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Summary of scalings (LWFA)
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This formula also implies a dependence on plasma density
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c=!p is assumed. Under these optimum
conditions, formula (12) can be rewritten as
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We point out the stronger dependence of the energy on
the power in these formulas. The difference between the
scaling laws presented here and those from similarity
theory lie in the scaling for Lacc. We have argued that
Lacc is limited because the pulse pump depletes primarily
by giving kinetic energy to the electrons. An electron at the
front of the laser is pushed forward and to the side. As
argued in Ref. [28 ] each electron gains an amount of
energy that scales as "a2

0=2#mc2. Since the laser’s energy
also scales as a2

0, this ‘‘1D like’’ pump depletion enhances
the etching velocity independently of laser intensity.
However, for extremely large a0 electrons can move for-
ward with a velocity greater than the velocity of the leading
edge of the pulse, which is at most the linear group velocity
because the nonlinearity does not develop instantaneously.
Equating the forward going velocity of a single electron to
the linear group velocity gives an estimate for a critical

value for the laser amplitude, a0c ! 2
!!!!!!!!!!!!!
nc=np

q
. We can see

that for high plasma density np=nc ! 0:01– 0:08 the criti-
cal value for a0 is a0c ! 20– 8, but for lower plasma
densities np=nc $ 0:001, a0c * 70.

For laser amplitudes above this critical value, the laser
will pump deplete more slowly because the kinetic energy
given to each electron will no longer scale as a2

0. In this
limit a constant percentage of the energy may go into the

 

FIG. 5. (Color) E%GeV& vs power P%TW& and density n=nc from
Eq. (6): The blue lines of constant power show the strong
dependence of the energy of the self-trapped electrons to the
density. The black points correspond to (a) experiment [10],
(b) experiment [11] which uses a channel for guiding, (c) ex-
periment and 3D PIC simulation [12], (d) 3D PIC simulation [7]
which uses a channel for guiding, (e) A 3D PIC simulation in [6],
and (f) 3D PIC simulation presented in this article. Each of these
points is very close to 1 of the blue lines indicating agreement
with our scaling law.

TABLE I. This table compares formulas and scalings from linear theory, 1D nonlinear theory, the similarity theory of Ref. [24 ] and
the 3D phenomenological nonlinear theory in this paper. The column labeled a0 shows the range of a0 that each theory is intended for.
kpw0 from linear and 1D nonlinear theory is kept constant while in both our theory and the theory of Ref. [24 ]. kpw0 scales with the
blowout radius. The acceleration length is limited by dephasing in linear theory and our 3D nonlinear theory, while it is limited by
pump depletion in 1D nonlinear theory and the work of GP. (Note that in standard 1D nonlinear theory the phase velocity of the wake is
incorrectly set equal to the nonlinear group velocity.) Only in our 3D nonlinear theory do dephasing and pump depletion scale the same
way (if the pulse length is matched to the blowout radius). The dephasing length is evidently ignored in Ref. [24 ] so the energy gain
depends on the pulse length. Linear dephasing and 1D nonlinear dephasing both scale differently than in the 3D nonlinear regime. The
pump depletion length from 1D nonlinear theory scales as in 3D nonlinear theory but for different physics reasons. In 1D, all of the
laser energy goes into the wake while in our 3D theory this is not the case. We discuss the pump depletion length from Ref. [24 ]
extensively in the text. Both linear and 1D nonlinear theory incorrectly identify the plasma wavelength and wake phase velocity. The
resulting energy scalings are different. If one sets!p! $

!!!!!
a0
p

in Ref. [24 ], then the energy scales as a2
0. Therefore linear, 1D nonlinear,

and the similarity theory of Ref. [24 ] all give identical scalings for the !W with both intensity and density while in the regime
presented here !W scales as a0 to the first power.
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3D nonlinear from scaling 
simulations
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Plasma-based accelerators for 
future colliders 

2 

•   PWFA-linear collider: 
•   two-beam accelerator geometry 
•   25 GeV drive beams 
•   19 plasma stages (1 TeV) 
•   n=1017 cm-3 (set by 30 um driver 

   bunch length) 

