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Largest storage ring: The Solar System

astronomical unit: average distance earth-sun
1AE = 150 *10% km
Distance Pluto-Sun =~ 40 AE




0.) Introduction and Basic Ideas

— guide the particleon a well defined orbi(,design orbit®)
— focus the particledo keep each single particle trajectory
within the vacuum chamber of the storage ring, i.e. clagethe design orbit.

, ... In the end and after all it should be a kind of citdar machine”
- need transverse deflecting force

Lorentz force F =q(X+VxB)
typical velocity in high energy machinevs:\ v=c=3*10° m

S

old greek dictum of wisdom:
If you are clever, you use magnetic fields in an acceleratdrerever
It is possible.



The ideal circular orbit

S

circular coordinate system

condition for circular orbit:

N\
Lorentz force F.=evB
F —_ ymo V2 > e
centrifugal force centr — 0
\ B p = "beam rigidity"
ymOV — e\B
P



1.) The MagneticGuideField

Dipole Magnets:

define the ideal orbit
homogeneous fielcreated by two flat pole shoes

Normalise magnetic field to momentum: convenient units:
1 eB
_p:Bp — _ = B:[T]:|:V_Szj| p:{@}
e p P m C
Example LHC:
. 1 83V5 ., 83s310M/
B =631 > P 700010 6\7 7000*10°m?
p= 7000766\/ . o3
J — =0333—
Yo, 700



The MagneticGuideField

1.0

0.5

Magn. Induktion B(T)

0

field map of a storage ring dipole magnet

p=253km —— 2ap=17.6 km B=1.8T
=~ 66%
rule of thumb: 1 _ 03 B[T] ,normalised bending strength*

P p[G eV/ c]



2.) QuadrupoleMagnets:

required: focusing forcesto keep trajectories in vicinity of the ideal orbit
linear increasing Lorentz force
linear increasing magnetic field B, =g X B, =gy
guadrupole field:

normalised gradient of a quadrupole magnet:

I K=_9
p/e
simple rule: K=0 g(T /m) LHC main quadrupole magnet
REEC) g=25..220 T/m
what about the vertical plane: fx B :Xl_ %IE{: 0 . 0B, _ 9B,
... Maxwell OX oy



3.) The equationof motion:

Linear approximation:

* ideal particle - design orbit

* any other particle = coordinates x, ysmall quantities
Xy <<p

- magnetic guide fieldonly linear termsin x & y of B
are taken into account

in doing so, we can treat the particles as harmonic

oscillators !!!
( a pendulum clock for example )

... as long as they are inside a storage ring elame
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well 13*2 pendulum clocks might be a problem of its own.




Taylor Expansion of the B field:

—_ dBy
B,(xX) =B, + ix

only terms linear in X, y taken into accountdipole fields
guadrupole fields

Separate Function Machines:

Split the magnets and optimise
them according to their job:

bending, focusing etc

Example:
heavy ion storagering TSR *

man sieht nur

dipole und quads= linear




Equation of Motion:

Consider local segment of a particle trajectory

.. and remember the old days:
(Goldstein page 27)

radial acceleration:

general trajectory: p 2p + X

Femd (xep)-

Ideal orbit: £ =const,

ap _q
t

2
Force: F = mp(%} = moaf

F=mv?/p

— centrifugal force



2 2
F :m%(xto)— mv_ - eB,V

X+ p

cooking recipe:develop for small x p/e
constant / linear magnetic fields
normalize fields to momentum of particle 9 _ Kk
independent variable: t s ple

<>

x”+x(i2—k):O
p

to make that very clear:

x = horizontal distance of the particle from the sign orbit X'= Ax
s = position of that particle in the ring (indepeedt variable) As
X' = angle of that particle with respect to the igleorbit

x" = change of this angle as a function of "s"

... and then any particle behaves like Grandma's penohliclock, running around
at the speed of light.



Remarks:

n 1
* X+ (—2 —k)x=0 ... there seems to be a focusing even without
P a quadrupole gradient

,weak focusing of dipole magnets*

even without quadrupoles there is a retriving force

Kk
p2 (i.e. focusing) in the bending plane of the dipole magjs

I
o
U
x

I

I

... In large machines it is weak. (!)

