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1.) Introduction and Basic Ideas

» < in the end and after all we have to control the geometry of the accelerator

or storage ring
= need transverse deflecting force acting on the parrticle trajectories

Lorentz force F=gq *X"‘ Vx B)
typical velocity in high energy machines: v=c=3*%10° 4
Example:
v
B=1T — F=g+3%10°2x12
S m Technical limit for electrical fields:
MV
m E<l—
" m
equivalent FE

electrical field:



Magnetic fields are much stronger than electric ones as soon as the particle

velocity is ,,high enough*.

The ideal circular orbit

condition for circular orbit:

Lorentz force

centrifugal force

F, =evB
Fcentr = },mo vz
P

Jo,

J

P
e

S
circular coordinate systen.

=Bp

B p = "beam rigidity"

The beam rigidity tells us about the effect of a magnetic field on a particle.
Which is valid whenever we deflect the trajectory of a charge particle.

... be it in a storage ring or in a transferline.



The Magnetic Guide Field: Bending Magnets

=
o
[

o
u
[

Magn. Induktion B(T)

0 AR I . | . I .
field map of a storage ring dipole magnet

D P
—=B —_ = B=1..8T
e ,0 P B*e

The bending radius ... and so the size of the machine is determined by
the dipole field and the particle momentum

Example LHC, in convenient units:

B=83T|Vs/m2] p=7000GeV/c > p=2.83 km

In case of a storage ring or synchrotron the dipole magnets create a circle
(... better polygon) of circumference 2np and define the maximum
momentum of the particle beam.



2.) Focusing Properties - Transverse Beam Optics

... keeping the flocs together:
In addition to the pure bending of the beam
we have to keep 10" particles close together

focusing force




Quadrupole Magnets:

required:  focusing forces to keep trajectories in vicinity of the ideal orbit
linear increasing Lorentg force

linear increasing magnetic field B =gx , B =gy

normalised quadrupole field:

gradient of a _ 2 /,tonl
quadrupole magnet: =

. A1
ple
. z (T / m) LHC main quadrupole magnet
simple rule: k=
e ie) g~25..220 T/m
what about the vertical plane: V x B =%_ %% =0 _ 0B, _ 0B,
.. Maxwell ox dy



Focusing forces and particle trajectories:

normalise magnet fields to momentum
(remember: B*p=p/q )

Dipole Magnet Quadrupole Magnet
B B 1 fog

plq Bp p plq




The Equation of Motion:

B _ 1, kx s Dyl iy
p/e Yo, 2! 3!

only terms linear in x, y taken into account dipole fields
quadrupole fields

Separate Function Machines:

Split the magnets and optimise
them according to their job:

bending, focusing etc

Example:
heavy ion storage ring TSR




The Equation of Motion:

%  Equation for the horizontal motion:

x"+x(i2+k)=0
0

x = particle amplitude
x’ = angle of particle trajectory (wrt ideal path line)

*® Equation for the vertical motion:
1 . .
— =0 no dipoles ... in general ...
o

k <= -k quadrupole field changes sign

y'=ky=0




Remark: ... there seems to be a focusing even without a quadrupole gradient

»weak focusing of dipole magnets

n 1 "
X +(—-k)x=0 k=0 = X' =—-—Xx

p P

even without quadrupoles there is a retriving force (i.e. focusing) in the bending plane of the
dipole magnets
... however ... in large machines it is weak. (!)

The last weak focusing
high energy machine ...
BEVATRON

> large apertures needed
—> very expensive magnets




4.) Solution of Trajectory Equations

Define ... hor. plane: K= 1/p? +k

"
... vert. Plane: K=-k x +Kx=0

Differential Equation of harmonic oscillator ... with spring constant K

Ansatz:  Hor. Focusing Quadrupole K > 0:

x(s) = X, - cos(y/|K]s) +x) _\/‘%‘ sin([[K]s) } ................................... Ay 4

X'(8) = —x, | K] - sin((J| K]s) + x} - cos((J| K]s) o

For convenience expressed in matrix formalism:

foc =

. i I N R RN
( lfo“ ( lo - ] sind ) Es(m)



s=sl

hor. defocusing quadrupole: | i ; _____________ v

x"-Kx=0  —4 ’ .... { .....
.................................. bl

Ansatz: Remember from school

1
cosh /| K|/ sinh /| K|/
JEI - —sinn

x(s) = a, -cosh(ws) + a, - smh(ws) M oo =
JJ|K|sinh /|K ]! cosh /|K|!
drift space: e
K - 0 .............................
x(s)=x,*s Iy 1 1
<A (o 1)

