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()= Interaction with Radiation Field in Helical
Undulator

e Superimpose a circular co-propagating plane wave with frequency » and
wavenumber k:

E(z,t) =&E, cos(kz—at+¢)+& E,sin(kz — ot +¢)

\ For now we are leaving the
polarization undefined

* To change the Energy T, the particle has to move with or against the field lines.

d—T:eVE — dj/:—e ZBE
dt dz g,mc
dy = fEOKZ [cos(k,z) cos(kz — wt + @) £ sin(k,z) sin(kz — wt + @) |
dz p,ymc
eE K _
= — cos(|kFk,|z—wt
oo s([k¥k,|z—at+9)

So far the wave number k has been undefined. Is there a
preferred wave number to maximize the energy change?
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(== The Resonance Condition

* Energy change is resonant if the phase of the cosine function does not change:

dy egK _ d /. — 15
=— cos(|kFk, |z—awt+ = —(|kFk, |z—awt+¢)=c(|kFk —k)=0
i~ 7yme kTR ]z-atrg) = L ([kFkJz-at+g)=c([kFk,] A, k)
* Because the normalized velocity is always smaller than unity only the case with
the plus-sign can be fulfilled: Electron Orbit Field Polarization

— The minus-sign term oscillates
as cos(k,z) or faster and
averages out to zero

— The polarization of B- and E-
field are opposite

ve Lengt®

> <

N

* The resonance condition is:

k :_:_1+K2z__“ Q= u 1+K2
k+k, pr=t 27/2 1 k 2]/( )
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== The Resonance Condition

* The transverse oscillation allows to couple with a co-propagating field

* The electron moves either with or against the field line, depending on the
radiation phase and the injection time of the electron

» After half undulator period the radiation field has slipped half wavelength. Both,
velocity and field, have changed sign and the direction of energy transfer

remains.

The net energy change can be accumulated over many
period.
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(/==)» Ponderomotive Phase

* Because the phase in the cosine function is considered a “slowly” changing
parameter, we define it as a new variable, the ponderomotive phase:

0=(k+k,)z— ot
* The resonant energy change becomes:

dy  eEK
dz p,ymc

~C0s(0+¢)

* The resonance condition links an electron energy for a given wavenumber

1 . Because we must allow the case that an electron might not be
Ve = i(l"f K ) in resonance, we have energy and resonant energy as two
independent parameters

* For small deviation from the resonant energy the ponderomotive phase

changes slowly with
2
LT L SO L S A, T Y4
dz B, 2(y, +Ay) [ LAy 7
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(F==)» The Pendulum Equations

* The particle motion in a helical undulator with presence of an external field is:

dz Ve dz” " Bymc

iezzku Ay d SEK cos(6+¢)

e Transform the equations in a more handy-form:

— Assume only small deviation from the resonant energy: y =y,
— Use new variables:

Ay

I =2k, O=0+¢-—nl2
i@)zl“ i1“=—2ku%sin®
dz dz .y, me

Classical Pendulum equations

d d g._.
dtg | dt L
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(== Electron Trajectories

There are two fix points:
— Stable: I'=0,0=0 —0=I Er:—Qﬁsm@
— Unstable: I'=0,0=mr

eEoK Subscript “s” indicates the

point the motion is a simple
oscillation with the frequency

IB 7/2mC2 similarity to synchrotron
zir oscillation in storage rings

For small amplitude around stable
0, - JZkU

“Energy” (Hamiltonian) of the systemis: H = Erz — 0% cos®

Bound and unbound motion are split

by the separatrix: L = QS\/Z (1+cos®)
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Trajectories in Longitudinal Phase Space
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(=== Ensemble of Electrons

* The dynamic of a system with many electrons is best described by a phase space

density function f.
* We know the Hamilton function. Therefore the density function is a constant of
motion according to Liouville’s theorem:

d f(z,@,l“):i f +®’i f +F'if =0
d 0z 00 or

* We know the expression for ® and I’ from the Hamilton function

LI —Qisin@if =0
0z 00 or’

* With the distribution function we can calculate the mean energy
of the system:

(r)=[[Tf(z,0,T)drde
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(=== Small Signal Approximation I

L A —Qisin@i f=0
0z 00 or

* We assume that the electric field is small and therefore the synchrotron
frequency Q.2 can be use as a perturbation parameter:

f(z,0,N = f,(2,0,1)+Q2f(2,0,)+Q:f,(2,0,) +...

