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Optimization
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Material data
Boundary conditions
M(B) iteration —
FEM-BEM Models
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Linear equation
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Affine spaces, orientation

Vector-fields
Maxwell’s equations
Potential formulations

Boundary and interface cond.

Harmonic fields, multipoles
BH curves
Biot-Savart’s law

Magneto-motive force

Week formulation
(1D, 2D, 3D)
Element shape functions

Negative Jacobians

Domain decomposition
(higher order elements )

Differential inductance

Energy and Forces

Objective conflict
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Load lines

] o c o

Quench Heater

End-spacer design
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This is not a ROXIE user’s course, nor does it present syntax of any
commercial software

We glance at the foundations of FEM and BEM (basically for a 1-D
example)

But we want to give a deeper understanding of what the potential problems
and limitations of both of semi-analytical and numerical field computation
are

— We provide questions to be asked at your next software user's meeting

We discuss pre- and post-processing that can, if necessary, be appended to
commercial solvers using modern script languages

— To this end, we show examples from the ROXIE code
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Maxwell’'s Equations
@] :

War es ein Gott der diese Zeichen schrieb,
die mit geheimnisvoll verborg'nem Trieb
die Kraefte der Natur um mich enthuellen

und mir das Herz mit stiller Freude fuellen.

Ludwig Bolzmann

Was it a god whose inspirations
led him to write these fine equations,
nature's field to me he shows
and so my heart with pleasure glows.
Translation by J.P. Blewett

Stephan Russenschuck, CERN-AT-MEL
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/ ﬁl-dé’:/]-dé}g D.d3 dH:J—I—afD Vm(aa)zf(3)+d—t‘1'(a)
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i@ii Gauss Law (Outer Oriented Volume)

voV) = Q(V)
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14



o Accelerator
|@ii Faraday’s Law (Inner Oriented Surface) e
epartment

Stephan Russenschuck, CERN-AT-MEL

15



Department

Accelerator
Technology

AV

o
Q
&
S
7))
g
(L
c
9
@)
@
S
&)
2
—
o
-
)
Q
S
<

J

- ———

I(a)

Vin(0a)

16

TIN-LY-NETD Yonyosuassny ueydars



Accelerator
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d
Ampere Vim (8&) — I(a) + &\U(OJ)
d
Faraday U(aa) — —&CD(CL)
Flux conservation P (8‘/) = O
Gauss \If(f)V) — Q(V)

huck, CERN-AT-MEL

Conservation of charge / Kirchhoff law

Vn(0(0V)) =0 =1(0V) + $Q(V)

Stephan Russensc
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For its unworthy of excellent men
to loose hours like slaves in the labour of calculation
which could safely be regulated to anyone else if
machines were used

Gottfried Wilhelm Leibnitz (1646-1716)

Stephan Russenschuck, CERN-AT-MEL
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SI-unit Relation SI-unit
1A Vin(s) = [ H-ds || 1A-m™!
1V U(s) = [ E-ds || 1V-m™!
1V-s $(a) = [ B-da || 1V-sem™?
. | 1As U(a) = [ D-da || 1A-s-m™?
1A I(a) = [ J-da | 1A-m~?
1A || QV) = [Lp-dV || 1Asem
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i@ii Vector and Scalar Fields a‘ ﬁg}%
a: O — R :r— a(r):a(r) = (al(r),az(r),ag(r))
V() = CW(Q,RE{)
QcC R3
N
N fﬁ\’ﬁjj&,

/
e3 L7 O:Q =R :d— or)
eﬁé S(Q) = C™(Q,R)

/

Stephan Russenschuck, CERN-AT-MEL
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i@ii Maxwell’s Equations in Integral Form

H-cfls/.]-da—{—i D - da.
da a dt a

/ E - ds = —i B - da,

9a dt /.,
/ B -da = 0,
aV
D -da = / pdV. .

. ' V() = I(a) + = ¥(a).
U(9a) = —~-(a)
; YT,
HOV) = 0,
W(OV) = Q(V).
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Inner orientation Quter orientation
- 4
Point: [ Volume:
A positive point is —1 5  Choice of

/—|—\ oriented as a sink + outward normals

- Line/Edge: Surface:
/ Selecting a vector Crossing direction
pointing in forward of a line
+ direction
Line/Edge:

Direction of
circulation of a
surface around

Surface:
Sense of rotation

this line
Volume: Point:
=) (), Sense of a screw The inner orientation
< of the volume containing
the point

Stephan Russenschuck, CERN-AT-MEL

23



Accelerator
‘ Technology
. Department

i@ii Inner and Outer Oriented Surfaces

H-ds:fJ-da
da 4l

N N

Stephan Russenschuck, CERN-AT-MEL
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i@ii Inner and Outer Oriented Surfaces

H-ds:/J-da
da a

AN
|

m

=

: —— S

& :

8 ‘T

-

é Embedding into oriented

§ ambient space O(a) = f B - da
& (Origin, coordinates) “

25



Accelerator
‘ Technology
-. Department

i@ii Magnetic Discussion (Bruno Touschek 1921-1978)

Stephan Russenschuck, CERN-AT-MEL
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Permeability: [yl =1V:-s-A " l.m1=1H.m!

