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Overview

The principle of special relativity
Lorentz transformation and its consequences

4-vectors: position, velocity, momentum,
invariants. Einstein’s equatidermc?

Examples of the use of 4-vectors

Inter-relation betweefd andy, momentum and
energy

Electromagnetism and Relativity
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Reading
g W. Rindler: Introduction to Special Relativity
(OUP 1991)

g D. Lawden: An Introduction to Tensor Calculus
and Relativity

g N.M.J. Woodhouse: Special Relativity (Springer
2002)

g A.P. French: Special Relativity, Ml
Introductory Physics Series (Nelson Thomes)
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Historical background

g Groundwork by Lorentz in studies of |
electrodynamics, with crucial concepts contributed
by Einstein to place the theory on a consistent
basis.

qg Maxwell’'s equations (1863) attempted to explain

electromagnetism and optics through wave theory

8 light propagates with speed= 3x108 m/s in “ether” but with different
speeds in other frames

8 the ether exists solely for the transport of e/m waves

8 Maxwell’s equations not invariant under Galilean transformations

8 To avoid setting e/m apart from classical mechanics, askgméas speed
c only in frames where source is at rest

8 And the ether has a small interaction with matter and igeceafong with
astronomical objects

i ITY
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Nonsense! Contradicted by:

g Aberration of star light (small shift in apparent
positions of distant stars)

q Fizeau’'s 1859 experiments on velocity of light in

iquids

q Michelson-Morley 1907 experiment to detect motion
of the earth through ether

q Suggestion: perhaps material objects contractan th

direction of their motion sz%

L(v) = |_0(1——2
C

This was the last gasp of ether advocates and the germ of
Special Relativity led by Lorentz, Minkowski and Einstein.
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The Principle of Special Relativity

g A frame in which particles under no forces move with
constant velocity is “inertial”

g Consider relations between inertial frames where

measuring apparatus (rulers, clocks) can be transferred
from one to another.

q Behaviour of apparatus transferred from F to F'is
Independent of mode of transfer

q Apparatus transferred from F to F', then from F' to F",
agrees with apparatus transferred directly from F to F".

g The Principle of Special Relativity states that all physical
laws take equivalent forms in related inertial frames, so
that we cannot distinguish between the frames.
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Simultaneity

g Two clocks A and B are synchronised if light rays
emitted at the same time from A and B meet at the
mid-point of AB

A B
FrameF* A ¢ B’

AII CII BII
L |

g Frame F"moving with respect to F. Events
simultaneous in F cannot be simultaneous in F'.

qg Simultaneity isnotabsolute but frame dependent.
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The Lorentz Transformation

q Must be linear to agree with
standard Galilean
transformation in low
velocity limit

q Preserves wave fronts of i.e. P=x*+y’+z°-ct* =0
pulses of light,

whenever Q=x"*+y*+7Z°-ct'*=0

q Solution is thel orentz e {t_gj
transformation from frame c’ Y
F (t,x,y,2 to frame xX=py(x-vt) | where y:£1-vz)
F(t',X,y,Z) moving with y'=y €
velocity v along thex-axis: I
Q _ TRUi[TY CERN School on Small
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Outline of Derivation

Set t'=at+ (X
X'= yx+ ot
y=¢y
Z=CZ
Then P=kQ
o CY2—y2oy?—z2 = k(C2t2 —x2—y? - ZZ)
= c?(at+ Bx) —(yx+at) —e2y? - 222 =k(ct? -2 - y* - 22)
Equatecoefficierisof X,y,z,t
Isotropyof space= k = k() = k(|v|) = £1
Apply somecommorsensége.g.€, ¢, k =+landnot-1)
28] TRINITY
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Consequences: length contraction

Frame F Frame F

A Rod B
X X'

Rod AB of length L' fixed in F' at x; Xz. What is its length measured in F?