! with the assumptions made, the motion in the horizontal and vertical planes are
independent ,, ... the particle motion in x & y is uncoupled “




Combining the two planes:

Clear enough (hopefully ... ? ) : a quadrupole magnet that is focussing o-in one plane acts as
defocusing lens in the other plane ... et vice versa.

hor foc. quadrupole lens

matrix of the same magnet in the vert. plane:

. cos(\/Ws) ﬁsin(ﬁs)
X' _ —\/w sin(ﬁs) COS(MS)
Y 0 0
y f

0 0

cos(ﬁs)
Mfoc =
—\/@ sin(\/@s)
cosh \/@Z
Mdefoc =
JIK] sinh /K1

0 0

0 0

1
cosh(4/|kls) ——sinh(4/|k|s)
JHo s
\|k|sinh(q/[k|s)  cosh(q/|k|s)

ﬁ sin(\/@s
cos(ﬁs)

\/‘1?‘ sinh \/@Z

cosh \/ﬁl

= s =




(11

,»venl vidi vicl ... .... Or in english .... ,,we gotit!”

* we can calculate the trajectory of a single particle, inside a
storage ring magnet (lattice element)

* for arbitrary initial conditions x, X",

* we can combine these trajectory parts (also mathematically)

and so get the complete transverse trajectory around
the storage ring

M 101 = M oF *M p *MQD *M pena T M p

Beispiel.: vy e— horizo.ntal
Speichering fiir 3, focussing
Fufgdnger quadrupole lens
(Wille) —_—

dipole magnet

horizontal
defokussing
quadrupole lens




Transformation through a system of lattice elements

combine the single element solutions by multiplication of the matrices

M. =M M Mo M.  *M gt "9/« e
total OF D (0] Bend D*..... (:,/ ’ D %‘\ dlpole magnet
Ay ‘
w-gB- = e—— defocusing lens

= M(s,,s,)*

s2 X sl

X

7 court. K. Wille

in each accelerator element the particle trajectory corresponds to the movement of a
harmonic oscillator !!!

P s 1
x(s) Teilchenbahnen und Enveloppe

typical values

in a strong

foc. machine:
xX~mm,x <mrad




LHC Operation: Beam Commissioning

First turn steering ”sector by sector:”

Treat the machine as transferline !!

Most Visited ~ HEP~ CERN~ ATLAS~ CAF- DDM~- FDR~ Operation~ SW~ DP~ Tools~ TMVA~ Cfitter~ g-2v EPJ~

POINT 5
CmMs

POINT 4 POINT 6

Dump

POINT 3 POINT 7
Momentum, Betatron
Cleaning Cleaning

POINT 1
Atlas

Beam 2
10 Sep 2008 15:02

ﬁ  YASP DV LHCRING / INJ-TEST-NB /.

TI2 TI8

Updated by Roberto Saban

(B views | B (0] 28] ) B wore | i3

FT - P450.12 GeV/c - Fill # 830 INJPROT - 10/09/08 15-01-58 *

Monitor H

10 g g H
ea 50.336 / RMS = 2.868 /|Dp = -0.37
e | | s
o h 1 : 0 Il
8 | i E i |
T : : :
-5 s s 5
L ATLAS AucH RF-B2 [cms] DUMP-B2 inj-52
e I 1 1 1 1
0 100 200 300 400 500

FT - P450.12 GeVjc - Fill # 830 INJPROT - 10/09/08 15-01-58 =

10 g :
-0.272 / RMS = 2.502 / Dp = -0.37

Monitor V

E :
=i ] | L
3 |4 i1 K 1’
< ; e a
i é 5 s g
i ATLAS ALCH RF-B2 [cms] DUMP-B2 INJ-B2
o 1 1 T T T T
0 100 200 300 400 500




LHC Operation: the First Beam

]

Beam I on OTR screen

Acquisition Type:

e oacion [~

Motor Enable:

n -
Filter: out v
vaeoGa  fa [
AAA
First Lamp: 300 nv
Yy
AAA
Second Lamp: 160 nv
Ty

Y [mm]

