCX and about half of those in
the CCY are omitted.

It can be shown that a system with the same demagni-
fication as the NLC FF, the same L!, and comparable op-
tical performance can be built in a length of about 300 m
although the system proposed in the following is longer to
allow a much larger energy range of operation.

The new FF system even in the “minimal” configuration
shown in Fig. 2 has potentially a much better performance
than the traditional design. The minimal system can how-
ever be further improved by adding more elements to mini-
mize residual aberrations. An additional bend upstream of
the second sextupole pair decreases chromaticity through
the system. An additional sextupole upstream and in phase
with the last one further reduces third order aberrations in
the x plane. Such a system has vanishing aberrations up to
third order, and the residual higher order aberrations can
be further minimized by using decapoles. In particular,
the fourth order aberrations generated by the interleaved
horizontal and vertical sextupoles can be reduced with a
decapole placed near the closest quadrupole to the IP. The
new optics is shown in Fig. 3 for 500 GeV beam parame-
ters given in Table I. The new system has an L! ! 4.3 m,
which is more than twice the original value and will sim-
plify the design of the detector. This could also allow the
use of large bore superconducting quadrupoles and final

TABLE I. Beam parameters.

Beam energy, GeV 500 2500
Emittances g x́ #g ý $mm% 4#0.06 0.5#0.01
IP beta functions bx #by (mm) 9.5#0.12 9.5#0.14
Beam sizes sx #sy at IP (nm) 197#2.7 31#0.54
Divergence ux #uy at IP (mrad) 21#23 3.2#3.7
Energy spread sE $1023% 3 2
Dispersion h0

x at IP (1023) 5.4 0.5

3780
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FIG. 3. Optics of the new NLC final focus system showing
horizontal and vertical betatron (b) and dispersion (h) functions
similarly to Fig. 1.

sextupoles with gradients of about 1 T and 0.5 T!cm2 at
1 TeV!cm, respectively. The design aperture of the NLC
final doublet is about ra ! 10 mm, while for the new
FF with twice longer L! this aperture can be as large as
ra ! 20 mm. Although the chromatic correction is larger
due to the longer L!, the performance of the system is still
better than for the original NLC FF design.

Figure 4 compares the bandwidth of the NLC FF and
the new design in the IP phase. The bandwidth is derived
from the variation of the beta function and the beam size as
they actually contribute to luminosity, which is determined
by tracking codes that include the effect of synchrotron
radiation [6,7]. The beam size bandwidth is narrower than
the beta function bandwidth because of higher order cross-
plane chromatic aberrations.

While the IP bandwidth for these two systems is compa-
rable, the FD bandwidth is much wider for the new design
as seen in Fig. 5. This phase is often ignored, but it is the
phase which dominates the backgrounds. The dynamic
aperture is also much larger for the new system as seen in
Fig. 6 which shows the halo particle distribution at the face
of the final doublet for the traditional FF and for the new

FIG. 4. IP bandwidth of the traditional and the new NLC final
focus. Normalized betatron functions and normalized luminosity
equivalent beam size versus energy offset DE!E, and normal-
ized luminosity versus rms energy spread sE .

FIG. 5. FD bandwidth of the traditional and the new NLC final
focus. Normalized betatron functions at the final doublet versus
energy offset DE!E.

FF. One can see that the beam is very distorted in the tra-
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for the new FF and that the nonzero dispersion across the
FD in the new system has little effect on the dynamic
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of the system, there would also be less regeneration of the
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A major advantage of the new final focus design is that
the new system is much more suitable for scaling to higher
energies. It is difficult to analytically derive a universal for-
mula for the length of the traditional final focus as a func-
tion of energy. However, from the length of the systems

FIG. 6. Beam at the entrance of the final doublet for the tra-
ditional and the new NLC final focus. Particles of the incoming
beam are placed on a surface of an ellipsoid with dimensions
Ns"x , x 0, y , y 0, E# ! "800, 8, 4000, 40, 20# times larger than the
nominal beam sizes.

3781

VOLUME 86, NUMBER 17 P H Y S I C A L R E V I E W L E T T E R S 23 APRIL 2001

FIG. 3. Optics of the new NLC final focus system showing
horizontal and vertical betatron (b) and dispersion (h) functions
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Novel Final Focus Design for Future Linear Colliders

Pantaleo Raimondi and Andrei Seryi
Stanford Linear Accelerator Center, Stanford University, Stanford, California 94309

(Received 25 May 2000)

The length, complexity, and cost of the present final focus designs for linear colliders grow very
quickly with the beam energy. In this Letter, a novel final focus system is presented and compared
with the one proposed for the Next Linear Collider (NLC Zeroth-Order Design Report, edited by T. O.
Raubenheimer, SLAC Report No. 474, 1996). This new design has fewer optical elements and is much
shorter, nonetheless achieving better chromatic properties. Moreover, the new system is more suitable
for operation over a larger energy range.