•   LPA-linear collider: 
•   50 stages (1 TeV collider) 
•   10 GeV/stage 
•   requires ~10 J laser (at 
tens of kHz, hundreds of kW) 
•   n=1017 cm-3  (set by laser 

   depletion) 

Leemans & Esarey,  
Physics Today (2009) 

Schroeder et al., PRSTAB (2010) 

Seryi et al., Proc. PAC (2009) 
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Hamiltonian for wakefield
• Start with Hamiltonian for a system that depends on the 

wake phase coordinate

H =
q
(mc2)2 + p2xc

2 + (p? � eA?(⇠))
2
c2 � e�(⇠)� pxvp
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• We can show that this is the correct Hamiltonian for the 
coordinates

⇠, y, z, px, py, pz
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• using Hamilton’s equations…

Recap:
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Wake phase space
• Consider the possible particle trajectories described by 

the Hamiltonian by solving for px

• Note we have assumed conservation of transverse 
canonical momentum 

p? = p?0 = 0
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Wake phase space
• To illustrate, we calculate numerical solutions of the 

nonlinear Poisson equation (other lectures for derivation):

• with gaussian driver field

a = a0 exp

 
�4 ln 2

!2
p⇠

2

⇡2c2

!
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Wake potential, field, density
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Wake phase space
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Wake phase space 
for different driver 

amplitudes

• As the driver amplitude 
increases the potential 
changes


• from sinusoidal (with near 
circular orbits)


• to inverted parabola (with 
parabolic forward orbit)
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Wake phase space 
for different driver 

amplitudes

• As the driver amplitude 
increases the potential 
changes


• from sinusoidal (with near 
circular orbits)


• to inverted parabola (with 
parabolic forward orbit)
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Wake phase space: 
Injection / trapping
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Thermal / ionization 
induced trapping
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Energy spread compression 
by phase rotation

CHAPTER 2. THEORETICAL BACKGROUND 49

Figure 2.11: Momentum-phase space diagrams for monoenergetic bunch production.
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Energy spread compression 
by phase rotation
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Figure 2.11: Momentum-phase space diagrams for monoenergetic bunch production.
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Show spectrum calculated from Hamiltonian
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Analytic spectrum for continuous injection  
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Depletion limited energy 
gain and beamloading



Depletion length
• The length over which the driver energy is deposited 

in the plasma 

• Inherently complicated as depletion affects the beam 
intensity / erodes the head / changes the driver velocity / 
wakefield amplitude


• We can estimate it in the following way:

• For a beam estimate from average decelerating field experienced by the bunch


• For a laser it is more complicated - can estimate using average field energy density of wake

UL
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Transformer ratio

• In PWFA one important definition is the transformer ratio

wake field of single 
electron charge sheet

• We accelerate a “witness” bunch in the wake of the first - 
but this has its own wakefield


• Total wake is linear superposition of wake contributions 
from drive bunch and witness bunch



Transformer ratio

• Assume two short bunches at x-vpt = 0 and x-vpt = w


• Each individual electron induces a wakefield


• Total wakefield is linear superposition of 

Ex1(⇠)
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Transformer ratio
• The transformer ratio  is 

• This upper limit can be overcome by asymmetric bunches

RT =
��w
��b

= 2� Nw

Nb
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• For a wedge bunch of length L

RT ⇠ L

⇤0
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Based on estimation from the hosing theory[8], one can
expect that a practical transformer ratio is in the range
of 5 ∼ 10. Therefore, to reach the parameters relevant
to XFELs, a high charge (5-10nC) low energy driver (1-
3GeV) with an elongated current profile (with a duration
around half ps) is needed. Assuming a transformer ratio
of 5, a second ultra-short beam with proper current pro-
file and lower charge ( 1nC) can be loaded into the wake
at a proper phase and be accelerated to high energy (5-
15GeV) in very short distances (10s of cms). The effi-
ciency can be quite high based on the estimation from the
beam loading theory[9]. In Fig.2 we show the results from
a sample QuickPIC simulation[10]. The driver is a 0.56ps
long 1GeV beam with 5nC charge, the trailer is a 23fs
long 1GeV beam with 0.35nC. Both beams have a nor-
malized emittance around 1mm mrad and a spot size of 5
microns. To reduce the possible hosing growth, a 10.8cm
long parabolic plasma channel with a radius of 68 microns
is used. The plasma densities are 0.5× 1017cm−3 near the
axis and 1 × 1017cm−3 near the edge.