Must measure positions of ends in F at the same Smevents in F are (f)x
and (t,%). From Lorentz:
I

Xp = V(XA _Vt) Xg = V(XB _Vt)
L' = X5 =X, :y(XB_XA):yL> L
Moving objects appear contracted in the direction of the motion
E! TRUir—TY CERN School on Small 10
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Consequences: time dilatation

g Clock in frameF at point with coordinatex(y,?
at different timed, andt;

g In frameF' moving with speed, Lorentz
transformation gives

t —V(t —%j t —V(t —%j ~
A A C2 B B C2

q SO: At =ty —t, =yt —ta) = yAL> At

Moving clocks appear to run slow
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Schematic Representation of the Lorentz
Transformation

Frame F Frame F

Length contraction L<L Time dilatation: At<At'

Rod at rest in F Measurement in F at Clock at rest in F. Time difference in F
fixed time t, along a line parallel to x-axis from line parallel to %axis
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Example: Rocket in Tunnel

X

/3 . ' Tunnel 100m long
V=—C A B
2 Y Rocket length 100m

All clocks synchronised.

Observers X and Y at exit and entrance of tunnetlsa rocket is moving, has
contracted and has length

2\ /2 %
100 :100><[1—sz :100x(1—§j = 50m
y

C

But the tunnel is moving relative to the ends A &naoff the rocket and

obesrvers here say the rocket is 100 m in lengtitheutunnel has contracted
to 50 m
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X Y

s QUESTIONS <,

g If X's clock reads zero as the Moving rocket length 50m, so B has still

A exits tunnel, what does Y’s | 50m to travel before his clock reads O.

Hence clock reading is

clock read when the B goes _50__100 _ 000

in? v V3

To the B, tunnel is only 50m long, so A is
g What does the B’s clock read| 50m past the exit as B goes in. Hence clock

' reading is
as he goes in? 95 oo
+—=+—=+200ns
vV 43
g Where is the B when his B’s clock reads 0 when A’s clock reads 0,

\w, >/

which is as A exits the tunnel. To A and E
tunnel is 50m, so B is 50m from the
entrance in the rocket’s frame, or 100m in
tunnel frame.
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Example:rrmesons

q Mesons are created in the upper
atmosphere, 90km from earth. Their half
life Is T=2 us, so they can travel at most
2 x10%c=600m before decaying. So how
do more than 50% reach the earth’s
surface undecayed?

q Mesons see distance contracted/pso

VT = (9—0ka
14

q Earthlings say mesons’ clocks run slow
so their half-life isyt and

v(yr)=90km
Half life = 2 x 10°® sec
s0 required velocity =902 x 10°°= 4.5 x 107 km/sec q Both g ive
=150¢c
v _ 90km
AN =150 v=c, y=150
C Cr
i ITY
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Invariants

An Iinvariant is a quantity that has the same vaiwal inertial frames.
8 Examples: phase of a wave, rate of radiation ofingpeharged particle

Lorentz transformation is based on invariance of
c’t’ —(X° +y°+27°) =(ct)® - XX
Write this in terms of the 4-position vect$r=(ct,x) as X [X

{3

o]

o]

If X =(%,X),Y =(Y,,Y), definetheinvariantproduct XI[Y =Xy, - X[y

g Fundamental invariant (preservation of speed dit)ig
_AXP+Ay? +Azzj

C°At® - AX® — Ay® - Az = c*At?| 1 ——
Cc At

2 2
= C*At? 1—V—2J = cz(gj
C 14

q Write A=A/, Tis theproper time
qg Whenv=0, r=t, soris the time in the rest-frame.