File Tools
% D © 4 [ ®Sep 10 10:26:13 SPS - LHCFAST2  CNGSS - 03 ‘ oG
~Selecti -LHC.BTVSL.C5L2.B1
Device: LHC.BTVSI.ASR8.B2 - isiti 2 2 2 25
g - = (1 of 1 acquisitions) Cycle: LHCFAST2 SC Nb: 700 Date: 2008/09/10 10:25:28.197506 |.
LHC.BTVSL.C5L2.B1 = EE )
LHC.BTVSI.CSR8.B2 Image al project
LHC.BTVSS.6L2.B1 20
LHC.BTVSS.6R8.B2
LHC.BTVST.A4L2.B1 30001
LHC.BTVST.A4R8.82 ||
e DT EL00 bt
rStatus 3 200
Device: LHC.BTYSI.C5L2.B1 "
S 2000
status: " S H
Mode: OFF £ 1500-
<
Control: REMOTE
Setting 1000
Basic | Advanced | Expert |
500

——
-25-20-15-10-5 0 5 10 15 20
X [mm]

23

Amplitude [a.u.

22

21

rVertical projecti
2600

2500

2400

T T T T T T T
-15-10 -5 0 5 10 15 20

~ =25 -20 -15 -10 -5 0 S 15 20
Acquisition Type: One extraction Camera Switch: RAD ON Screen: Al Video Gain: x 1 First Lamp: 299
Acquisition Number: 1 Mire: OFF Filter: Out \ Second Lamp: 159

Ist and 2nd turn

!!! this is NOT (yet)
a storage ring !!!

| P Acquire H PP start Monitoring !

10:25:32 - Dane.

LHCINIJ.

triplet

MI! 43 E= A5 45K 198

Q8w [[QT[% E MET o4 D2 D1/ Q3Q2 QI Q1

WL OMBA WEB i‘uw_ OFBA Nz o TDT TCODMEK DEEM|MOMA  WONE  WOXA MEAMD uOKA
I
|

il LI L

- 1a m!j 1]

s s . AT
F | [ - | — fatH] B85 HLET




= YASP DV LHCRING / INJ-TEST-NB / beam 1 EE
RViewsv R (m| == [T B More |45

[ ]
L] FT - P450.12 GeY/c - Fill # 827 INJDUMP - 10/09/08 10-41-34 8§
5.) Orbit & Tune: :

an = 10.590 / R§S = 4.37 / Dp = -0.f1

E m “llli b Y h

as soon as we close the orbit, we enter the N u
world Of _100 100 200 300 400 500
Monitor H
66 ° » FT - P450.12 GeY/c - Fill # 827 INJDUMP - 10/09/08 10-41-34 5
CIosed orblts ’ 10 Mean = -0.323 /RM§ = 3.581 /Dp= -0.71

synchrotrons,
storage rings.

in other words: periodic conditions

A

CMs] LHCD)
T T T

T T
100 200 300 400 500

Tune: number of oscillations per turn
0.=64.31, 0,=59.32
LHC revolution frequency: 11.3 kHz 0.31*11.3=3.5kHz?

... and the tunes in x and y are
different.

i.e. we can apply different
focusing forces in the two planes

i.e. we can create different
beam sizes in the two planes

25 026 027 028 0290 03 031 032 0J@5 026




Question: what will happen, if the particle performs a second turn ?

... OF a third one or ... 10" turns

=Tl =Ty N R ERROTE |

Teilchenbahnen und Enveloppe




Astronomer Hill:

differential equation for motions with periodic focusing properties
»Hill 's equation ”

Example: particle motion with
periodic coefficient

equation of motion: x"(s)=k(s)x(s)=0
restoring force # const, we expect a kind of quasi harmonic
k(s) = depending on the position s oscillation: amplitude & phase will depend

k(s+L) = k(s), periodic function on the position s in the ring.



6.) The Beta Function

,it is convenient to see ... after some beer

... we make two statements:

1.) There exists a mathematical function, that defines the envelope of all particle trajectories
and so can act as measure for the beam size. We call it the f — function.

2.) Whow !!

A particle oscillation can then be written in the form

x(s) = \/; * | B(s) *cosy(s) + @) &, © = integration constants

determined by initial conditions

P(s) periodic function given by focusing properties of the lattice < quadrupoles

p(s+L)=f(s)

& beam emittance = woozilycity of the particle ensemble, intrinsic beam parameter,
cannot be changed by the foc. properties.
scientifiquely spoken: area covered in transverse x, x " phase space
... and it is constant !!!