Figure 2: A sample QUICKPIC simulation: 5GeV energy
gain in 10 cm (a) beam and plasma density (b) p1x1 phase
space after 10cm propagation

After 10cm propagation, the trailing beam has obtained
5GeV energy gain with a energy spread better than one per-
cent, and the emittance of the trailer is also conserved. This
suggests an energy conversion efficiency around 35 per-
cents. How the beam quality is affected by hosing due to
initial beam alignment error will be explored in future.

SUMMARY
In this paper, we explored the idea of using high trans-

former ratio PWFA (with a transformer ratio around 5 ) in
the relativistic blowout regime to meet the requirements of
a XFEL light source. First, we presented a simple theory
of transformer ratio for a linearly ramped drive beam in the
blowout regime. Based on this theory and the theory of
hosing instability, we mapped out a possible range of pa-
rameters. A sample simulation with 5GeV energy gain is
also shown to illustrate the idea. Further research will be
pursued to fully justify this idea.
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Energy transfer efficiency

• The overall energy transfer efficiency is the ratio weighted 
by the bunch charges

⌘ =
Nw��w
Nb��b

 Nw

Nb

✓
2� Nw

Nb

◆
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• Which has maximum efficiency approaching 1 for Nw = Nb 
(but this is pointless!)



Beamloading
• We have ignored the effect of the fields of 

the witness bunch so far


• This is ok if the witness bunch charge is 
small, but if the bunch charge per unit 
length approaches that of the plasma 
density perturbation, its effect will be 
significant


• It is possible to flatten the field 
completely with an appropriately shaped 
bunch - beamloading


• This will result in the electron beam being 
accelerated with equal field strength - 
preserves beam energy spread

presence of the load, while in the simulations by Gordienko
and Pukhov,7 the wake was severely loaded by trapped
particles.

However, scaling laws do not give the exact coefficient
and they do not predict the optimal place to load the par-
ticles. Additionally, scaling laws cannot explain the effect of
the current profile on beam quality and they do not allow for
an accurate prediction on the beam loading efficiency. In
Ref. 30 we started from the theory on the excitation of non-
linear plasma waves31,32 to develop a predictive formalism
that allows one to analyze nonlinear beam loading, and in so
doing, provided the first description of the physics of beam
loading in nonlinear wakes.

In this article we expand on the work in Ref. 30. In Sec.
II the linear theory is reviewed and the difficulties that arise
when operating plasma-based accelerators in this regime are
discussed. Subsequently, in Sec. III, the physical picture of
beam loading in the nonlinear regime is presented and the
advantages of this regime are discussed. The analytical cal-
culations are presented in Sec. IV and the efficiency and
beam quality are addressed in Sec. V.

II. LINEAR THEORY

The linear theory for beam loading was developed by
Katsouleas et al.,33 who superimposed the wakefield gener-
ated by the trailing bunch to the wakefield generated by the
driver to obtain the final accelerating field. The maximum
number of particles N0 was found by requiring that the wake
behind an ultrashort unshaped trailing bunch vanishes,

N0 ! 5 ! 105""n

np
#$npA , %3&

where "nis the density perturbation of the wake and A is the
cross-sectional area of the wake in cm2. In this configuration,
100% efficiency is achieved only at the expense of 100%
spread in the energy gain of the beam.

In this regime the energy spread can be minimized for a
bunch with a triangular charge profile, as shown in Fig. 1.
However, this requires a compromise between the maximum
charge, accelerating field and efficiency. Let us assume that
an electron bunch with total charge Ql and transverse spot
size A is loaded at #=#0 in a linear wake so that the field
within the bunch is flat El,t= %m$pc /e&n1 /n0cos%kp#0&.33 The
formulas %22a&– %22d& in Ref. 33 yield