Permittivity: [¢] =1A-s-vV~1.m~1
Conductivity: [k] = 1A-V~1.m~1

Linear (field independent), homogeneous (po-
sition independent), isotropic (direction inde-
pendent) and stationary media. The material
parameters may depend on the spatial position.
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Hysteresis
O

Rotation
Irreversible
Boundary
Displacement
10°
80%[Ni-Fe :
_Reversible Boundary Displacement
10°
| 50% Ni-Fe
Low :
T 10 LI—‘; carbon Hd
Ly steel
3% Niji-Fe
107
o Mild steel
L
= 10
|_
<F AINiCo|
Z
= LJ Rare-
({ Ferrite Earth
£ { e
T 1 10 102 10° 104 10° 106 A/m 107
2 oo
(]
0
%)
T
c —_— —
: B = i0H + Pmag (H) = po(H + M(H))
o}
(9p]
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i@ii M(H) and B(H) for Permanent Magnets

3 1.4
1 e 1
T
T g 10 B
I 1 M Neodymium Iron Boron ]
(0
0.8
i
1.6
: Samarum Cobalt
| 0.4
2
Fermite 0.2
3 0
-3 <2 -1 0 1T 2 3 Ho kAm -1000 =800 -G A0 _200. ]
-
;{DH —_— —upH T 14 12 10 08 06 04 02 0
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i@ii B(H) Measurement

NI B
H=_"— — 2

2mr H H
_ NI
b — In 2

2m(re —r1) 1

d d—

— Bmeas. + Bcorr.

o/l

—

L

=

'% Temperature T | Stress | Coercive field Hf’ Remanence B, | max ji,
Z

= K MPa Am™! T

@)

¥ 300 0 68.4 1.07 5900
% 77 0 79.6 1.12 5600
(%2}

§ 4.2 0 85.1 1.06 4800
(%2}

& 4.2 20 110. 0.67 2460
@

5

(9p]

Always check conditions of measurements 20
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10 100 1000 10000 100000 Am!

H —

Always fulfilling the smoothness requirements for M(B)
and Newton-Raphson iterative solvers

Stephan Russenschuck, CERN-AT-MEL
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Boundary Conditions
() soundary

Closed domain (2-D or 3-D) will be denoted
as 2. Boundary ' =02 with T =T{uUlg Iy

On I'g the normal component of the magnetic
flux density is prescribed (symmetry planes par-
allel to the field, on far boundaries etc.)

Bn:B-n:O'mag Oan

On 'y of the boundary the tangential compo-
nents of the magnetic field are prescribed. In
general

Hxn=a« onFH

Hi=0 — nx(Hxn)=0

Stephan Russenschuck, CERN-AT-MEL
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i@ii Surface Charge and Surface Current
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AQ

Thin layer with pmag
AQ = AzAydpmag
pmag — oo and d — O

Omag — dpmag
[O'mag] =1 V-s/m2

Al
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Al

Thin layer with J
Al = JdAI
J—o00and d— 0
o =Jd

[a] =1 A-m-1

Fictitious quantities to define boundary values

33
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oa a
Ql w /H2°dS+ H, -ds = —/(nxa)-ds
$2 S1 c
(H{ —H»y) -ds = —/(nxa)-ds
x da c c
1492 Holds for any curve c¢ if the integrands are
equal, except for a possible normal component
An
g ml 0, (HH-Hy)+ X n = —nXxao
|_
bl n Withnx (nxa)=(n -a)n— (n-n)a = -«
i .
i)é a = (H]_ — HQ) X 1n
5 = [H xn];;
2
% HtletQ = (Hl—HQ)XHZO = [HXH]12 = 0
&
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/ B-da=0 0 — 0
JOV

n
™ / Umagda — / B]_ . da]_ -+ B2 . daQ
day [2 “ a
= /a(Bl —B>) -njda
' dﬂg .
Y\o\ Holds for any surface a if
|<zE I'y9 2, omag = (B1—B2)-n
: = [B-n]5
E Bhni=Bp = (B1—B) n=0 = [B:-n];,=0

35
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Continuity Conditions (3
I@v y )

No surface currents:

tanay By  piHe M1
tanon g2 poHp o
f2 = i
al ~ 0 or C]:'Q ~ 7T/4

Stephan Russenschuck, CERN-AT-MEL
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! Continuity at Iron Boundaries
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Stacking Factor
() stacking