DOI: 10.1103/PhysRevLett.86.3779 PACS numbers: 29.17.+w, 29.27.–a, 41.75.Ht, 41.85.–p

The main task of a linear collider final focus system (FF)
is to focus the beams to the small sizes required at the in-
teraction point (IP). To achieve this, the FF forms a large
and almost parallel beam at the entrance to the final dou-
blet (FD), which contains two or more strong quadrupole
lenses. For the nominal energy, the beam size at the IP is
then determined by s !

p
´b!, where ´ is the beam emit-

tance and b! is the betatron function [1] at the IP (typically
about 1–0.1 mm). However, for a beam with an energy
spread sE (typically 0.1%–1%), the beam size is diluted
by the chromaticity of these strong lenses. The vertical
chromaticity defined as j ! db!!b!

dE!E [2] roughly scales as
"L! 1 Lq!2#!b!, where L! (typically 2–4 m) is the dis-
tance from the IP to the FD and Lq is the length of the final
quad (assumed vertically focusing). Thus the chromatic di-
lution of the beam size sE"L! 1 Lq!2#!b! is very large.
The design of a FF is therefore driven primarily by the ne-
cessity of compensating the chromaticity of the FD.

In a “traditional” final focus system [SLAC Linear Col-
lider (SLC) [3], Final Focus Test Beam (FFTB) [4], or
the new linear collider designs] the chromaticity is com-
pensated in dedicated chromatic correction sections (CCX
and CCY) by sextupoles placed in high dispersion and
high beta regions. The geometric aberrations generated
by the sextupoles are canceled by using them in pairs with
a minus identity transformation between them. As an ex-
ample, the traditional design of the Next Linear Collider
(NLC) final focus [5] with L! ! 2 m, b!

x ! 10 mm, and
b!

y ! 0.12 mm is shown in Fig. 1. The advantage of the
traditional FF is its separated optics with strictly defined
functions and straightforward cancellation of geometrical
aberrations. This makes such a system relatively simple
for design and analysis.

The major disadvantage of the traditional final focus
system is that the chromaticity of the FD is not locally
compensated. As a direct consequence there are intrin-
sic limitations on the bandwidth of the system due to the
unavoidable breakdown of the proper phase relations be-
tween the sextupoles and the FD for different energies.
This precludes the perfect cancellation of the chromatic
aberrations. Moreover, the system is very sensitive to any

disturbance of the beam energy in between the sources
of chromaticity, whether due to longitudinal wakefields or
synchrotron radiation. The bend magnets that have to be
sufficiently long and weak to minimize the additional en-
ergy spread generated lengthen the system considerably. In
addition, the phase slippage of the off-momentum particles
limits the acceptance of the system (dynamic aperture).
Therefore very long and problematic collimation sections
are required in order to eliminate those particles that would
otherwise hit the FD and/or generate background in the de-
tector. The collimation section optics itself also becomes a
source of aberrations since large beta and dispersion func-
tions are required. As a result of these limitations, the
length of the beam delivery system becomes a significant
fraction of the length of the entire accelerator, and scaling
to higher energies is difficult.

Taking into account the disadvantages of the traditional
approach, one can formulate the requirements for a more
“ideal” final focus: the chromaticity should be corrected
as locally as possible; the number of bend magnets should
be minimized; the dynamic aperture or, equivalently, the

FIG. 1. Optics of the traditional final focus for the NLC show-
ing horizontal and vertical betatron (b) and dispersion (h) func-
tions. Focusing and defocusing quadrupoles are indicated as up
and down bars on the magnet plot above the optics, while the
bends are centered.

0031-9007!01!86(17)!3779(4)$15.00 © 2001 The American Physical Society 3779
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Image source (all): P. Raimondi and A. Seryi, Phys. Rev. Lett. 86, 3779 (2001) [18]
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SEXTUPOLES IN DISPERSIVE SECTIONS (THE CONVENTIONAL SOLUTION)

�25

> Example solution (very complex, large number of magnets) [2] — Effectively two back-to-back final focus systems


> Pros:


> Currently the only successfully demonstrated method  
(FFTB at SLAC, ATF2 at KEK)


> Can correct large chromaticity 

> Cons:


> Introduces nonlinear terms, requires long sections to cancel


> Requires strong dipoles (large dispersion): scales unfavourably to high energy regarding synchrotron radiation.
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Image source: C. A. Lindstrøm, PhD thesis (2019)

[2] C. A. Lindstrøm, “Emittance growth and preservation in a plasma-based linear collider”, PhD thesis (University of Oslo, 2019)
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A(PO)CHROMATIC CORRECTION (1/3)

�26

> Possible to cancel chromaticity at a given location using only linear optics.


> First suggested by Montague and Ruggiero (CLIC) in 1987 [21]: 
they called in “apochromatic focusing”.


> Working principle: 


> Each energy slice traverses the lattice differently, but end up with 
the same Twiss parameters.


> The phase advance of particles at different energy still varies with energy  
(requires sextupoles to cancel)


> Limited in how much energy spread it can correct for,  
must therefore be used in tandem with plasma density ramps or similar [8].

[21] Brian W. Montague and Francesco Ruggiero, “Apochromatic focusing for linear colliders,” CLIC Note 37 (CERN, Geneva, 1987)

Image source (all): C. A. Lindstrøm and E. Adli, Phys. Rev. Accel. Beams 19, 071002 (2016) [8]
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A(PO)CHROMATIC CORRECTION (2/3)

�27

> Chromaticity can be canceled to any order, at the cost of longer lattices.

