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The, notso idealworld “

15.) The , Ap / p # O" Problem

iIdeal accelerator: all particles will see thesame accelerating voltage.
24p/p=0

,hearly ideal“ accelerator:Cockroft Walton or van de Graaf

Ap [ p=10-°

Vivitron, Stral3bourg, inner
structure of the acc. section

= MP Tandem van de Graaf Accelerator
~ at MPI for Nucl. Phys. Heidelberg



Linear Accelerator 1928, Wideroe

schematic Layout:

nelle

angl'_:::h.ten _ n Strahl

Energy Gain per ,Gap":

S
]=H—J.-]-i-?f>

W -

W =qU, Ssinagt

@ HF-Serder

drift tube structure at a proton linac

*RF Acceleration: multiple application of
the same acceleration voltage,
brillant idea to gain higher energies

500 MHz cavities in an electron storage ring




Problem: panta rhei Y
(Heraklit: 540-480 v. Chr.)

Example: HERA RF: Bunch length of Electronst 1cm
4
...’ ‘3"‘.‘.3?’:‘%":‘5‘;;3;‘ V -_ 500 MHZ
> A=60cm
. t C=Av
— _
~
A=60cm
sin(90°) =1
_ 0 av _ 6.0 10°°

sin@4°) =0.994

typical momentum spread of an electron bunch: 5 10 107



16.) Dispersion: trajectoriesfor Ap / p#0

Question:do you remember last session, page 12 ? ... sure you do

Force acting on the patrticle

2 V2
F = m—(x+p)— =eB,v
X+ p
rememberx =mm ,p=m ... 2> develop for small x 3
2 2
dx_mvq_X)-eBy
dt P P
consider only linear fields, and change independeatriable: t— s i

S oM

.. but now take a small momentum error into account !!!

P=po+4p



Dispersion:

develop for small momentum error Ap << p, = 1 -1 _Ap

Po + Ap Po Po

x"—i+ xzze BO_AgeBO+xeg —xegA—g
P Po Po Po Po
H_J H_} —
1 k L x =0
P
Xn+ X2 Ap*(_eBO)_I_k*X A—p*i‘l‘k*x
P Po Po Po P
H_}
1
0
x”+L2—kX :A_pi — X"+ X(iz—k):A_pi
p Po P P Po P

Momentum spreadf the beam adds a term on the r.h.s. of the equation aftion.
- inhomogeneous differential equation.



Dispersion:

2 L
p P

X(9+ K(SOx( $=0
(9= 1(9€ (3 )
K9+ KON 3= (7

1
Yo,
Normalise with respect tdp/p: /

AV
p

X"+ x(i2 - K =

general solution:

Dispersion function D(S)
*is that special orbif anideal particlewould have fordp/p =1
* the orbit of any particleis thesumof the well knownx, and the dispersion

*as D(s) is just another orbiit will be subject to the focusing properties of the lat#



Dispersion
Example: homogeneous dipole field ___ 4

e = i 4
.-/- - -. f
@ { ‘ |
-~ E ~.
S ]
N
-

<
N

Matrix formalism:

_ P
X(s) = x5(9+ H$% : (Xj :[c sj( xj +%( Dj
X(9) = Q(90y+ $ B+ p)@%p X)s \C S)\%xj p\D

J




or expressed as 3x3 matrix

X | =|C S DI x “ /\R\
A /ﬂ"\ | \ ’/ \w /f\
BRSNS A . ASALASA VAN
Ap O O 1 Ap AYATAVATAVAVARAY. \/\; Wh Y \: \ /\f\/\/ AaANA
p S p O = J Z‘(l,ICI 400 ED:l q ‘IE:S)CI 'H]I‘]C 12C0 T4C|C|
I AT T T e e e
AT o A R U T I A
SN RN N ERYYSESOER AENHSEERT GANIRAEIRYYSSNIEYYYS O T
D | 688655 2885585 88 "3 "aEgEs ""PLiiEEssdl 258540
] T T
1
Example HERA o . N R
_ 3
| M\/\\/\“V”/ APAAAAAANAAN
m\/\/\//\///\/ ‘ VY f\/\f////\/\/\/
ol AQu l:'JZJ =Nl \U‘JL 1200 1Aa0(

xﬂzl...me

‘

Calculate D, D’