The Beta Function

If we obtain the x, x’ coordinates of a particle
trajectory via

. = M(SZ,SI)*
. s2 sl

The maximum size of any particle amplitude at
a position “s” is given by

i(s) = e B(s)

Teilchenbahnen und Enveloppe

f determines the beam size

(... the envelope of all particle
trajectories at a given position
“s” in the storage ring.

x/mm —==>

It reflects the periodicity of the
magnet structure.




7.) Beam Emittance and Phase Space Ellipse

general solution of @ x(s) = Je VB(S) cos@(s) +¢)

Hill equation < \/7
£

2)  x(s)=- N {a(s) cos((s) + @) +sin@(s) + 9)}

\

from (1) we get

-1
(8)=—p'(s)
_x(s) ’ 2
cos(s)+@) = \/; m 1+ 0!(S)2
"= s

Insert into (2) and solve for &

& = y(s) x°(5) +2a(5)x(s)x'(s) + B(s) x"*(s)

* & is a constant of the motion ... it is independent of ,,s “
* parametric representation of an ellipse in the x x ‘space
* shape and orientation of ellipse are given by a, f, y




Phase Space Ellipse
particel trajectory: x(s) = \/;\/ p(s) cos {1// (s)+ ¢}

max. Amplitude: x(s)=+/&B xat that position ...?

.. put 3(s)into € =y(5) X’(5) +2a(s)x(5)Xx'(s) + B(s) X'°(s)  and solve for x’
e=y-eB+2a,eB X + x>

X' =—a- el

3. A high p-function means a large beam size and a small beam divergence. /
... etviceversa !!!

% In the middle of a quadrupole f§ = maximum,
a = zero

><\
I
=

... and the ellipse is flat



Beam Emittance and Phase Space Ellipse

In phase space x, x’ a particle oscillation, observed at a given position “s”

is running on an ellipse ... making Q revolutions per turn.

in the ring

x(s5) = Ve *~/B(s) * cos@(s) + @)

Liouville: in reasonable storage rings
area in phase space is constant.

Jor
/

A = n*e=const




.. and now the ellipse:

note for each turn x, x“at a given position ,s,” and plot in the
phase space diagram

10 I T l
5F _
XXX
% 0f :
X X X
_5 = —
- | | |
IU'IU =5 0 5 100

¥t



Emittance of the Particle Ensemble:

T T
.. to be very clear:
as long as our particle is el
running on an ellipse in x, x’
space everything is alright, the P [
beam is stable and we can sleep Pz L e N
well at nights. bt ot
*Pn 4
++ +0.02 -
If however we have scattering at the
rest gas, or non-linear fields, or r
beam collisions (!) the particle | ,
-0.1 0

will perform a jump in x‘ and &

. . ¥n,1:%n,2:%n 3.%n 4
will increase



Emittance of the Particle Ensemble:

x(s) = e /B(s) - cos(W(s) + §) i(s) = Ve B(s)

Gauf o(x) N-e
. . . . . x =" e
Particle Distribution: /2 o,

particle at distance 1 o from centre
> 68.3 % of all beam particles

single particle trajectories, N = 10 ! per bunch

LHC: B =180m

e=5%10"mrad

o=+Je* B =/5%10""m*180m = 0.3 mm

2 T T T T T T T

05—

aperture requirements: r ,= 12 * ¢

0.15 02



Statistical Interpretation of the beam emittance

Sometimes we express the rms emittance as
determinant of a “beam” or sigma matrix

2nd_order moments:

<:1:2> <£IZ£C '>

X(mm) - X'(mrad) With the obvious connection
200 [ to the Twiss parametrisation

100

-100

The phase space area can differ considerably from the ideal ellipse
in case of non-linear fields or special initial distributions

for details see e.g. N.Walker in CAS 2005

-200-

s 10 5 0 5 10 "15



8.) Transferlines & Injection: Errors & Tolerances

* quadrupole strengths --> ""beta beat" A/ p
* alignment of magnets --> orbit distortion in transferline & storage ring
* septum & kicker pulses --> orbit distortion & emittance dilution in storage ring

7}@0& ‘boxcar’ stacking
7S A
'/ intensity injected
‘r\\k //7@ T g////)/ Ibeam
/@g;éi:i::§\\\ Septum magnft
4 ‘\\}\\ DN [
é@e,);\\gé&\%&\\\‘\\\ 1 Kicker field o
N LI
Circulating H H - _
beam T e e
Closed orbit bumpers Kicker magnet
1050
£
Measured shape - 10402
. . . \ ‘
Example: Error in position Aa: 1030
Ideal trapezoidal shape —_
Y L 102.
2
*(] Aa i , L 101.0
Erew = €0 ( + 7 ) - i , , —— i — L - 100.0
REES T T L 50,0
— - 98.0
Aa=0.5c
97.0
N = sk
8new 1.125 80 % BTV - 96.0
95.0
30 28 26 24 22 20 18 16 4 12 10 8
: <
And remember: 1 6 < mm MKE delay [us]