Image source (all): C. A. Lindstrøm and E. Adli, Phys. Rev. Accel. Beams 19, 071002 (2016) [22]
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A(PO)CHROMATIC CORRECTION (3/3)

�28

> Example solution [22]: 


> Working staging optics for a 500 GeV,  
0.5% rms energy spread, 80 cm matched beta


> 39 m long, 5 dipoles, 8 quadrupoles


> Cancels (1st order) chromaticity and (1st order) 
dispersion.


> 1% emittance growth (due to 2nd order dispersion)

[22] C. A. Lindstrøm et al., “Staging optics considerations for a plasma wakefield acceleration linear collider”, Nucl. Instrum. Methods Phys. Res. A 829, 224–228 (2016).

Image source: C. A. Lindstrøm et al., Nucl. Instrum. Methods Phys. Res. A 829, 224–228 (2016) [23]
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SIDE NOTE: RADIAL FOCUSING

�29

> Question: How does the effective focusing strength of a quadrupole channel (focus–defocus-etc) compare to that of a 
radial focusing channel (focusing in both planes)? 

> To achieve the same matched beta function, a quadrupole channel has to be ~10 times  
stronger than a radial focusing channel with the same gradient [2].


> In addition, quadrupole channels are not very effective for other energies — is defocusing for lower energies!


> Conclusion: it is highly beneficial to use radial focusing optics compared to quadrupole optics.


> Maxwell’s equations dictate that radial focusing is impossible in a vacuum: on-axis current or charge is required.
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[2] C. A. Lindstrøm, “Emittance growth and preservation in a plasma-based linear collider”, PhD thesis (University of Oslo, 2019)
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PASSIVE PLASMA LENSES

�30

> (1922) The principle was used for cathode rays (J. B. Johnson) [24].  
(1987) Proposed in its current form by P. Chen [23]. 
(1990) First demonstrated by at Argonne by J. Rosenzweig et al. [25].


> Principle: Electrostatic focusing by an ion column (same focusing as in 
plasma wakefield accelerators)


> Very strong focusing gradients. 


> Example:   n0 = 1017 cm-3   ⇒    gr = 3 MT/m 

> The plasma density ramp is an example of a passive plasma lens.


> Generally non-uniform focusing in the longitudinal and transverse


> Uniform focusing requires a driver (e.g. blowout regime) – only works for 
electrons, not positrons/protons


> Beam-based: hard to meet transverse tolerance requirements.

[23] Pisin Chen, “A possible final focusing mechanism for linear colliders,” Part. Accel. 20, 171 (1987).  
[24] John B. Johnson, “A low voltage cathode ray oscillograph,” J. Opt. Soc. Am. 6, 701 (1922). 
[25] J. B. Rosenzweig et al., “Demonstration of electron beam selffocusing in plasma wake fields,” Phys. Fluids B 2, 1376 (1990) 
[26] M. Litos et al., “High-efficiency acceleration of an electron beam in a plasma wakefield accelerator”, Nature 515, 92–95 (2014) 
[27] C. E. Clayton et al., “Self-mapping the longitudinal field structure of a nonlinear plasma accelerator cavity”, Nat. Commun. 7, 12483 (2016)

Image source: M. Litos et al., Nature 515, 92–95 (2014) [26]

Image source (adapted): C. E. Clayton et al., Nat. Commun. 7, 12483 (2016) [27]

gr =
en0

2cϵ0
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ACTIVE PLASMA LENSES

�31

> First use by Panofsky and Baker [28] at the Berkeley Rad Lab in 1950.


> Principle of operation:


> Uniform longitudinal current density 

> Sets up B-field which increases linearly with radius


> Fields up to 3 kT/m have been demonstrated [29].


> Charge-agnostic: Works for both electrons and positrons/protons.


> Several labs pursuing this technology (LBNL, DESY, INFN, CERN).


> Not beam-based: better transverse stability.


> Nonlinear focusing fields: can be mitigated with high-Z gases (argon) [30]


> Emittance preservation has been demonstrated for low charge (20 pC)


> Limited by passive plasma lensing (for intense bunches): 
may be no possibility for using APLs for linear collider/FEL beams [31] 

> Limited focusing strength from z-pinching (self-focusing of the current)


> Gas scattering in the lens (large beta functions + high plasma density)

Current

Β
φ
(r)

z
r

Electron 
beam Electron

Force

ElectrodeElectrode

R

[28] W. K. H. Panofsky and W. R. Baker, “A focusing device for the external 350-Mev proton beam of the 184-inch cyclotron at Berkeley,” Rev. Sci. Instrum. 21, 445 (1950) 
[29] J. van Tilborg et al., “Active plasma lensing for relativistic laser-plasma- accelerated electron beams,” Phys. Rev. Lett. 115, 184802 (2015) 
[30] C. A. Lindstrøm et al., “Emittance preservation in an aberration-free active plasma lens,” Phys. Rev. Lett. 121, 194801 (2018) 
[31] C. A. Lindstrøm and E. Adli, “Analytic plasma wakefield limits for active plasma lenses,” arXiv:1802.02750 (2018)
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Image source: J. van Tilborg et al., Phys. Rev. Lett. 115, 184802 (2015) [29]

Image source: C. A. Lindstrøm et al., Phys. Rev. Lett. 121, 194801 (2018) [30]
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APLS: EXPERIMENTAL DEMONSTRATION OF STAGING AT BELLA

�32

> BELLA laser wakefield accelerator facility at LBNL.