T1
D(s)= ([ = Q3 ds
sO'O

IIZRA M—Rirg, Lumi-A—0psik, 7/0.5 m, p/et
T T

S20 Sev, 1999, 93997z his82Ce+8, A+E Homen
T T

w0

Amplitude of Orbit oscillation

contribution due to Dispersior beam size
- Dispersion must vanish at the collision point

Tl
= s
<P

(proof: see appendix)



Example: Drift

1 |
Mo = 0 1

Example: Dipole

cos(\/ms)

~\[K]sin(/K]s)

M foc =
I
COS—
_ P
M Dipole — 1
—-—sin—

JIK]
cos@/@s)

T1 Tl
D()=3[=Qpds C)f= 95
30'0 sO'O

sin@/@s

| J |

J

v

=0 =0

D(s) = pll- cosl— )
0

D'(s) =sin|—
Yo,



= D(S)%
P

Xp

rsion, calculated by an optics code for a real machine

ispe.

[)

Example

N 1 .
o

. and afterwards focused by the quadrupole fields

]
1
[

. 1 .
1ac
=

. 1 .
100

=, Probonean Lumincadaerts Opkik o=

S | | <
1 1 1 1

@ o 0 E=1=-0 1 Z
f=— I/ NOER4E

* D(s) is created by the dipole magnets

O(s)~1.. 2m

.

Mini Beta Section,
- no dipoles !!!

a



Dispersion is visible

F34 Hera P Hew BPH Dis

n Offsets Savefile SelectFile SetOptics SetBunch Spesial OrbitWiew Expert ! ,E‘RA Sfanda/ﬂd Orlbl'f

u :HERAp - Protoni WL197 MX
£ Orbit F 1 Ret Mittelwert RMS-wert || Energie  39.73 Ablage (mm) [ 0318
Closed Orbit~| [secratent | | #ihor 2 o Strom 44 Status 0K
Bunchir 222
Zivert | K / A
hpiddn Ep = 39728 0001 0893 Machine  hpidn B/ | 1077700
Jan 28 15:30:15 2004 2004-01-28 15:29.12 dpfp dpipmus| [ 0110 || [geladen] hpidOn
Closed Orbit -+
~FEC Betriebsmode Setzen i~ Orbit-=OpticServer,
Closed Orbit /In Trig - | ‘ Standiy lannlie~| Rein'| Less ‘ 1imal lesen | Bersich | | Save Orhit | ‘

HERA Dispersion Orbit

dedicated enerqy change of the stored beam
> closed orbit is moved to a B Fora P Now B Dislay )

Printing  Optionen Korrekturen  Offsets  Save File  Select File  Set Optics  Set Bunch  Spezial — Orbit View  Expert

dispersions trajectory

4p
p

X =D(s)*

ii![]!!l]!![]!!!!!]!!

p -HR344 MX
Mittelwert RhS-wert Energie 39.73 Ablage {rm) | 2.46

[closedorbit | [ seratena =] |[ %1 hor [20538 [ 2372 || Siram 4.7 Status [ wrong
1 1
hyid0n Ep = 39,748 - ElEw . || EEE

Feh 08 23:09:16 2008 2006-02-08 23.07:15 dpdfp Aus | I -1.482 [geladen]  hpidOn Release :E

Attention: at the Interaction Points
we require D=D"=0




17.) MomentumCompactionFactor: a

particle with adisplacement xo the design orbit : particle trajectory
- path length dI... . g e

dl _ PtX
ds Jo,

. dI=(1+ X ]ds
p(s)

circumference of an off-energy closed orbit

{)dl f)( ps)]ds remember:

Xag () = D(s)A—rf’

design orbit

A D * The lengthening of the orbitfor off-momentum

_Ap (s) AT e .

Olpe = (f ds particles isgiven by the dispersion function
p(s) and the bending radius.