Kicker "plateau" at the end of the PS - SPS transferline
measured via injection - oscillations



Problems with Emittance dilution:
it is only too real: LHC logbook: Sat 9-June “Late-Shift”

18:18h injection for physics

clean injection ! LI I I —— =
—— Q- ’
FBCT Beam 2 - Average Bunch Intdigdabsdolet4tk46
1.7E11 A 5
L6ELL{ss oy S <loac k
1.5E11 Y SR L . *y <F
IR N e IR AR S but particle losses in signle bunches

1.4E11 . . . . . .« .
ey . when beams are brought into collision

1.2E11 - = il
1.1E11- /ev///‘/;j’

1E11- -

Avg. Bunch Intensity

9E10-

1 I 1 I 1 1 I 1
0 50 100 150 200 250 300 350 400
Bunch




Filamentation

Injection errors (position or angle) dilute the beam
emittance

Non-linear effects (e.g. magnetic field
multipoles ) introduce distort the harmonic

oscillation and lead to amplitude dependent effect:
into particle motion.

Over many turns, a phase-space
oscillation is transformed into an ei

increase.

‘ court. B. Goddard
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> beta-functions & dispersion are distorted

M
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Matched & unmatched Transferline

12
<--- 89(5522)

400(‘Jl)
:
Transferline: un-matched beam optics

at half the way



Main task: keep the transferline optically transparent.

£ =y(s)*x*(s) + 2a(s)x(s)x'(s) + B(5)x'(s)*

Injected Beam has to be matched
to the optics of the storage ring

Extracflon Injection

pmd

2 & 8 8 B ¥ @

—ZETX |
I —SETY

'u'l ha

ni ﬁ' \ M" |l‘ Iul‘.ﬂ..‘lmm '.
T m“ U WA

=3z

|
|

i

sSPs Transfer Line

LHC

Regular FODO lattice

Initial matching section Final matching sectio|n



10.) Liouville during Acceleration

£ =y(5) X*(s) +2a(s)x(s)x'(s) + B(5) X" (5)

Beam Emittance corresponds to the area covered in the

x'

Jer ..

e

[

X, x " Phase Space Ellipse

Liouville: Area in phase space is constant.

But so sorry ... &% const!

Classical Mechanics:

phase space = diagram of the two canonical variables
position & momentum

X Px




According to Hamiltonian mechanics:
phase space diagram relates the variables q and p

Liouvilles Theorem: f pdq = const

f p.dx = const

for convenience (i.e. because we are lazy bones) we use
in accelerator theory:

XA
,_dx _dxdt B, p,
ds dtds [ p
>
P
| f p.dx  const
f x'dx = o .
m,cC -
. , P 0C Vi
€
— = x'dxx L the beam emittance shrinks during
- /3’7/ acceleration ¢~ 1/y




Magnet—qgr

Example: HERA proton ring

injection energy: 40 GeV y=43
flat top energy: 920 GeV y =980

emittance ¢ (40GeV) =12 *10-7
£(920GeV) =5.1 %10

Magnet—qr : :
8]

Anzahl Sigma 7

7 o beam envelope at E = 40 GeV

’ ' ...and at E = 920 GeV

Anzahl Sigma 7




9.) Emittance in an electron ring: &xy’

One word of caution:
As soon as ¢ is determined by the radiation process ...
i.e. by the fact that the particle looses energy and is thus travelling on on a
dispersive orbit we observe a complitely different behavior:
e’c 1 E*

P = * Synchrotron radiation power
ST 6 2\4 p4
TTE, (”loc ) R

radiation fan
electron beam \

== 2 4
\ o e _ E Energy loss per turn
\\ : 380(m0C ) R
probe

electron beam

» [
|

3 Critical energy

¢ is quadratically dependent on the

G2B _ CqEZ | <~7[>mag beam energy

X

8x0 = B Jx p

... but be aware of the fact that in a linac
it still shrinks just as protons do

H =yD*+20DD'+ BD'?