> The only staging experiment so far.


> ~100 MeV beam from Stage 1, large energy spread [32]


> Active plasma lensing used for capture/refocusing: 3.5% charge coupling


> Further staging experiments are currently underway at BELLA.  
Similar experiments soon at APOLLON (quadrupoles) and at RAL (no optics).
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laser pulse over many Rayleigh lengths, minimizing diffraction and 
extending the acceleration length. These target systems are well char-
acterized3,14, and a model has previously been developed that permits 
the wakefield amplitude to be determined by means of the spectral 
redshift of the transmitted laser15,26,27. We used a feedback-controlled, 
tape-based plasma mirror (see Methods) to combine the injected  
electron beam with the laser driver in the second stage.

The laser pulses reflected off the plasma mirror were guided in the 
parabolic plasma channel created in the discharge capillary with an 
energy transmission of 85%. Matched propagation of a transversely 
Gaussian laser pulse in a plasma with a transverse parabolic density 
profile can be obtained—at low laser power and intensity—if the 
input-laser spot size, w0 (which corresponds to a radius whereby  
the laser intensity is 1/e2 compared to the on-axis value), equals the 
matched spot size, rm. (For a parabolic plasma profile, n (r) = n 0 + αr2, 
where n 0 is the on-axis density, r is the transverse spatial coordinate in 
the plasma channel, and α is the parameter controlling the depth of 
the channel; the matched spot size is given by rm = (απre)−1/4, with 
re = 2.8 × 10−13 cm being the classical electron radius.) In our experi-
mental conditions, rm = 45 µm, and the laser spot size at focus was 
w0 = 18 µm, leading to mismatched propagation and, hence, to varying 
peak intensities and wakefield strengths along the capillary. The char-
acteristic oscillation length of the laser spot size is given by λOS = πzRM, 
where π λ= /z rmRM

2 , and λ = 0.8 µm is the central wavelength of the 
laser. For our parameters, λOS = 25 mm. Wake excitation under these 
conditions was confirmed by measuring optical spectra of the trans-
mitted laser pulse, showing an increasing redshift with increasing 
plasma density in the channel. Quantitative analysis of the spectra 
revealed a maximum relative redshift of 3% with respect to the central 
wavelength of the laser at a density of 2 × 1018 cm−3. This corresponds 
to an average field amplitude of about 17 MV mm−1 if wake excitation 
occurs over the full length of the capillary26.

To control the phasing of the electron beam in the plasma wake of 
the second-stage LPA, we varied the delay between the laser pulses 
that drive the first and second stages, with femtosecond precision, 
with an optical-delay stage in the laser beam line of the injector stage. 
Electron spectra were recorded as a function of the delay between the 
two laser pulses. In the case of a positive delay, the first-stage elec-
trons propagated without the influence of the second laser pulse. After 
the second laser pulse arrived (negative delay), the electron spectra 
were periodically modulated in energy (Fig. 2a). The period of the 
modulation was 80 ±  6 femtoseconds, consistent with a plasma wave-
length λp of 24 µm, at a density of (1.9 ±  0.3) × 1018 cm−3. The constant 
periodicity of the observed modulation as a function of delay behind 
the driver pulse further indicates a quasilinear wake, consistent with 

expectations for the experimental parameters, including laser intensity 
and plasma density.

To investigate the influence of the second-stage wakefield on the 
electron beam in detail, we subtracted the reference spectrum result-
ing from an unperturbed beam (positive delay) from the spectrum 
at each delay, to emphasize the effect of the second laser pulse while 
maintaining absolute charge information. The resulting electron dis-
tributions are plotted in Fig. 2b in the form of a waterfall plot of elec-
tron spectra, where each horizontal line corresponds to an energy 
spectrum that is averaged over five shots. Background-subtracted 
two-dimensional charge maps for the first two peaks and valleys of 
the blue curve in Fig. 2a, also averaged over five shots, are shown 
in Fig. 2d–g. The presence of the second-stage laser results in a 
reduction in total beam charge by up to a factor of three (Fig. 2a). 
For appropriate timing of the second-stage laser, however, charge 
was detected beyond the energy cut-off of the input electron spec-
trum, that is, > 200 MeV. This charge accelerated beyond the cut-off 
of the input spectrum (red and yellow areas in Fig. 2b, d, f), which 
indicates acceleration in the second stage. The integrated charge of 
1.2 pC in this region represents the charge trapped in the acceler-
ating phase of the wake, corresponding to a trapping efficiency of 
3.5%. At delays of λp/2 after the times of maximum energy gain, 
roughly 1 pC of additional charge was detected around 110–150 MeV  
(Fig. 2e,g). This could correspond to electrons that have deceler-
ated, or to electrons that have been deflected by the transverse wake 
fields into the spectrometer acceptance. The broad energy spread of  
the first-stage electron beam prevents unambiguous observation of the 
decelerating phase of the wake under these conditions.