Equation for thevertical motion:

=0 no dipoles ... in general ...

k o -k quadrupole field changes sign

y'+ky=0



* Hard Edge Model:

X" + iz_ kix=0 ... this equation is not correct !!!
p
) 1 _ bending and focusing fields ... are functions
X"(s) + % —k(s) x(s)=0 of the independent variables"

S
o

Inside a magnet we assume constant focusing
properties !

6014-88 MPI H

©
v

= const k = const

Magn. Induktion B (T)

Field or multipole component

‘ Hard edge model

True field shape B /

% ] !

'mag \'-. / \ | Central value
EB Ieﬁ = .[ E3 (155 L—dﬂf’:S// \\\\\$jiij‘
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e

Lens Y

l_‘ ~ Steel length




4.) Solution ofTrajectory Equations

Define ... hor. plane: K =1/p? -k

X"+K x=0
... vert. Plane: K =Kk

Differential Equation of harmonic oscillator ... withspring constant K

Ansatz: X(s) =a, [cosS) +a, [sin(a S)

general solution: linear combination of two independesolutions

X'(S) = —a,& Sin(a S) +a,& COSEL S)

X"(s) = —a,&f cosws) —a,w’ sin(ws) = —aw’x(s) — w=JK

general solution:

X(s) =a, COSWS) +a, Sin(\/KS)



determine &, & by boundary conditions:

x(0)=x, , a =X,
- — | X,

X0)=x, , a,= \/%
Hor. Focusing Quadrupole K > 0:
1 :
X(S) = X, [E0S(|K |s)+ Xo B— sing/|K|s)
VIK|
x'(s) = —xo OJ|K | Bin({/|K [s) + x5 Ccos/|K |s)
For convenience expressed in matrix formalism: __ . s=g

1 :
cos(/|K|s) sin/|K [s
M foc = V|K|
-J|K[sin(y/|K|s)  cos(/|K|s)



s=sl
hor. defocusing quadrupole:
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Xx"-Kx=0

Remember from school:

f(s)=coshg) , f'(s)=sinh(@)

Ansatz: X(s) =a, [coshg s) +a, [sinh(w S)

cosh\ﬂkﬂ \ﬁE_. 'thﬂZﬂ

Si
K]

Mdefoc:
1/|K|sinh,/|K|I cosh/|K |l
drift space: Mo = 1 |
K=0 drift 0 1

I with the assumptions made, the motion in the hontal and vertical planes ar
independent,, ... the particle motion in x & y is uncoupled*




Thin Lens Approximation:
cos\/MI ﬁ sin\/MI
—\/MSin\/MI cos,/K|

matrix of a quadrupole lens M

In many practical cases we have the situation:

1
f = "l >> |q ... focal lengthof the lens is much bigger than the length of the magnet

lq

limes: Iq -~ 0 while keeping kI, =const

1 0 1 0
M=l 1, M, = -1
f f

... useful for fast (and in large machines still quitgccurate) ,back on the envelope
calculations”... and for the guided studies !



Transformation through a system of lattice elements

combine the single element solutions by multiplication thle matrices

Migtal = Mo * Mp* Mgp*™ Mpgd® Mp.

wiss«—— focusing lens

dipole magnet

TL\ defocusing lens

court. K. Wille

typical values

In a strong

foc. machine:

X =mm, X" <mrad

v



5 .) O rb it & Tu n e : o e | 2 YASP DV LHCRING / INJ-TEST-NB / beam 1

FT - P450.12 GeV/c - Fill # 827 INJDUMP - 10/09/08 10-41-34
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Tune: number of oscillations per turr !
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Relevantfor beam stability:
non integer part

LHC revolution frequency: 11.3 kHz 031*11.3= 3.5kHz
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Question:what will happen, if the particle performs a second turn ?

...orathirdoneor... 1&turns

PGPLOT Window 1




19th century:

Ludwig van Beethoven: ,Mondschein Sonate”

Sonate Nr. 14 in cis-Moll (op. 27/11, 1801)




Astronomer Hill:

differential equation for motions with periodic focusingroperties
,Hill's equation”

Example: particle motion with
periodic coefficient

equation of motion: X"(s) —k(s)x(s) =0
restoring force # const, we eagpa kind ofquasi harmonic
k(s) = depending on the position s tlation: amplitude & phase will depend

k(s+L) = k(s), periodic function on the position 3n the ring.



6.) The BetaFunction

General solution of Hill’s equation:
() x(8)=\eB(s) osy 6)}+¢)

g, @ = integration constantsdetermined by initial conditions

p(s) periodic functiongiven byfocusing propertieof the lattice— quadrupoles

B(s+L)=/4(s)

Inserting (i) into the equation of motion ...