HY = H{ ® = H;

t = ———— (lFpenHt + lopuoHt
e 1o UFe ovotl:)
BY=B"* =B,
__ 1 B, B,
Hy = -———(lpe— -I-lo—)
) lFe+zo< “uo o
N _ lFe
\m--ich lFe _I_ lO

At = Au+ (1 — Mo

—1
A1-—)
Lo po

Stephan Russenschuck, CERN-AT-MEL
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i@ii Main Field in Normal Conducting Dipole

Stephan Russenschuck, CERN-AT-MEL
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H-ds= | J. -da

Oa a

H-Tdsz/J-nda
oa a

Hysi+ Hposg= N1

1 1

! Bysi+ —Bgsg = NI
Ok KO

_ koN 1
50
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i@ii Dipole with Varying Cut-Section ety
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n
Z Hz-sz- — NI
1=0
B; P
127 a; [y
C £ ® Z = NI=Vm
| 0 i K4

)
|
\
W
G

Ohm’'s law: 1Y% -=U

- NI_CDZ = (SO +Z

i=0 i Nz ag o ;=1 Nz)

Conclusion: Magnet with big air-gap is stablized against variations in permeability

Stephan Russenschuck, CERN-AT-MEL
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@ LHC and PS Yoke Material
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i@ii Permanent Magnet Excitation
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HO S0 —|— Hm Sm — O
Bmam = Bpag = pnoHoao
am
S, Hosg = —Hmsm,
1 a
d Bm mSO — —Hmsm,
1200) agp
Sm aQ
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= S0 am
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@ Optimal Position of Permanent Magnet

i
g

: &
g
=

(11| LI

Stephan Russenschuck, CERN-AT-MEL
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@ Directional Derivative
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Space curve with r(t) = (x(t),y(t), 2(t))
parametrized such that r(0) = P. . r(f)

1-smooth scalar field ¢ : E3 — R : r +— ¢(r)
expressed as ¢(x,vy,z), then ¢(r(t)) at y
parameter (time) t. x

Ovgp = % i[qb(r +tv)]i=0 = lim olr + t"t) —o(r)

3(b(w,y,z) — Iim ¢(m + Aaf;,y,z) _ ¢(xayaz)
ox Az—0 Azx

aex¢ —

O¢pdx n Opdy . O0¢pdz
Orxrdt Oydt 0zdt

d
Ovp = &cb(r(t)) = = grad¢-v

grade¢ = a—qbex + —¢ey + 8—er
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i@ii The Differential Operators
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0 0
V = aew+a—yey+—ez
0% 9% 92
A=V?=V.V=
8y+8y2+8z
¢ ¢ ¢
V¢ = grad¢ = %ex‘ka—yey‘l‘aez

da, 0 ) d )
V xa=curla=( a‘f = S e + (57 = Z ey + ( 82‘”>ez
>0 024 82Ax 32_Am 32_43 32-43 ;92_Ay
VA_(8x2+8y2 )ex-l-( + +—>5)ey +
D D 4 r\’)
0cA 0 A o«
( ax; + ay; +—5 )ez = (V2Az)e; + (V2 Ay)ey + (V2A)e;

Conclusion: This is horrible, so let’s try the geometric approach
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O(P2) — o(P1)

v - grad ¢ = lim

s—0 S
Faraday h 0 Volume f da
— d; T ov 8
| iv g = lim
: 1 div V—0 V
Point
J Surface
E curl
Line . f 9a g . dS

L B H Line n- curlg = lim
LéJ curl a—0 a
I
<
E Surface
© div Point
S 0
% / Ampere/
% Volume '31: Maxwell
2
o
C
8
o
n

a7
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i@ii Maxwell’'s Equations in Differential Form

J-d5+5/5-d5
a

< i

curlg - da = ds - =

/ 9 339 /E d3 fﬂ-da
da a

divgdv = [ §-da
./ 4 BV i/av =U
D. da—/pdv
vV

ﬂ.

: curlH = J+ ;D
= /curIH da—/(J+—D) da

- - — —

: 5 s o HE = -8B
2 /curlE—da=—/—B-da curlE = —o

é a dt R

/ divBdV =0 divB = 0

:

o /dldeV /pdV divD=p

n
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Lemmata of Poincare
@]

f divcurlng:f curlg-da:/ g-ds=0
1% oV o(8V)

/curl gradqb-da:/ orad ¢ - ds = qé\a(aa) =0

a da

A curl free smooth vector field h € V() over an open star shaped domain  C R? can always be
expressed by a (smooth) scalar potential ¢ € S(€2).

curlh =0 — h = grad ¢.

A source free, smooth vector field b € V() over an open star shaped domain 2 C R* can always be
expressed by a (smooth) vector potential a € V(£).

divb =0 — b = curla.