Numerical modelling performed with the code INF&RNO28,29 
allows detailed analysis of the interaction. Figure 3a shows reference- 
subtracted electron spectra as a function of the delay between the 
arrival of the electron bunch and the laser pulse. The simulations 
show that the observed energy modulations depend on the phasing 
of the electron bunch within the wake. The periodicity of the modu-
lation is determined by the plasma density and is consistent with the 
experimental observation. However, the amount of post-accelerated  
charge decreases in the later accelerating phases of the wake as a result 
of increasing wake curvature. The fact that the linearity of the wake 
appears to be preserved in the experimental results could be attributed 
to a deviation from the parabolic plasma channel. We have found that, 
for example, simulating a quartic plasma density profile yields a charge 
distribution similar to that obtained in the experiment (Extended Data 
Fig. 1). Simulations performed assuming matched guiding conditions, 
and a more-energetic injector beam with reduced energy spread, indi-
cate that roughly 90% trapping can be achieved (Extended Data Fig. 2).

Figure 1 | The experimental set-up. In stage I, a pulse of laser light is 
focused on a gas jet, producing an electron beam. This beam is then 
transported to the entrance of stage II by a discharge capillary, which 
is acting as an active plasma lens. In stage II, the beam enters a second 
discharge capillary. A second laser pulse further accelerates the electrons; 
this laser is coupled to the second discharge capillary via a plasma-mirror 
tape. Lanex screens are used to detect the energy integrated and  

energy-dispersed (as part of a dipole spectrometer) electron profiles. The 
inset shows how the diameter of the waist (the ‘spot size’) of the electron 
beam evolves along the beam path (z), simulated for different electron-
beam energies produced by the first stage, according to ref. 8. Energies 
in the interval 75–125 MeV are focused at the entrance of the stage II 
capillary to spot sizes of the order of the input-laser spot size (18 µm).
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LETTER RESEARCH

As discussed above, there were two regions of increased laser  
intensity—and hence higher wake amplitude—in the capillary, owing 
to mismatched laser-pulse guiding. In Fig. 3, we plot the evolution  
of electron energy (Fig. 3b) and bunch size (Fig. 3c) as a function of 
propagation in the capillary for two different electron populations at 
a delay of −252 femtoseconds. Electrons that had an initial energy in 
the range 75–125 MeV did not gain a notable amount of energy, and 

were strongly defocused by the transverse wakefield in the early stages 
of the laser–plasma interaction. On the other hand, electrons with 
a final energy above 200 MeV experienced an energy gain of about 
100 MeV in the vicinity of the second laser focus, corresponding to a 
propagation distance of z = 24–29 mm in the plasma, where—because 
of the focusing induced by the discharge current and the laser-induced 
wake—they reach a spot size of roughly 5 µm and interact strongly 

Figure 2 | Spectra of electron beams produced by staged 
acceleration. a, Maximum electron energy (blue) and 
total electron-beam charge (red) as a function of the delay 
between the two driving laser pulses. ‘Positive delays’ 
correspond to times before the arrival of laser 2. A single 
data point represents an average of five measurements; error 
bars represent the standard deviation. b, Waterfall plot of 
electron spectra (five-shot average), each with the reference 
from panel c subtracted, as a function of delay. c, 100-shot 
average unperturbed reference for delays of 100–300 fs 
before the arrival of the second laser pulse. c–g,  
Two-dimensional charge maps (five-shot average), with 
reference (c) subtracted for the first two maxima and 
minima of the energy oscillation shown in a—that is, for 
delays of −107 fs (d), −153 fs (e), −193 fs (f) and −240 fs 
(g). The y-axis in c–g shows the transverse angle in 
milliradians; ‘0’ corresponds to the laser axis.

0

–100

100

C
ha

rg
e 

(n
C

 M
eV

–1
 s

r–1
)

×0.1

20
0

–100

–200

C
ha

rg
e 

(fC
 M

eV
–1

)

200 400
–700

–600

–500

–400

–300

–200

–100

0

m
ra

d
m

ra
d

m
ra

d
m

ra
d

m
ra

d

M
ax

im
iu

m
 e

ne
rg

y 
(M

eV
)

300

280

260

240

220

200

180

160

C
ha

rg
e 

(p
C

)

50

40

30

20

10

Delay (fs)

–600 –400 –200 0 200 400

c

d

e

f

g

b

a

Energy (MeV)

D
el

ay
 (f

s)

200 400
Energy (MeV)