e The initial beam is uniformly distributed in ®, the first . g(I)
order term includes the initial energy distribution g(I'): ° 2x

Function g is unspecified so far

° 1 2 \i H
Sortmg powers of Q). yields recursive el 1 +Fi 3 =sin®af”‘1
equation: 0z 00 or
st an ic 1 of,
* Formal 1%t order solution is: f (z,0,I) :[COS(G)_FZ)_COS@]F@_F
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(== Small Signal Approximation II

* The first order term does not show any change in the mean energy:
of
<, >=Q2||Tf,dedI = Q| =2 || cos(® -T'z)-cos® [dOII" =0

* We have to go to second order. Here we are only interested in the terms which
have no explicit dependence on ©® (zero order in Fourier series):

2f2 — f,=sin®@— {[cos (0-Tz) cosG)J1 ar }
0z 6@

ﬁf‘ - zcos(Iz) 1 6f, sin(I'z) o 1 of,
oz *° or

——24
2 [ or 2 [ or

fo- 0 [l—COS(FZ)] oty The term (1-coslz) enforces that at z=0 there
20 er 217 or is no contribution from this coeficient
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(== Small Signal Approximation III

* Calculating the mean energy change (2" order term):

<T, >=-0Q![[Tf,dedr = Q“jr {[1 cos( FZ]ag}drz QSI{[l cos| FZ]ag}

212 or 212 or

* Integration by parts:

1-cos(I'z)-TI'zsin(I'z)/2

<[, >=-2°0%| g(I)dr

}g(l“)dl“ with A==

Intensity Spectrum of spontaneous undulator radiation

a=l2og ArNA 5 N A7 oy A

2 v, 2 2 ®

r
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(== Small Signal Gain

e Converting back the gain formula
— Transfer energy from electron beam to radiation field:

o ymc’ __ymc®
AU =-nmc’Ay = o n, (Al')= o n,(T,)

u u

— Express electric field E, by energy density: E,[" = Y

&o

— Assume no energy spread: g(I")=0(I"-<I">)

2

AU =—

me’ s d | Sin(A) | e’n kKINGAS d | sin(a)
2k, © T d(A)| (A)  4g pimc® d(A)

G(A) =-

e’n, k,K2N322 d |sin(A)
4e,  yime?  d(A)
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e 15t Theorem: Small signal FEL gain is
proportional to derivative of
spontaneous undulator spectrum

d sin(A)2
d(a)| (A)

G —

« 2" Theorem: Connects the induced
energy spread to the energy spread

<7/_70>:%ai;0<(7_70)2>

[(H» Madey’s Theorems

its)
°
~
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== Numerical Examples

* Various initial mean energies

0.03 T

0.02+

0.01+

I
o

-0.01 b

-0.02

-0.03 = s

= - ~N
0.01 =
~
<
-0.02
-0.03 -+ y
-3 -2

0.03

-0.03

-0.01

-0.02

-0.03

0.03

-0.03

-0.01

-0.02

-0.03

Page 15




<|'>

0.03

0.025

0.02

0.015

0.01

0.005

-0.005

PAUL SCHERRER INSTITUT

S

Mean Energy and Energy Spread

e Optimum detuning at around half the separatrix height

* Even particles outside of separatrix can transfer energy to field if undulator is
short enough
* Energy change is cubic with undulator length in start up.
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A Quantum Level Point of View

* A very crude argumentation, why the FEL can be considered a laser.

e The intensity distribution can be considered as

the population density of the virtual states

AE =Hi(o, + Aw)
AE =ho,
AE =h(w, - Aw)

Spontaneous emission
~ density of state Ny,

* In presence of external field the photon can

either be absorbed or stimulate the emission of

another one.

PP N ph oc Ndensity (EO + ha)) - Ndensity
_— - — dN. .
Emission g ~ 2hw- density
Absorption e dE .
W S—
o

Assuming photon energy much smaller than electron energy

(Eo _ha))

09F
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(=== Planar Undulator

* The interaction occurs with a radiation field of same polarization as the undulator

E(z,t) =€,E, cos(kz — ot +¢)

* The maximum phase change is given by

dy __ ¢ : G-E= _eE0K2 cos(k,z) cos(kz — wt + @)
dz B,mc f,ymc
eE,K

:W[cos([k+ku]z—a)t+¢)+cos([k—ku]z—a)t+¢)]
14

* Asin the helical case, the cos((k-k,)z-»t) term cannot be fully in resonance
(B,<1). However we cannot drop it yet due to the longitudinal oscillation

* The resonance condition is:

2
kK _p o K2k A= &J(l+k%{j

k+K, 2y k 2y°
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(=== Planar Undulator

* The longitudinal oscillation has to be taken into account:

dy  eg)K

dz 2pymc?