W(s) = j | 59

¥(s) = ,phase advance®f the oscillation between point ,,0“ and ,s" in the latte.
For one complete revolution: number of oscillations parrn ,Tune*

1 ¢ ds
=2 a9




7.) BeamEmittanceand PhaseSpaceEllipse

general solution of @ X(s) =& VB(s) cosfy(s) +¢)
Hill equation 3 JE
@ X(9=- @ {a(s) cost(s) + @) +sin@(s) + )}

from (1) we get
a9 =4

X(S)

cosy(9)+0) = 1 s

Insert into (2) and solve for ¢

_l+a(s)’

A

£ = y(s) X*(s) +2a(s)x(s)X'(s) + B(s) X'*(s)

* £ is aconstantof the motion ...itis independent of ,s"
* parametric representation of arllipse in the x x' space
* shape and orientation of ellipse are given lay g, y



Beam Emittance and Phase Space Ellipse

£ = y(s) X*(s) +2a(9)x(s)X'(s) + B(s) X*(s)

Liouville: in reasonable storage rings
area in phase space is constant.

= nr*e=const

¢ beam emittance= woozilycityof the particle ensemblentrinsic beam parameter
cannot be changed by the foc. properties.
Scientifiquely speakingarea coveredn transverse x, X" phase space and it is constant !!!



Particle Tracking in a Storage Ring

Calculate x, x° for each linear accelerator
element according to matrix formalism

plot x, x“as a function of ,s"

1a T ! T ! !

—-10 1 ] 1 ]
0 20 40 an 20 100

1a T ! T ! !

F(s) o=

—-10 1 ] 1 ]
0 20 40 an 20 100



.. and now the éellipse:

note for each turn x, x at a given position ,s,;" and plot in the
phase space diagram
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Résumeé

beam rigidity: BEb:%
| N 1r 17_0.2998B, T )
bending strength of a dipole: p[m ] 0(GeV /)

,7_ 0.299
focusing strength of a quadrupole: k[m 2} - 029980

p(GeV /c)
1
focal length of a quadrupole: f :@
n 1 A
equation of motion: W+ Ky == 2P
PP
matrix of a foc. quadrupole: X, =M kg

Si
K]

M = cosK Tn\/m , M:[i
—\/MSin\/MI COS\/M| f
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7.) Appendix: The equation of motion

Linear approximation:

* ideal particle - design orbit

* any other particle =2 coordinates x, ysmall quantities
X,y <<p

- magnetic guide field: only linear termsin x & y of B
have to be taken into account

Taylor Expansion of the B field:

7 75

dB, d’B, , 1 eg normalise to momentum
X + X~ +

_ 1
By(X) =By, # dx 21 dx? Adx3® ple= By

B(x) _ By, , 9*x _ 1 eg _1ceg"

pl/e B,po pl/e 2! p/le 3l ple

+ ...



Equation of Motion:

Consider local segment of a particle trajectory

... and remember the old days:
(Goldstein page 27)

radial acceleration:

general trajectory: p 2p + X

2

d
F=m—(X+p0)-
gz X+ P)

2
mv
= eB

X+p

y

\Y

Ideal orbit: £ =const,

2
Force:. F = mp(%)

F=mv?/p

ap _q
t



2

d? d
@ F(X"',O):FX ... asp = const

@ rememberx=mm ,p=m ... 2> develop for small x

1 Taylor Expansion

1
X+p p

1-2) (
P F(X) = f(xg)+ X" Xo)

2 2
md Z(— mv (1—5) =eByv
dt P P



guide field in linear approx.

2 2
By:Bo+xaBy rnd X _mv (1_1):9\;{50”(

X d* o = p

0B

y

0X

d°x v* , X, _evB, evxg
= +

-0

da> p = p m

independent variable: +» s

dx _ dx ds
dt ds dt

d %x _ d (dx dsj: d (dx ds)ds
dt? dt { ds dt ds \ ds dt ) dt

m

|

. m

- v2



*

X"-—(@1-—)
p mv mv
X"—i+ - _Bo s X9
Jo, p/e ple

1 x 1

>U+X(Jé—k):o
p

Equation for thevertical motion:

-k

no dipoles ... in general ...

guadrupole field changes sign

y'+ky=0

mv=p

normalize to momentum of particle