The ,, not so ideal world “

11.) The , Ap / p 2 O” Problem

ideal accelerator: all particles will see the same accelerating voltage.
>Ap/p=10

wnearly ideal “ accelerator: Cockroft Walton or van de Graaf

Ap/p=10-

Vivitron, Straffbourg, inner
structure of the acc. section

MP Tandem van de Graaf Accelerator

\&:;\ . at MPI for Nucl. Phys. Heidelberg



RF Acceleration 1928 Wideroe

Quelle, Driffyhren

+ — + Str-af?l
Energy Gain per ,Gap“: F'Hi—l H»> - | =t a0 l —

@ HF-Sender

W =n*qU,sinwg.t

drift tube structure at a proton linac
(GSI Unilac)

n number of gaps between the drift tubes
q charge of the particle

U, Peak voltage of the RF" System
Y synchronous phase of the particle

500 MH cavities in an electron storage ring

* RF Acceleration: multiple application of
the same acceleration voltage.

brillant idea to gain higher energies




RF Acceleration-Problem:

panta rhei I
(Heraklit: 540-480 v. Chr.)

— _/

Just a stupid (and nearly wrong) example) Bunch length of Electrons = Icm

Uy

v = 400MHzZ
> )\,’V )\,=75Cl’l’l
t ¢ =

sin(90°) =1
, O0) AU 60 10°
sin(84°) = 0.994 U

typical momentum spread of an electron bunch:



Dispersive and Chromatic Effects: Ap/p # 0

Are here any Problem 2?2 font colors due fo
Sure there are !l pedagogical reasons



12.) Dispersion and Chromaticity:
Magnet Errors for Ap/p # 0

Influence of external fields on the beam: prop. to magn. field & prop. zu 1/p

B dl
dipole magnet a= L x,(s) = D(s) %

B ’ F
: g mﬂ |_—=——"]
focusing lens k = P
e ST

cell length . h .
Figure 20: FODO cel particle having ...

to high energy
to low energy
ideal energy

v




Dispersion

it for Ap/p > 0

Matrix formalism:

x(s) =x4(5) +D(S).A_p
P

- elle sl 7l
X(5) = C(s) %+ 8(5) 3 + D(s)- 2 ) \e s R e D,

P )




or expressed as 3x3 matrix

([ x C
x | =|C

A%S 0

Example

xﬁ=1m2mm

D(s)=~1..2m

Al/z1-10-3
p

S

!

S
0

1

D
Dl
1

HERA P-Ring, Lumi-A-Optik, 7/0.5 m, p/e+ 920 GeV, 1999, qd997z, hts920e+8, A*8 Namen
T T T T T T

Amplitude of Orbit oscillation
contribution due to Dispersion = beam size ,

= Dispersion must vanish at the collision point
[

Calculate D, D’: ... takes a couple of sunny Sunday evenings !

D(s)=S(s) f;:%c(g)dg - C(s) fj;%s(g)dg

(proof see CAS proc.)



Dispersion is visible

RS TR A -

ine : HERA-p
¢ orbit [FlorbRef | " Ref Mittehwert RMS-wert
Closed Orhit  ~| | seratent | || %4 hor. 2000 )
hpidOn Ep = 39726 oo [ IS
Jan 28 15:30:16 2004 2004-01-28 15:29:12 dplp dpipaus| [ 0110

Closed Orbit -+

- Orhit->OpticServer
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13.) T mnsf er Matrix M ... yeswe had the topic already

x(s) =] B(s) cos{y(s) + ¢}

general solution N
of Hill's equation , —\VE )
f 1 x'(s) = [a(s) COS {1// (s)+ ¢} +sin {1,// (s)+ ¢}]
p(s)
remember the trigonometrical gymnastics: sin(a +b) = ... etc

x(s) = \/;\/?S(COSI/JS COS ¢ —siny_sin q))

—\E : : : :
x'(s) = —[as COSY, COS@—a SINY sSIng+siny  cos¢y + cosy, sin ¢]

VA

starting at point s(0) =s,, where we put ¥(0) =0

N
X0

NG . inserting above ...

Ty X

sing = -/ D
0

COoS @ =




x(s) = \/% {cosws + sim/JS}xO + {« | BB, siny ¢ x,
0
x'(s) = \/ﬁ {(ao ~a, )cosy, —(1+ aoas)sinws}xo + %S{COS% —-a, sinzps}xé

X X
which can be expressed ... for convenience ... in matrix form (x;) =M (xr)
s 0
& (cosz/JS +a, Sil’ll/]s) BBy siny,
bo
M = .
(ao ‘as)COSI/JS —(1+0(005S)SIHI/JS /50 (COSI/J e Sil’l?/} )
,/))Sﬁo ﬁS S S S

* we can calculate the single particle trajectories between two locations in the ring,
if we know the a f y at these positions.
* and nothing but the a f y at these positions.