600

2
0

–2

2
0

–2
2
0

–2
2
0

–2
2
0

–2

Figure 3 | Simulation results. a, Waterfall plot of electron energy 
spectra as a function of delay, with the same colour scale as in Fig. 2b. 
The reference was subtracted from each spectrum in a similar way as for 
the experimental results. b, Black line, evolution of the laser intensity, 
expressed as the relativistically normalized laser vector potential a0, as a 
function of propagation in the capillary (z denotes the location along the 
plasma channel) in the second-stage LPA. Red and blue lines, evolution 
of electron energy as a function of propagation in the capillary for a delay 
of −252 fs for two different electron populations: electrons with an initial 
energy in the interval 75–125 MeV (blue) and electrons with a final energy 

of 200–300 MeV (red). c, Evolution of the electron-beam r.m.s. spot size 
(also called bunch size) for the same electron-beam subsets as in panel 
b, along with the electron-beam r.m.s. spot size of the ‘red’ electrons 
without influence of the wakefield (red dashed line). d, Total transverse 
force on the electron beam divided by the contribution from the discharge 
current F(z)/F(z = 0), for two different distances from the axis: 10 µm 
(black) and 20 µm (grey). (F(z = 0) is the contribution from the discharge 
current.) The area between the grey dashed lines in b–d indicates where 
the electrons with final energies greater than 200 MeV are trapped and 
accelerated in the laser-induced wakefield.
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Image source: S. Steinke et al., Nature 530, 190–193 (2016) [32]

[32] S. Steinke et al., “Multistage coupling of independent laser-plasma accelerators”, Nature 530, 190–193 (2016)
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CURVED CHANNELS FOR LASER IN-COUPLING

�33

> An alternative to plasma mirrors is to use curved channels.


> The distance between stages can be made very short, reducing chromaticity


> However, misalignment and dispersion is induced, which will dramatically increase emittance.


> Not yet experimentally demonstrated.

Image source: J. Luo et al., Phys. Rev. Lett. 120, 154801 (2018)

[32] J. Luo et al., “Multistage Coupling of Laser-Wakefield Accelerators with Curved Plasma Channels”, Phys. Rev. Lett. 120, 154801 (2018)

http://forward.desy.de
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PART 3

�34

DRIVE BEAM  
DISTRIBUTION SCHEMES

> Synchronization/timing tolerances


> Four ways of distributing the drive 
bunches

http://forward.desy.de
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SYNCHRONIZATION/TIMING TOLERANCES

�35

> For plasma accelerators, the timing tolerance is given by the size of the 
accelerating phase and the energy offset tolerance:


> Assume that the energy gain must be accurate to ~1% or better


> The size/duration of the accelerating phase (a few kp for plasma wakefields)


> Timing tolerance scales inversely with gradient.


> For GV/m fields, the timing tolerance is around tens of femtoseconds.


> No current experiments have had to face this tolerance, as witness bunches 
have either been injected or made from “scraping” a single bunch into two.

kpΔξ ≈
ΔEz

Ez

Δt ≲ (
ΔEz

Ez ) 1
ckp

≈ (
ΔEz

Ez ) mec
eEz

Image source: C. E. Clayton et al., Nat. Commun. 7, 12483 (2016)
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U-TURN CHICANES

�36

> Most basic solution: One drive beam complex per stage — Problem: How can we make it more cost effective?


> A train of drive bunches is produced in a drive beam accelerator complex (CLIC-like [33])


> Each driver is coupled in via its own U-turn chicane [34, 35]


> The first bunch of the train is used in the first cell


> Can be expensive to build: requires a large number of long chicanes (worse with higher drive beam energy)

[33] M. Aicheler (editor) et al., “A Multi-TeV linear collider based on CLIC technology”, CLIC Conceptual Design Report (CERN, Geneva, 2013) 
[34] J. Rosenzweig et al., “Towards a plasma wake-field acceleration-based linear collider,” Nucl. Instrum. Methods Phys. Res. A 410, 532 (1998) 
[35] A. Seryi et al., “A concept of plasma wake field acceleration linear collider (PWFA-LC),” Proceedings of PAC2009, p. 2688 (2010)

Image source: A. Seryi et al., Proceedings of PAC2009, p. 2688 (2010) [35]Image source: J. Rosenzweig et al., Nucl. Instrum. Methods Phys. Res. A 410, 532 (1998) [34]

http://forward.desy.de
https://doi.org/10.5170/CERN-2012-007
https://doi.org/10.1016/S0168-9002(98)00186-7
http://accelconf.web.cern.ch/accelconf/pac2009/papers/we6pfp081.pdf
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MULTI-BEND (SNAKE-LIKE) DELAY CHICANE

�37

> To save on tunnel and magnet cost, it is possible to 
make a single multi-bend delay chicane [36].


> The last bunch is kicked before each delay chicane.


> Requires very fast kickers (ns-level)


> Current fastest kickers have a ~4 ns rise time, but 
these are large and expensive.


> Compact delay chicanes will require strong bending 
and induce coherent synchrotron radiation (CSR)

[36] E. Adli et al., “A beam driven plasma-wakefield linear collider: from Higgs factory to multi-TeV,” Proceedings of the Snowmass Process CSS2013 (2013); arXiv:1308.1145

Image source: E. Adli et al., Proc. Snowmass Process CSS2013 (2013); arXiv:1308.1145 [36]

Fast kickers

http://forward.desy.de
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MULTI-BEND WITH REDUCED SYNCHROTRON RADIATION

�38

> At the expense of longer chicanes, the synchrotron radiation can be greatly reduced using a different geometry.


> A compromise between the two previous schemes.