2 ITY
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4-\/ectors

The Lorentz transformation can be written In
matrix form

f v \
, VX (ct" y —— 0 Ojct)
t = t_? ) C
X wv X
X = y(x—vt) p— y = T y 00 y
y=y 7 0 O 10 .
Z=7 J L0 0 0 1, \ </
An object made up of 4 elements which
transforms|like X is called a 4-vector
(analogous to the 3-vector of classical Position 4-vectorX = (Ct, )?)
mechanics)
E! TRUir—TY CERN School on Small 18
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4-\/ectors In Special Relativity Mechanics

1tv: —d_X: d_X: g X) = \/
q Velocity: V = il Gl (ct,X) = y (c,V)
g Note invariant VIV = y*(c* -v?) =c?
g Momentum P=mV =myy(c,V) =(mg p)

m=myy Isrelativisic mass
Pp=myv=nV isthe3-momentum

‘*‘ TR]*H CERN School on Small 19
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Example of Transformation: Addition «

Velocities

g A particle moves with velocity G = (u,,u,,U,) irafme F, so

has 4-velocity V =y, (C, U)

g Add velocity V =(v,00) by transforrgito frame Fto get

new velocity W .

q Lorentz transformation gives(t - ), W s yl])

5

vy, u, u, +v
Y= Vv[Vu i yz j W, =
C 1+ VU,
C2
wax:yv(yuux+Vyu) —
_ W = Uy L LIZ
YWy = YUy y vu . vu
yv 1+ 2X yV 1+ 2X
VW, = YU, ¢ ¢
TRHirTY CERN School on Small
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Einstein’s relation

g Momentum invariant PP =ny (V V) = mjc?
g Differentiate PG‘(j—'::o = va‘(j;:o

g From Newton’s 24 Law expect 4-Force given by

q But ngl:) 0 — VI[F =0 | Rate of doing work, V=
of kinetic energy

d . Therefore kinetic energy
q S0 a(mcz)—v[f =0 T =mc +constant mc?(y—1)
2] TRINITY | E=mc? is total energy
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Basic quantities used in Accelerator
calculations

Relativevelocity £ = %

Velocity vV=/[5C
Momentum p=mv=m,y5c

Kineticenergy T =(m-m,)c® = mocz(y—l)

1
2

=[1-%) " =b-r)

C

N |-

V2 V2 1
o=Vl = ==l

¢y

= (8-

Q b TRU! CERN School on Small 22
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Velocity as a Function of Energy

so T=mc?(y-1)= %mov2
' T!M CERN School on Small 23
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Relationships between small variations in
parameterdk, AT, Ap, AB, Ay

(By) =y’ -1 Ap _ A(myyBe) _ ABy)
= BybBy)=yby p 1%Ayﬂc 1 A/éy
A =A 1 . Y _
:ﬂl(ﬂy) y M Lo a
Vo 4 - 2 0F
B
> Loy=pss @ _yar
y 1T (exercise)
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aNe; Ap AT AE _ Ay
B p T E v
1 Ap 1 Axy
AF AB 2 p 1 AT | 8% v
A B Ap _AY \y(y+1) T 21 A7
p g -1y
Ap SAP Ap v AT 1 Ay
e !T s _ B —
p B p Y+1 T B2
AT A 1\ A AT A
AT _[orv®| (14)2] T [ 1
T p ) P T v—119
AE Ap Ap
— = BN*— | A=
B 5 (-] @
A | (2-1)2P | Ap_AP Y Y
g p p__p
*r_ Tﬂ!iﬂ:( CERN School on Small
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4-Momentum Conservation

g Equivalent expression for

4-momentum P=my(c,v)=(MGp) = (I% )

E2

g Invariant moc =P[P=—-
C

g Classical momentum
conservation laws-

=2

- P

conservation of 4- particlesi
momentum. Total 3- — ZEi and Z r)i Ty s

momentum and total
energy are conserved.

p TRl_I I ! CERN School on Small
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particlesi

E%z =mpc” + p°

> P =constant

particles,
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Example of use of invariants

g Two particles have equal rest mass m

8§Frame 1: one particle at rest, total energy,is E

SFrame 2: centre of mass frame where velocities
are equal and opposite, total energyJs E

Problem: Relate fo E,

Q | TRU! CERN School on Small 27
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Total energy E;

. g w (Fixed target experiment)
2
P :(Ei_moc pj F, :(mOC,O)
1 J
C
s, Total energy E
& . < 34 o