« )



14.) Transformation of a, B, y

consider two positions in the storage ring: s, , s

X
=M*
' '
X X <0
M = my, m,
Ny, Ny,

since & = const (Liouville):

£=Bx"+2a.xx' +y.x’

2 2
&= ﬂox(,) + ZanOx(') + VX0

Betafunction in a Storage

sort via x, x ‘and compare the coefficients to get ....

A
—

Ring



The Twiss parameters a, i, y can be transformed through the lattice via the
matrix elements defined above.

2 2
p(s)=my, By —2m m, o, +my, v,
a(s) = —my m,, B, + (m,m,, + m;m,,) 0, —m,my, v,

2 2
y(s) = m;, B, —2m,my, oy + m3, ¥,

in matrix notation:

( 2 2
//3)\ m, —-2m, m,, m, ([3)\
_| _ %
o =|—mm, nmp;,m, + myn, m,,m,, 24 .,
2 2
\V/p \ M —2m,,m,, My ) \V)g

1.) this expression is important

2.) given the twiss parameters a, f§, y at any point in the lattice we can transform them and
calculate their values at any other point in the ring.

3.) the transfer matrix is given by the focusing properties of the lattice elements,
the elements of M are just those that we used to calculate single particle trajectories.

... and here starts the lattice design ]!



Most simple example: drift space

particle coordinates

)l 1)

transformation of twiss parameters:

Jo] 1 =21 [? P
al =0 1 -l|*la

y) (0 0 1 Y ),

Special case: symmetric drift

Mdrift = (

x'(D)=x,'

m,, m, _ 1 7
m,, My, 0 1

x(D)=x,+1%x,’

[)’(5)=/)’0—21*0{0+12*}/0

s
p(s) = f, + 5

2
=1+a0 _

1

by

by




... unfortunately ... in general

high energy detectors that are

installed in that drift spaces

are a little bit bigger than a few centimeters ...

... clearly there is an




15.) Lattice Design:

=+ , abz==, 02 3, Lumi—Upgrods= “=rmian I1—4%

Gev, Stordord Dptik

s Sy

o RO T e B o
ey Ll

_______,.4'-.‘.““....r
et 1 3

.5

J
l
F ,n ,,EUUJH.IE ." ‘ru“ 5' ML
e sy

ll: : : %
1 'u‘n.'\ 144 ﬁ““"”\";ll"

'
| )
“”l\; "“P'\J.nunlf L
S8 r STy nssr"“ VI T

a'r" . '\ w et L1l revry b=,

regular (periodic) magnet structure:

bending magnets = define the energy of the ring

main focusing & tune control, chromaticity correction,
multipoles for higher order corrections

drift spaces for injection, dispersion suppressors,
low beta insertions, RF cavities, etc....

... and the high energy experiments if they cannot be avoided



Once more unto the breach dear friends: The Matrices

The FoDo-Lattice

Matrix of a focusing quadrupole magnet:

cos(x/E *1) L sin(x/E *1)

M, = JK
JK sin/K*1)  cos(K *1)

... Can we do a bit easier ???

If the focal length fis much larger than f= %{l >> IQ
the length of the quadrupole magnet, Q

the matrix can be simplified by ki, = const, [, — 0

(1+ sinPeelty .
I O B = . 2 o,
M = %, | and then we can show that sy,
- sinq};”)L ,
[), ) Sinlpcell °

proof see appendix



16.) Dipole Errors / Quadrupole Misalignment

The Design Orbit is defined by the strength and arrangement of the dipoles.
Under the influence of dipole imperfections and quadrupole misalignments we obtain
a “Closed Orbit” which is hopefully still closed and not too far away from the design.

Dipole field o _dl [ Bal

ipole field error: =— =2

i p  Bp

Quadrupole offset: g= d_B — Ax-g =Ax d_B N
dx dx

misaligned quadrupoles (or orbit offsets in quadrupoles) create dipole effects that lead to a
distorted “closed orbit”

normalised to p/e: Ax-k=Ax-i=l ( x‘ ) =( 0

In a Linac or Transfer Line — starting with
a perfect orbit — the misaligned quadrupole ( X ) ( X )
creates an oscillation that is transformed from | =M |
now on downstream via f l



... and in a circular machine ?2?

we have to obey the periodicity condition.
The orbit is closed !! ... even under the influence of a orbit kick.