[37] J. Pfingstner et al., “Considerations for a drive beam scheme for a plasma wakefield linear collider,” Proc. IPAC2016, Busan, Korea (JACoW, Geneva, 2016), p. 2565

Image source: J. Pfingstner et al., Proc. IPAC2016, Busan, Korea (JACoW, Geneva, 2016), p. 2565 [37]

DISTRIBUTION SCHEME
Delay Scheme

After the drive beam is accelerated, it is transported to the
entry of the main linac. The last bunch of the drive beam
has to be synchronised with the main beam bunch to create
acceleration in the first plasma cell. The other drive beam
bunches have to be delayed compared to the main beam
bunch by (n − 1)∆Tb , where n is the plasma cell index and
∆Tb is the drive beam bunch separation. A small ∆Tb is
preferable to ease the delay task, but the bunch separation
has to be large enough to allow the separation of individual
bunches with kicker systems.

Three different delay schemes have been considered. The
layouts of option A and B are illustrated in Fig. 1. Option A

Figure 1: Illustration of the delay scheme options A and B
(not to scale).

has already been suggested in [6]. It possesses the attractive
feature that drive and main beam can be housed within one
tunnel. The disadvantage of this scheme is that strong bend-
ing is required to delay the drive beam by 2 ns within the
31 m between two consecutive plasma cells. Even when as-
suming a filling factor of 100%, 5 T superconducting dipole
magnets are needed to create the necessary bending radius of
1 m. The energy loss due to incoherent synchrotron radiation
(ISR) is about 2% per arc, which is not compatible with the
necessary utilisation of superconducting magnet technology.
It should be mentioned that even though a constant plasma
cell separation has been assumed, resent studies [9] show
that this distance will most likely have to be prolonged with
increasing main beam energy. Such a separation change can
be incorporated in the presented delay scheme, however.

Option B is very similar to an earlier proposed scheme
using turn around arcs [5]. It allows using larger bending
radii, which enables the application of normal conducting
magnet technology. At the same time, the energy loss due to
ISR can be reduced. The disadvantage of this scheme is that
every plasma cell is supplied via a separate tunnel, which
causes a high facility cost.

Since option A suffers from strong ISR effects and option
B requires a very long tunnel system, the intermediate option
C is proposed as a solution, which is depicted in Fig. 2.
The overall distribution system possesses a three layer tree
structure. On each layer the drive beam is split into four
parts such that 4 × 4 × 4 = 64 plasma cells can be supplied.
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Figure 2: Footprint of the tree-like delay scheme option C
for the first 20 bunches.

This reduces the drive beam tunnel length to 10.5 km of
which 5.1 km are filled with bending arcs. All bending arcs
are of equal length and bending angle, namely 40.5 m and
440 mrad, respectively. Each bunch passes 3.5 such bending
arcs on its way, including a half arc just before the plasma
cell. This corresponds to a constant path length offset for all
drive beam bunches compared to the main beam. Therefore,
for a main linac section of length L, only the corresponding
straight drive beam section have to be considered to evaluate
the the effective path length difference ∆L as

∆L =
(

1
cos(θ)

− 1
)

L, (1)

where θ is the angle between main and drive beam, which is
220 mrad for the chosen design. Since the bending arc is a
critical subsystem, a lattice has been designed and tracking
simulations have been performed.

Chicane Design
To verify the feasibility of option C, a corresponding chi-

cane has been designed. The lattice is a double arc and
accounts for 2 of the 3.5 bending arcs each bunch passed on
its way to the plasma cell. The angle θ between the drive
and main beams is set by the 2 ns requirement, however the
length of each delay system is determined by the strength of
the dipole magnets, the bending filling factor, assumed to
be 1 T and 80% respectively, and the horizontal geometrical
constraint. θ which is found to be 220 mrad, is provided by
normal conducting magnets, due to radiation issues, which
increases the length of the delay lines and the main beam
line accordingly.

An array of FODO cells filled with 6 dipoles, to bend the
beam by +θ and −θ, conform half of the chicane. A short
matching section with 2 quadrupoles is required to set αx,y =
η ′x = 0 at the middle point of the beam line. The complete
chicane is created by mirroring the first half. The obtained
chicane by means of MAD-X [10] is isochronous (R56 <
mm) and achromatic (ηx < 100 µm). Each quadrupole
is independently powered to reduce the fifth synchrotron
radiation integral to < 10−5 m−1 for minimizing the impact
of incoherent synchrotron radiation (ISR). Additionally, 5
families of sextupoles have been optimized by means of
MAPCLASS [11] to reduce ∆ϵ x,y ≤ 2% and the second
order coefficient T566. Figure 3 shows the Twiss functions
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bunch by (n − 1)∆Tb , where n is the plasma cell index and
∆Tb is the drive beam bunch separation. A small ∆Tb is
preferable to ease the delay task, but the bunch separation
has to be large enough to allow the separation of individual
bunches with kicker systems.

