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Foundations of 
Analytical and Numerical 

Field Computation

Stephan Russenschuck
CERN, TE-MCS, 1211 Geneva, Switzerland
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Overview

Preprocessor

Solver

Postprocessor

Mesh-generator

Linear equation
solver

Plotting

Parametric geometric mod. (iron)

Material data

Excitation field (coil)

Parametric geometric mod. (coil)

M(B) iteration

Field analysis
(harmonics, inductance, forces)
(load-line, magnetization, 
eddy-currents)

Optimization

Maxwell’s equations
Potential formulations

Harmonic fields, multipoles
BH curves

Domain decomposition
(higher order elements )

Negative Jacobians

Boundary conditions

Week formulation
(1D, 2D, 3D)

Biot-Savart’s law

Vector-fields
Affine spaces, orientation

Magneto-motive force

Boundary and interface cond.

Differential inductance
Energy and Forces

Objective conflict

FEM-BEM Models

Element shape functions

Rubbish in

Rubbish out
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CERN Field Computation Program ROXIE

http://espace.cern.ch/roxie
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The LHC Magnet Zoo
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Normal Conducting Magnets
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Postprocessing for Superconducting Magnets

Quench simulation

End-spacer design

Load lines

Cable eddy currents

Superconductor magnetization
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Learning Objectives

This is not a ROXIE user’s course, nor does it present syntax of any 
commercial software

We glance at the foundations of FEM and BEM (basically for a 1-D 
example)

But we want to give a deeper understanding of what the potential problems 
and limitations of both of semi-analytical and numerical field computation 
are

– We provide questions to be asked at your next software user’s meeting

We discuss pre- and post-processing that can, if necessary, be appended to 
commercial solvers using modern script languages  

– To this end, we show examples from the ROXIE code



S
te

ph
an

 R
us

se
ns

ch
uc

k,
 C

E
R

N
-A

T-
M

E
L

8

Coil Dominated Magnets

B = 4 T                 Bs = 3.69 T

B = 8.33 T     Bs = 7.77 T
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CMS (Klasse 1)
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Iron Dominated Magnets
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Maxwell’s Equations

War es ein Gott der diese Zeichen schrieb,
die mit geheimnisvoll verborg'nem Trieb

die Kraefte der Natur um mich enthuellen
und mir das Herz mit stiller Freude fuellen.

Ludwig Bolzmann

Was it a god whose inspirations
led him to write these fine equations,

nature's field to me he shows
and so my heart with pleasure glows.

Translation by J.P. Blewett
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Different Incarnations of Maxwell’s Equations
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Magnetic Flux Conservation Law (Inner Oriented Volume)



S
te

ph
an

 R
us

se
ns

ch
uc

k,
 C

E
R

N
-A

T-
M

E
L

14

Gauss Law (Outer Oriented Volume)

+

+
+
+ +

+
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Faraday’s Law (Inner Oriented Surface)
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Ampere’s Law (Outer Oriented Surface)
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Maxwell’s Equations in Global Form

Ampere

Faraday

Flux conservation

Gauss

Conservation of charge / Kirchhoff law
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For its unworthy of excellent men
to loose hours like slaves in the labour of calculation

which could safely be regulated to anyone else if 
machines were used

Gottfried Wilhelm Leibnitz (1646-1716)
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Electromagnetic Fields
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Vector Field
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Vector and Scalar Fields
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Maxwell’s Equations in Integral Form
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Orientation of Space Elements
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Inner and Outer Oriented Surfaces
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Inner and Outer Oriented Surfaces

Embedding into oriented 
ambient space 
(Origin, coordinates)
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Magnetic Discussion (Bruno Touschek 1921-1978)
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Constitutive Equations
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Hysteresis



S
te

ph
an

 R
us

se
ns

ch
uc

k,
 C

E
R

N
-A

T-
M

E
L

29

M(H) and B(H) for Permanent Magnets
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B(H) Measurement

Always check conditions of measurements
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Nonlinear Iron Magnetization

Always fulfilling the smoothness requirements for M(B)
and Newton-Raphson iterative solvers
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Boundary Conditions
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Surface Charge and Surface Current

Fictitious quantities to define boundary values
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Continuity Conditions (1)
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Continuity Conditions (2)
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Continuity Conditions (3)

No surface currents:

or
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Continuity at Iron Boundaries 
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Stacking Factor 
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Main Field in Normal Conducting Dipole
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Dipole with Varying Cut-Section

�

�

Conclusion: Magnet with big air-gap is stablized against variations in permeability
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LHC and PS Yoke Material
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Permanent Magnet Excitation
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Permanent Magnet Circuits
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Optimal Position of Permanent Magnet
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Directional Derivative
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The Differential Operators

Conclusion: This is horrible, so let’s try the geometric approach
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Maxwell’s House
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Maxwell’s Equations in Differential Form
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Lemmata of Poincare

In 3D: also connected boundaries
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Maxwell’s House

Would be even more symmetric with magnetic monopoles

Outer
oriented

Inner
oriented
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Maxwell’s Facade

Only for
Cartesian 
components

Constant permeablity and no sources

No sources
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Method of Separation

How do you solve differential equations: Look them up in a book
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Solution of Laplace’s Equation

What have we won? If we know the field at a reference radius, 
we know it everywhere inside
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Multipoles and Scaling Laws
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Dipole, Quadrupole, and Sextupole
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Ideal Pole Shape of Conventional Magnets
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Pole shimming

Rogowski profiles
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Integrated Multipole Field Errors

Caution: Always use long measurement coils, or don’t apply the scaling laws
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