Ox' = Ax-k

Calculation of the new closed orbit:
the general orbit will always be a solution of Hill, so ...

'x(s) = a ) \/E COS(?)U(S) + (p = YASP DV LHCRING / INJ-TEST-NB / beam 1
We set at the location of the error s=0, ¥(s)=0 l l l ” T H l l
and require as 1% boundary condition: l”'[dll]lfn l'”!‘llh”lw"f 'fn'l”J !
periodic amplitude il s S

x(s+L)=x(s)

G JBGEFL) - cos(p(s) + 210 - ¢) =a JBES) - cos((s) - ) Bls+L)=B(s)

Y(s=0)=0
cos(2Q — @) = cos(—¢) = cos() Y(s+L)=2mQ
— @ =m0




Misalignment error in a circular machine

2" boundary condition: x’ (s+L) + 6x’= x’(s)
we have to close the orbit

~__~ D %

boundary condition: x’ (s+L) + ox’= x’(s)

Y(s) = f R

W(S)—m

Nota bene: gefers to the location of the kick



Misalignment error in a circular machine

Now we use: p(s+L) = p(s), p=nQ

\/% (sin(Q)+ fﬁ((i )) JBG) a-cos(xQ) + %
g sin(wrQ) As _ 1

B P a'? A

inserting in the equation of motion

x(s)=a- \/Ecos(z/)(s) +@

x(s) = AS \/ﬁ(g)\/ﬁ(s) cos(y(s) - @)
P 2sin(Q)

2sin(srQ)

/3()

\//37 (sin(Q) + 3 |B(5) a-cos(wQ)

! this is the amplitude of the orbit
oscillation resulting from a single kick

! the distorted orbit depends on the kick strength,
! the local p function
! the p function at the observation point

/1! there is a resoncance denominator

= watch your tune !!!



Misalignment error in a circular machine

For completeness:
if we do not set Y(s =0)=0 we have to write a bit more, but finally we get:

COS(\?//(?) ~y(s)| -7Q)ds

x(5)= ﬂ((;Q) B

Reminder: LHC :f‘li I e — p— p— g
Tune: Q.=64.31, Q,=59.32 .

Relevant for beam stability:
non integer part

avoid integer tunes

Remember ...
.. we have to control the trajctory
top avoid emittance dilution !!
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Appendix

FoDo in thin lens approximation

Calculate the matrix for a half cell, starting in the middle of a foc. quadrupole:

_ * %
MhaZfCell_MQD/Z MID M

OF /2
1 1 0
halfCell D * -1/, 1 note: fdenotes the focusing strength
f 1 f of half a quadrupole, so f=2f

a
M, e = " for the second half cell set f =2 -f
Vi /




FoDo in thin lens approximation

Matrix for the complete FoDo cell M =

_;/2 .
f

20

1

2
o

2
(f3

~

2

lD
F)

!
20, (1+-2
D(+f)

2
1—21~i

f2

Now we know, that the phase advance is related to the transfer matrix by

2
cosy,,, = %trace(M) = % *(2- 4}%’

2
y=1- 2

f2

After some beer and with a little bit of trigonometric gymnastics

cos(x) = cosz(%) —sin*(x/2)=1-2 sinz(%)

ID
alw
! f




Transfer Matrix for half a FoDo cell:

o

Mieos = L7 %

Compare to the twiss
M _,=
parameter form of M

In the middle of a foc (defoc) quadrupole of the FoDo we allways have a = 0,

&(COS% +a, siny,,)
(@, -a,)cosy,, -(1+a@,))smy,, B
VBB, B,

and the half cell will lead us from f8,,,.to ;.

m,,

m,,

mzz)

VBB, siny,

(cosy, —a, sny,,)




Solving for g, .. and B,,;, and remembering that .... sin 7 = Iy
@=£=1+ld/]:‘=1+sin(wcell/2) ) (1+Sinw§u)L ,
m, B 1-1,/f 1- Sin(wceu / 2) p= siny_

— w
LUy l; _ (-sin T ,
m,, sin’ (wcell /2) p = siny__

(Z,X,Y)

The maximum and minimum values of
the B-function are solely determined by
the phase advance and the length of the cell.

Longer cells lead to larger

typical shape of a proton

bunch in a FoDo Cell