Definition: ol, —a Ap
L "p
- a, —iif(&jd
L\ p(s)
For first estimates assume: P = const
ID(S)dS = I3 (dipotes mD>dipoIe
dipoles
1 1 1 1 27T <D>
ap‘f |Z(dipoles)EQD>;‘f Z’WBJD>; - ap:T<D>:?
Assume: V=C
o ., Ap a,, combines via the dispersion function
- T T, _ap—p the momentum spread with the longitudinal

motion of the particle.



Introduction to Transverse Beam Opftics

Bernhard Holzer

IV.) Errors in Field and Gradient

The ,, dberhaupt nicht ideal world



18.) QuadrupoleErrors

Standard Lumi—0Cptik Optik, korrigierte Versiodan 2004, ht02Z2_8, 920 GeV /27.5 GeV
| : . . - | - . " . : . . . . | " . . .

0] 1000

5000 &000



Quadrupole Errors

go back to Lecture I, page 1

single particle trajectory

Solution of egquation of motion

X = X, cos(vVk 1)+ Xg iksin(\/f l,)

cos(k I,) %sin(\/i 1)
-Jksingk 1)  cosgk 1)

Mo =

M

turn

Definition: phase advance

of the particle oscillation 0= Yum
per revolution in units of Z 27T
Is called tune

=M * My *Mp* My, * Mg ..

' |vlthinlens - [

— |
N




Matrix in Twiss Form

|
Transfer Matrix from point 0 in the !/j‘.a‘-}_,_ ~ j%?’{: ;7
lattice to point ,s": - }/ £ \%;\ &
2 4 ')ﬁu\ : bR, 5
g .;.—'&'- .'P..,‘\
m .)' A ;
E
1/ (COSU +a,Sing;) VBB, s,
M(9)= .
_)co .
S(” ( aoa )SmwS IBO (COS¢S —aOSInq/JS)
v ﬁsﬁo BS

For one complete turn the Twiss parameters B(s+L)=LB(s)
have to obey periodic bundary conditions: a(s+L)=a(s)

y(s+L)=p(s)

M (S) — Cosﬂturn +aS Sin‘”turn ﬁS Sthurn
_VSSIWS Coqaturn _aSSirKUtUI'n



Quadrupole Error in the Lattice

optic perturbation described by thin lens quadrupole

1 0)/[co +asi Si
Mdist — MAk [MO :[ ][E %urn Wﬂturn ﬁ Wﬂturn ]

Akds 1 _ySirKIIturn Coil/turn _aSiru/turn
\ ) — _
Y —~
quad error ideal storage ring

. cogy, +asiny, Bsing,
| Akds(cogy, +asing,) —ysing, AkdsBsing, +cogy, —asing,

rule for getting the tune

Trace(M ) = 2cosy = 2cosy, + AkdsB sinyg,



Quadrupole error- Tune Shift

AkdsgSsiny,

Y=g, tAYy . cosf,+AY)=cogy,+ 5

remember the old fashioned trigonometric stuff aredssume that the error is small !!!

. . kdsgsin
CoOY, COSAY —siny, sinAy =cogy, + A 5 Y
— H_I
=] =~ A(ﬂ
kds
AY = A
2
and referring to Q instead o / the tune shift is proportional to the f-function
_ at the quadrupole
W =2mQ g
N field quality, power supply tolerances etc are
much tighter at places where p is large
AO = ! Ak(s)B(s)ds M mini beta quads: p ~ 1900 m
Q= I arc quads: p = 80 m

% 47T

Ml B is a measure for the sensitivity of the beam



a quadrupol error leads to a shift of the tune:

sO
03 032 DIRE D26 037 028 IZI.".-'!ZJ_ 03 0¥ 03z 0]
Example: measurement ¢f in a storage ring: GI06 NR
tune spectrum 0.3050 y=-6.7863x + 0.3883
0.3000 A‘\
> 0.2950
&
6‘ 0.2900
0.2850
00— 0—0—0—0—0—0—0— 403101002300
0.2800 : T T
0.01250 0.01300 0.01350 0.01400 0.01450
k*L




Quadrupole error: Beta Beat

_ ﬁo sl+l _ _
B(s) = 5t j B(s)AK cos2y -~ | - 2mQ)ds

o
p/e+ . g02c8, ht02_8, Lumi—Upgrade Version lll—4 920 GeV /27.5 GeV. neue Version, QR14 reduziert, q0zz ( Praafu see appe”d,x )
T T T T T T P

z9r
° + * St { :
2 T
R AT mewmw
al .
5] 1000 2000 3000 4000



19.) Chromaticity:

A Quadrupole Error for Ap/p + O

Influence of external fields on the beamprop. to magn. field & prop. zu 1/p

dipole magnet

focusing lens

del
a’:
p/e
(=9
P
e ,

, cell length . .
Figure 20: FODO cell - particle having ...

to high energy
to low energy
ideal energy



Chromaticity. Q'

:V P=R+Ap
e

iIn case of a momentum spread:

k=29 =€ BP)yg=k +Ak
PotAp P, Po
Ak = -2P
Po

... which acts like a quadrupole erroin the machine andeads to a tune spread:

AQ= 2Py p(s)ds
41T P,

definition of chromaticity:

ey Do 1
AQ=Q - Q'= 4n§k(s)/3(s)ds



Where is the Problem ?



Tunes and Resonances

¥ o288 029 03 031 03 0o

7 028 019 03 031 037 0ps

| 2o oo [RUIES] 2904 [FRIE| 27 [

Teilchanbaknen und Enveloppe

avoid resonance conditions:
m Q,+n Q+l Qg = integer

... forexample: 1 Q=1

A
|
|
=
=

E




.. and now again about Chromaticity:

Problem: chromaticity is generated by the lattice itself !
Q' is anumberindicating thesize of the tune spah the working diagram,

Q' is always created if the beam is focussed
-2 it is determined by the focusing strengkhof all quadrupoles

—
Q== §k(s)B(s)ds

k = quadrupole strength
p = betafunctionindicates the beam size ... and even moredbasitivity of
the beam to external fields

Example: HERA

J

—>Some particles get very close to

HERA-p:  Q'=-70...-80 resonances and are lost
A4 p/lp=0.5*163 >

4Q =0.257 ... 0.337

J

In other words: the tune is not a point
it IS a pancake



Tune signal for a nearly
uncompensated cromaticity

(QR'#~20)

Ideal situation: cromaticity well corrected,

(QR'~1)




Tune and Resonances

m*Q,+n*Q +*Q = integer

A e Tune diagram up to 3rd order

... and up to 7th order

Homework for the operateurs:
find a nice place for the tune
where against all probability
the beam will survive




Correctionof Q'

Need: additional quadrupole strength for each momenturwhtion4p/p

: : . A
1.) sort the particles according to their momentum Xy (S) = D(s)—IO

... using the dispersion function

nnnnn

- orbit. _ _

[Closed omnit  ~| [ serateha | |3 ho
hpid0n Ep=39.748
| FebDBZ309:182008 20050208 23:07:15

I -00og I 1820 4 | 1283/6

. e =




Correctionof Q"

2.) apply amagnetic field that rises quadraticallyith x (sextupole field)

B, = gxy . .
oB, 0B, _ linear rising
- > = = gX ,gradient”:
B, = % G(x* - y?) dy  0x )
Sextupole Magnet: normalised quadrupole strength:
Z
Eisenjoch ~
_ 99X _
S e
K > ! <l | x Ap
Soulen '4% $ 0 . Ksext = msextD?

corrected chromaticity:

__ 1 _
Q'= - f{k(s) ~mD(9)} A(s)ds



sextupole magnet in a storage ring
.. placed close to the quadrupole lens

guadrupole magnet

Eisenjoch Spulen

eeecccccceT - Qi@ el -eeegereccessscccce

n|
iche




20) Insertions

AAANAAANA A M \ / LR AAAARAANALA

A

CF 0z

ﬁxy

1000 1200 14010

g
L)

S

400 GO0

2040

1400

1200

1000

Goo

Goo

400

200



Insertions

. the most complicated one: the drift space

Question to the audience: what will happen to the beam parameters
a, B, v if we stop focusing for a while ...?

V; cc -=2sCc &) /(g3
a| =| CC'" SC+ S C- S9 a
) | C® =28C S )|y,

transfer matrix for a drift:

S ) ammane
Y(S) = ),



p-Function in a Drift:

let's assume we are atsymmetry poinin the centef a drift.