El,t = E0 cos%kp#0& , %4 &

N = N0
sin2%kp#0&

2 cos%kp#0&
. %5 &

As a result the energy absorbed per unit length is

El,tQl =
1
2

sin2%kp#0&
E0

2

4 %
A =

E0
2

8 %
A −

El,t
2

8 %
A , %6 &

where El,0'%E0
2 / 8 %&A and El,t'%El,t

2 / 8 %&A are the energy
per unit length in the plasma wave in front and behind the
bunch, respectively. This formula may also be derived by
inspection from Fig. 1, where the wake in front of the bunch
has amplitude E0 and behind the bunch El,t. Thus the energy

absorbed per unit length is El,tQl=El,0−El,t and the beam
loading efficiency is &l=1−El,t /El,0. The efficiency only
reaches 100% for zero accelerating field %El,t=0&, while for
the maximum accelerating field %El,t=E0& the efficiency ap-
proaches zero.

In the discussion above A was a free parameter. How-
ever, if one wants both high efficiency and good beam qual-
ity there are possible limitations on A. In a finite-width
plasma wave the accelerating field depends on the radial lo-
cation. Therefore, electrons at different radii within the same
bunch are accelerated at different rates leading to energy
spread. Additionally, a finite-width wave has focusing/
defocusing fields and for small amplitude wakes the focusing
force does not depend linearly on the radius r. Such focusing
forces can lead to emittance growth. One solution based on
linear theory is to use matched beams, where the focusing
force of the loaded wake is matched to the diffraction from
the beam emittance. For emittances envisaged in future ac-
celerators %'N((m& and focusing forces in wakes at typical
plasma densities and with Gaussian transverse profiles, the
beams will need to be narrow %kp)r* 1, where )r is the spot
size of the beam& in order to be matched. This will also
minimize the energy spread while keeping the focusing
forces nearly linear %F!(r&.

In Ref. 33 it was shown that a narrow beam may only
interact with—and thus absorb energy from—the wake up to
a radius equal to a skin depth. Therefore, only an area Aeff
(c2 /$p

2 %Ref. 33& should be used when estimating the
amount of charge that can be loaded. Under this assumption

FIG. 1. %Color& The linear wakefield of a properly tailored trailing bunch %b&
is superimposed to the wake of the driver %a& to yield the total wakefield %c&.
The triangular charge profile leads to a constant wakefield within the bunch.
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Summary
• Having an accelerating field structure move at vp results in upshift 

in maximum energy gain and accelerator length by dephasing by
2�2

p
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• For laser driven case, since                       , accelerator 
length scales as             and maximum energy as 

�p / !0/!p
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• This means the accelerating gradient scales as                  
which implies staging for high energy gain

1/
p
n0

<latexit sha1_base64="FGAeSlXJIvTaKdFNH19E0QbB4Gg=">AAAB83icdVDLSgNBEJyNrxhfUY9eBoPgad1RUXMLevEYwSRCdgmzk9lkyOzsOtMrhCW/4cWDIl79GW/+jZOH4LOgoajqprsrTKUw4HnvTmFufmFxqbhcWlldW98ob241TZJpxhsskYm+CanhUijeAAGS36Sa0ziUvBUOLsZ+645rIxJ1DcOUBzHtKREJRsFKPjnwza2GXHW8Uadc8dyqR6onBP8mxPUmqKAZ6p3ym99NWBZzBUxSY9rESyHIqQbBJB+V/MzwlLIB7fG2pYrG3AT55OYR3rNKF0eJtqUAT9SvEzmNjRnGoe2MKfTNT28s/uW1M4jOglyoNAOu2HRRlEkMCR4HgLtCcwZyaAllWthbMetTTRnYmEo2hM9P8f+keeiSI5dcHVdq57M4imgH7aJ9RNApqqFLVEcNxFCK7tEjenIy58F5dl6mrQVnNrONvsF5/QAaapG+</latexit>

Y Y

e



Summary
• For the beam driven case, the maximum energy gain is 

limited by driver energy loss under realistic conditions


• The acceleration length scales as the beam energy and 
inversely to the decelerating field strength

RT =
|Ez(w)|
|Ez(b)|
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• And the maximum energy gain is limited by the 
transformer ratio

bear



Summary

• The energy spread of the accelerated beam is affected by 


• Phase space rotation


• The fields of the bunch (Beam loading for flat field)


• And can result in low energy spread for correct extraction 
timing / accelerated charge profile / localisation of 
trapping in wake phase



Thank you!