(Colliding beams expt)
E, . E
P = _2’ ! P = 2 Rl
Invariant P, [(R +P,)

moCx%—Ox p= 5, X EZ+ p'x0

2C C
_ =  2mc°E =E;
E 2 TR]-H[TY CERN School on Small 28
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Electromagnetism and Relativity

qg Maxwell's equations are relativistically invariant

OB=0 DXE+%—?:O source free
OMD=p 0OxH —a—t =] chargendcurrentdensities
B=uyH D=¢E in vacuume i, = iz

C

CERN School on Small 29
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| orentz force law

q Relativistic equation of motion

g 4-vector form: )
F :E — J/LVD: ,Fj:y(ldE dpj

c dt  dt

8 Lorentz force derives naturally from relativistio/detor
(4x4 matrix) formulation of Maxwell's equations and is
not an additional hypothesis.

| ITY
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Motion of charged particles in constant
electromagnetic fields

d
.

myv) = f

:q(E+\7DI§)

g Constant E-field gives

uniform acceleration in

straig
q Solutic -

CERN Sch

Acceleratot

g Constant magnetic field gives
uniform spiral about B with
constant energy (and.

dt  my % ,| = constant

V, =constant

T




Relativistic Transformations of E and B

g Inaframe F, a particle moves with velocitymunder fj Eand B, and
Lorentz force is - N N @
f =q(E+vDB)
4

8 In particle’s regtte==—

8§ Assume meast

Exact: S
S vVLE = |
q Point charge q at| B, = L{BD - , B, =B, i -0

0!

8 See a current in'Fgiving a#ield (Biot-Savart) B=z=- AA VLT = _iv OE
Arr r® c’
R R
8 Suggests B =B-—VUE
C
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Electromagnetic Field of a Single Particle

q Charged particle moving along x-axis of Frame F
Frame F Frame F

Z

Observer Origins coincide

of at t=t=0

charge q X'

X
g InF, Pis at
VX,
X'P:(—vt',o,b),so‘ip‘:r':\/b2+v2t'2, t'P:;{t —j yt,

c’

q And fields are only electrostatiB£0), given by

s N vt b
E=dx, = B =-2 g =0 E,=2
r r' r
CERN School on Small 33
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g [Transform to laboratory frante

R _ gt W V4
E =F =- - W __FP
B (b2+y2v2t2)% 5 = CZEZ_ CEZ
E, =0 B =B, =0
e = s
(b2+y2v2t2)2

a Asv—c, f—1, and magnetic inductiocB, = -E,

g At non-relativistic energiey,~ 1, and restores the
Biot-Savart law: v Er

p TRl_I I ! CERN School on Small
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Accelerators

34



Electromagnetic Field of a Beam of

Particles

g Coasting beam, momentum/Zux:
g In effective rest frame, see only an electrostafilfE' -, and

B'.=0
g Transform to laboratory frameg, =E' =0, E,=yE',

| VxE'
B,=B,=0 B,=y 2 ;

q So particle in beam is affected by a space chamge fo

proportional to

(E+uxB), =
Electrostatic repulsion iNUS Magnetostatic attraction
between particles between thin current wires
E! < TRUir—TY CERN School on Small
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University of Maryland Electron Ring

The Electron Ring is being constructed in the
Institute for Research in Electronics and Applied Physics

A small ring used to explore aspects of beam dyesnmcluding effects
of strong space-charge forces in the beam.
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Effect of Space Charge on an Intense Bean

Injected beam in Proposed Fermilab Booster

BEAM CROSS SECTION AT FOIL BEAM CE0SS SECTION AT FOIL

Foil]

yfmm]

it

2 .
wumber of injected turns 15 I[’T.I'.IJ’.I'.I.)]

With space charge Without space charge

E TR]-H- CERN School on Small 37

Fr t COLLEROE « DN
<l Accelerators



o, s Mesons
¥ o \
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