[cos([k +k,]Z - xsin(2k,Z) — at +¢)+cos([k —k,]Z - xsin(2k,7) — ot +¢)]

(k+k,)K* 1 K? K?

~

k8728, B 4+2K? 4+2K?

with X =

(;Z _ ZEZE;:;CZ ERe(ei(9+¢) |:1+e—2ikuz:I.e—i;(sin(Zkuz))

55 o e & [1re ™ ] 3 <—1>'“Jm<z>ei2mk“zj
eE,K o -
:ZBTOmCZERe e(9 ¢)Z (_1) [‘]m(x)_‘]mﬂ(%)]ez K, j
eEK & ’
" 2Bymc >, (CD™[3, (1) = I ()cos(0+ ¢+ 2mk, 7)
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(= Harmonics

* For the fundamental wavelength on the term for m=0 is resonant

dy  eEK

dz  28,ymc? =

* However if we choose a harmonic of the fundamental with k, =nk:

6, = (K, +k,)z2—a,t+2mk,z = (nk + (2m+1)k, ) z — nat

* The resonance condition is then:

k
2m+1

n

B, =

K+ k

u

Odd harmonics can be in
resonance as well, though with a
reduced coupling J_(x)-J,...(%)

09}
08F

0.7+

=
= osf
0.3+

02F

01F

7 2 (D13, (1) = Ina(0)]cos(8 + ¢+ 2mk, 7)

Fundamental
3rd Harmonic|
5th harmonic

—
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Polarization B- and E-
Field

Harmonics

Resonance Condition

Coupling with E-Field

Synchrotron Frequency

Low Gain Function

Opposite, circular

None

a=lo

(1+K?)

2

S

(= Comparison Helical vs Planar Undulator

Same, planar

Odd harmonics
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BS FEL Oscillator

* Because the gain can be rather small it needs to be accumulated in an optical

cavity:
Reflectivity R,
Reflectivity R,
Gain G

* The bunch repetition rate needs to match the round trip frequency of the cavity
or a harmonic of it.

* For amplification it requires:

n=RR,(1+G)>1 P=Pp"
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(== Saturation-Effects

 Saturation effects occurs once the length of the undulator matches the period

length of the synchrotron oscillation:

QSI—UZZﬂ' — 47[2:Ll2]2ku%:167z_2Nuz eE02 K :
mc mc” 1+
By kme? 1+ K

Normalized Vector Potential of Radiation Field: A,

1+K? 1
A = —
4K N

* More radiation power can be achieved if the undulator is shorter.
* However it makes the FEL oscillator more difficult to laser because the small
signal gain drops.
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(F=)» Numerical Simulations
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10°
1 % Detuning 0.05 1 % Detuning | -~
0.5 % Detuning 0.5 Detuning
0.045
107 A
0.04 |
, 0.035}
10°
~ 003}
< ik
O 0.025
-3
M 0.02}
0015}
41 o
10 0.01+
%00 Limit of Small Signal Gain
10.5 1 i " i L 0 1 L 1 A L
0 50 100 150 200 250 30( 0 50 100 150 200 250 300
Turns Turns

* FEL Oscillator model gets more complicated in reality:
— Slippage of the radiation field with respect to electron beam
— Detuning of the optical cavity
— Mode selection in the cavity
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(=== Model Limitations

* The small signal low gain FEL model is limited in its applicability by:

— Scaling with more number of particles the transferred
energy can be become larger than the assumption that
the electric field is constant.

— On resonance the
beam can be strongly

bunched and should
emit coherently.

— For large field values the analytical solution is not valid
anymore. In addition the requirement of being in
resonance is diminished.

Model must include Maxwell equation as well
High Gain FEL Model
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BS Outlook

Continuation with

e High Gain FEL Theory by K.-J. Kim
(tomorrow and Monday)

More info on FEL Oscillators

* XFELO (Monday)
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