B(S) = B, =20+ y, S

1+a,’
as 0'0:0, - Y= a, — 1

P P

and we get for thg function in the neighborhood of the symmetry point

/B(S):/Bo+%2 11

0

Nota bene:
1.)this is very bad !!! S S

2.)this is a direct consequence of the ) >

conservation of phase space density M

(... iIn our words:e = cons) ... and U B,
there is no way out.
3.) Thank you, Mr. Liouville !



In general

unfortunately ...
high energy detectorthat are

Installed in that drift spaces
are a little bit bigger than a few centimeters

But: ...

.. Clearly thereisan




Exampleof along Drift: The Mini-£ Insertion:

Luminosity: given by the total storedbeam currentsand thebeam sizet the
collision point (IP)

| = 1 I, 1,
2 * *
Are”f. n, O, g,
t::/’e-—l—l . c!1 ==, *'-1{?)2_8.. Stlcn¢:3rd LI_II"r“III_—Olbi_IkI EEII?D {I}e"..-‘l,-"E'.-'.S (%e-‘-.-fl i i
P N
SN 2N
e “,
= A \ .
JB | . ’ h
I o \ X .,
i - ™,
A N / .,
= L /'/ / \\
= y N .
TN // \// . 1
- . .
] S 100 15C =00 =50C Z00
S ———=  {k]
L 1T [ T MM T111d 1l M I T [ 1 [N MMTIT |
o i N N B R A LN | B ingy
E 1= B = S Szz =5 S § 8 = =z=¢g&8 S =5 °

B B 3 o= T3 &

How to create a ming insertion:

* symmetric drift spac€length adequate for the experiment)
* make the beat values as small as possi@ie+/&8

* .. where is the limit ??7?




Mini-B Insertions.: some guide lines

* calculate theperiodic solution in the arc
* introduce the drift spacaneeded for the insertion device (detector ...)
* put a quadrupole double(triplet ?) as close as possible

* introduce additional guadrupole lenseto match the beam parameters to
the values at the beginning of the arc structure

b &

parameters to be optimised & matched to the periodic ol ay, P D,

D
ay, 'By Qo Qy

HERA P—Ring, Lumi—&—0Optik, 77°0.5 m, pset SEQ Gev, 1999, qd3d7z, htsd20s+2, AvB barmen
8 individually | | | | | |
powered quad 2 |
magnets are ﬁ ! P
needed to match / | \
theinsertion

(... at least) [ / / \ H _
i ]
IO ﬁ\f\j’x, A / WA \\_, / \‘/«_ \/ \\/ N /\Vﬂ_\w AOAACN AN AN

1 1 1
200 400 ECO B0 10C0 1200 SA03
S = M)

=S R T £ T = [T T A T =N (=S o T T I =



... and now back to the Chromaticity

or- & i

~guestion: main contribution to Q' in a lattice ... ?
5000_ i T z T s L = T = T F T = T z T o T

4500. - &” ﬁy
4000. 4 |
3500. -
3000. -
2500.
2000.
1500.
1000.
500.

0.0

mini beta insertions




Resumeé:

guadrupole error: tune shift

beta beat

chromaticity

momentum compaction

sO+I

AK(S) | ... B
G = jo Ak(s)ﬂ,B(s) ds = (8)47;uad P
sl+l
DB(s,) = ﬁ [ B(s)ak cos(2@, ~¢.,) - 27Q)ds
AQ = Q' ﬁ

P

=1
Q'=~— $k(s)B(s)ds




Appendix I:

Dispersion: Solution othe inhomogeniousequationof motion

1 Tl
Ansatz: D(s)= X $ j = Q3 ds c)s_{ =N
sO'O 30'0

D'(s):S’*jic dt+slc—C'*j33dt—c S
p p p p

D'(s):S'*_[%dt - C'*I%dt

D"(S):S"*j% Cg’_l_sr% _ C"*J‘% Cg _ C,%

= "*j%og— C”*I%£+%(CS’ -SC)