Three different delay schemes have been considered. The
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has already been suggested in [6]. It possesses the attractive
feature that drive and main beam can be housed within one
tunnel. The disadvantage of this scheme is that strong bend-
ing is required to delay the drive beam by 2 ns within the
31 m between two consecutive plasma cells. Even when as-
suming a filling factor of 100%, 5 T superconducting dipole
magnets are needed to create the necessary bending radius of
1 m. The energy loss due to incoherent synchrotron radiation
(ISR) is about 2% per arc, which is not compatible with the
necessary utilisation of superconducting magnet technology.
It should be mentioned that even though a constant plasma
cell separation has been assumed, resent studies [9] show
that this distance will most likely have to be prolonged with
increasing main beam energy. Such a separation change can
be incorporated in the presented delay scheme, however.

Option B is very similar to an earlier proposed scheme
using turn around arcs [5]. It allows using larger bending
radii, which enables the application of normal conducting
magnet technology. At the same time, the energy loss due to
ISR can be reduced. The disadvantage of this scheme is that
every plasma cell is supplied via a separate tunnel, which
causes a high facility cost.

Since option A suffers from strong ISR effects and option
B requires a very long tunnel system, the intermediate option
C is proposed as a solution, which is depicted in Fig. 2.
The overall distribution system possesses a three layer tree
structure. On each layer the drive beam is split into four
parts such that 4 × 4 × 4 = 64 plasma cells can be supplied.
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This reduces the drive beam tunnel length to 10.5 km of
which 5.1 km are filled with bending arcs. All bending arcs
are of equal length and bending angle, namely 40.5 m and
440 mrad, respectively. Each bunch passes 3.5 such bending
arcs on its way, including a half arc just before the plasma
cell. This corresponds to a constant path length offset for all
drive beam bunches compared to the main beam. Therefore,
for a main linac section of length L, only the corresponding
straight drive beam section have to be considered to evaluate
the the effective path length difference ∆L as

∆L =
(

1
cos(θ)

− 1
)

L, (1)

where θ is the angle between main and drive beam, which is
220 mrad for the chosen design. Since the bending arc is a
critical subsystem, a lattice has been designed and tracking
simulations have been performed.

Chicane Design
To verify the feasibility of option C, a corresponding chi-

cane has been designed. The lattice is a double arc and
accounts for 2 of the 3.5 bending arcs each bunch passed on
its way to the plasma cell. The angle θ between the drive
and main beams is set by the 2 ns requirement, however the
length of each delay system is determined by the strength of
the dipole magnets, the bending filling factor, assumed to
be 1 T and 80% respectively, and the horizontal geometrical
constraint. θ which is found to be 220 mrad, is provided by
normal conducting magnets, due to radiation issues, which
increases the length of the delay lines and the main beam
line accordingly.

An array of FODO cells filled with 6 dipoles, to bend the
beam by +θ and −θ, conform half of the chicane. A short
matching section with 2 quadrupoles is required to set αx,y =
η ′x = 0 at the middle point of the beam line. The complete
chicane is created by mirroring the first half. The obtained
chicane by means of MAD-X [10] is isochronous (R56 <
mm) and achromatic (ηx < 100 µm). Each quadrupole
is independently powered to reduce the fifth synchrotron
radiation integral to < 10−5 m−1 for minimizing the impact
of incoherent synchrotron radiation (ISR). Additionally, 5
families of sextupoles have been optimized by means of
MAPCLASS [11] to reduce ∆ϵ x,y ≤ 2% and the second
order coefficient T566. Figure 3 shows the Twiss functions
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TREE STRUCTURE DELAY CHICANES WITH TRANSVERSE DEFLECTING CAVITIES

�39

> To reduce the chicane delay (by a factor 10–100), we can switch from using kickers to transverse deflecting cavities.


> Can combine different cavity modes to make ~flat top deflecting profiles

> Overall: Choice of scheme is a cost optimization issue, dependent on the specific parameters.

http://forward.desy.de
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PART 4

�40

SUMMARY AND CONCLUSIONS
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SUMMARY AND CONCLUSIONS

�41

> Staging is a method to reach higher energies than is possible in a single stage.


> May be avoided with high-total-energy drivers (protons, trains) or with curved channels (laser)


> Several challenges, including:


> Compact in/out coupling (especially for particle drivers)


> Emittance preservation — chromaticity is a big challenge (!)


> Isochronicity (R56 = 0)


> Energy scaling (optics gets longer with energy)


> Many suggested techniques, all have pros and cons (no clear winner yet)


> Conventional: Sextupoles in dispersive sections (works, but is long/complex)


> Apochromatic correction (simple, but limited energy acceptance)


> Plasma ramps (useful reducing chromaticity, but decelerates and takes up space)


> Active plasma lenses (uniform, incompatible with high intensity beams?)


> Passive plasma lenses (non-uniform or needs driver)


> Drive beam distribution schemes include


> U-turn delay chicanes (with slow kickers)


> Multi-bend chicanes (with fast kickers)


> Tree-structure delay chicane (with deflecting cavities)

http://forward.desy.de


Carl A. Lindstrøm  |  Twitter: @FForwardDESY  |  Web: forward.desy.de  |  CERN Accelerator School (Sesimbra, Portugal)  |  March 21, 2019  |  Page 00 �42

THANKS FOR LISTENING!

(thanks to Erik Adli for input)
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