= A

In 3D: also connected boundaries

Stephan Russenschuck, CERN-AT-MEL
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Faraday ‘at/ 0 Volume
q div
Point ¢
_grad A J Surface
Inner . IE/ D curl Outer
Line :
oriented oriented
B H Line
curl
Surtace -grad
div N Point
0
/" Ampere/
Volume -J t Maxwell

Would be even more symmetric with magnetic monopoles

Stephan Russenschuck, CERN-AT-MEL
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1 1
curl —curlA =1J —curl curlA =0 V2A — grad divA =0 V2A,=0

2 2
Constant permeablity and no sources Only for
Cartesian
Faraday components
‘at/ 0 Volume
Point b d div
-grad A J Swrface
K
Line E £ curl
B H .
curl u Line
Surface -grad
dlv ¢ Pl:lil]t
0 " f
Ampere
Volume /6; Maxvwell

divugradém =0  pupdivgradém =0  VZ2¢m =0

No sources

Stephan Russenschuck, CERN-AT-MEL
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V2A, = —poJ. inQ, VZ2A,=0 in9Q,J=0

Method of Separation

D% A 0A 0% A
2 z z z .
=0 2.,J=0
or? T or + 8(,02 n

r

A. = R A U (20°R(r)  OR()\ _ 1 P6(p)
l(r)é(@) \R(r)( o7 o ) ECED
0A. _ OR() | ) l
or or ’
oA, 9°R(r) — od?R(r)  dR(r) 5
2 - or2 qb(go), r dT2 +7r a4r n R(T) = ()
PA. PPo(y) d2é(p)
002 g2 R(r). dcpg -I-’ngﬁb(@) — ()

How do you solve differential equations: Look them up in a book
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Solution of Laplace’s Equation
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R(r)y=&Er" 4+ Fr ",
P(p) = G sinng + H cos ne.

Ao(rop) = ) (Enr™ + Four™")(Gn sinng + H,, cosng)
n=1

= Z r'(Cp sinne — Dy, cos np)

n=1

10A. < .
B, (r,¢) = R = Z nr" 1 (C,, cos np + Dy, sinny),
n=1
OA. = .
B,(r,p) = — 5 = Z nr" 1 (C, sin ny — D, cos ny).
n=1

What have we won? If we know the field at a reference radius,

we know it everywhere inside
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A, = nry —lc. and B, = m“g’_lpn

by, sin np + a, cosny)

b COS TP — Ay SIN 1)

||M8 ||M8

nzl
-
= r
% An(?'l) ( )n 1A (TU); B (?"1) = (é)n lB (?"0)
B, (51)"1 By (o) .
: bo(ry) = 20r1) _ Lro) LN, ()
s By (ry1) (m ) By (?"0) o
-
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i@ii Dipole, Quadrupole, and Sextupole
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B, = cicos@+ Dysing

B, = —Cisin @ + D, cos ¢
Bx: &
By— ™

B, = 3¢:r*cos3¢@+3D:r’sin 3¢
= =3@r*sin 3¢ + 3msr* cos 3¢
By = 3C:(x* — y*) + 6Dyxy

B, = —6Gxy +3Ds(x* - y)

2
I
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B, = 2¢>rcos2¢@+2Dsrsin2e
B, = -2(>rsin2¢ + 2D,r cos2¢
By = 20X+ 2Dy

By = 20y +2Drx
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i@ii Ideal Pole Shape of Conventional Magnets & Technology
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Om = Cro + Dyy

YA

vy = const. l
Height t

Width
>
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Pole shimming

8
“
(=]

||

||
—
Ll . 3112
= | 2905
! [ ]
|<Ti : 2698
Z' 0.117 | N T I A Y | 2491
o 0.107 0 20 40 50 80100120140 2285 0 20 40 80 8D 100120140
L 1 1 0.098 2078
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S o 0068 o 1458
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17} | ] [ |
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- — |
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= 0 0 40 &0 801007120740 O 2 40 &0 BO 100120140
o
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)
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i@ii Integrated Multipole Field Errors
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(X, ¥, 2) N P D(X, ¥, 2) s I Pr(X.y.2) _

2 —
Vit D= 00 oy’ 97

0

*P(x, Y) N 0> DX, ¥) _

dx? dy> 0

VoBp(X, y) =

Sufficient condition: Integration path is extended far enough away from (into) the
magnet so that the axial component of the field has dropped to zero.

Zp

= Hz |—2[;| - Hz|zg

0* P, . 0* Dy, _ /zo 0* Py, N d°®dp, dz — /-’fo &P dr — oP,
dx*  dy? z, \ IXF dy” . dz? dz

Caution: Always use long measurement coils, or don’t apply the scaling laws
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