J

Y

=detM=1 \

remember: for Cs) and S(s) to be independent ‘C S

#0

solutions the Wronski determinant W = c' g

has to meet the condition




and as itis independent AW _ E(CS’ -C')=CS'-C"=-K(CS-SO =0

of the variable ,s"“ de ds
we get for the initital Co=1 G=0 W = C, S, =
conditions that we had chosen ... $=0, §=1 C S

D”:S”*IE &_ C”*IE £+£
P P P
remember: S & C are solutions of the homog. equationnabtion: S +K*5=0
C”+K*C:O
D"=_K*S*JE £+ K*C* § CE+1
P P P

D":—K*{sj%cgwj% c§\>+%

- _J
Y

=D(s)

D'=-K*D+— ... or D'"+K*D==—

ged




Appendix II:

Quadrupole Error and Betdunction

a change of quadrupole strength in a synchrotron leadstune sift:

sO+l * *
pg="f BKOBE) 4o AKY*lona* B
% 4T 4
Gl06 NR
05050 y=-6.7863x+ 0.3883
0.3000 \\
> 0.2950
3
& 02900 | —‘\kk'
== 0.2850
0.2800 S —— ‘
tune SpeCtrum 0.01250 0.01300 0.01350 0.01400 0.01450
KL

tune shift as a function of a gradient change

But we should expect an error in thg-function as well ...
... Shouldn’t we ???



Quadrupole Errors and Beta Function

a quadrupole error will not only influence the oscillation freguency ... ,tune"
.. but also the amplitude ... ,beta function"

P

split the ring into 2 parts, described by two matrices So A
A and B
M. =B*A A:[aﬂ aﬂj
CPYRRCPY. B S

matrix of a quad error
between A and B

B

b, b,
b21 b22

M- — rnil rnIZ :B l O A
S W R - Akds 1

a,, a, j

Mys =B
- Akdsa, +a,, -—Akdsa,+a,,

M _ [~ b11a12 + b12(_Akdsal2 + azz)j
dist — _ _



the beta function is usually obtained via the matrix element ,m12", which is in
Twiss form for the undistorted case

m,, = B, sin 27Q
and including the error:

miz =0Dja, t b12a22 - b12a12Ade

\ J/
Y

m, = B, sin27Q

@ m, = f,sin2/Q - a,,b,Akds

As M* is still a matrix for one complete turn we still can express the element m,,
in twiss form:

(2) m, =(B,+dp)*sin2m(Q +dQ)
Equalising (1) and (2) and assuming a small error

B, Sin 27Q - a,,b,,Akds = (B, +df) * sin 272(Q + dQ)

B, sin 27mQ — a,,b,Akds = (5, + df) * sin 271Q cos2/dQ + cos27Q sin 27dQ
" "

& 1 22mdQ@



M— a,,b,,Akds = W fB,2mdQ cos27Q + df, sin 27Q + dWsZnQ

ignoring second order terms

- a,,b,Akds = ,2mdQ cos27/Q + dS, sin 27Q

remember: tune shift dQ due to quadrupole error: dQ = Akp,ds
(index ,1" refers to location of the error) 4T

Akds = ﬁOA;ﬁldS

- a,b, cos27Q + d, sin 27Q

solve for dp

dg, = o 277Q {2a,,b,, + B, 8, cos2mQ}Akds

express the matrix elements a;,, b;,in Twiss form

gs (COS(//s"'ao siny ) BBy sy
0

(Q'O_a,s)(:C)S"USIB_Sﬁ(EI)'-|-aloas)Sm’[/S \/E(COS!//S ag SirI/Is)




dg, = o 277Q {2a,,b,, + B, 8, cos2mQ}Akds

&, =+ BoBsiNAY,_,
by, =/ BB, sSIN2M -Ay, ,)

_ — BBy
dg, = 25 20 {2sinAy,, sin(2mQ - Ay,,) + cos27Q}Akds

— 7
—~—

.. after some TLC transformations .. = COS(2AY,, — 27Q)

s1+|

DB(s,) = @;‘%’@[ B(s)bk cos(2(r, ~ ) - 27Q)ds

Nota bene: /

e beta beat is proportional to the strength of the
exror Ak

! and 19 the B function at the place of the error

Nl and to Kae P function at the observation point,
(.. rexpember orbit distortion /ll)

M there is a resonance denominator



